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MPEANCNOBUNE K PYCCKOMY MEPEBOAY

Anrebpanyeckas reOMeTpHsd OKa3aja OoJiblloe BIIUSHHE HA Pa3BUTHE
MaTe€MaTHKH., DTO OOBACHAETCHA, TIaBHLIM 00pa3oM, ee TECHBIMH CBSA3S-
MH C OAPYTHMH pa3fenaMH: aHalH30M (3JUTHIITHYECKHE, abereBbl U aBTO-
Mopdusie GyHKUMH, aubGdepeHLIHANBHbIE YPABHEHUSA), TEOPHUEH YHCeN,
anredbpoii. B mocnenHue gecATHIEeTHA HHTEpec K anrebpauueckoil reo-
METPUH 3HAYMTEILHO YBETMYHJIICS B CBSI3U C €€ MHOTOYHMCIIEHHBIMM MPH-
JIOKEHUSIMH K MaTteMaTudeckoit ¢usuke. Cefiyac ee METOAbl NPUMEHSA-
OTCS HE TOJILKO MaTeMaTHKaMHK, HO M B MHOTOYHCJIEHHBIX (H3UYECKHX
paborax.

Kpyr nuil, HHTepecylomuxcs anrebpanyeckoii reoMerpueii, OueHb
pacCIIMpMIICSA, HO 3TO MOKAa Majo0 OTpa3unoch Ha COOTBETCTBYHOIEH
yueOHOH nuTepatype. CyIecTBYeT MHOIO TNPEKPACHBLIX PYKOBOACTB, B
KOTOPBIX M3JIarafoTcs ONpenesiceHHble pa3aenbl aireOpanyeckoil reoMer-
puM, HO, MO OOmbLIEH YacTH, — 3TO MOHOTpaduH, HCIONb3YIOIHE HO-
BOJLHO CNOXKHBIM MaTeMAaTHUYECKHH annapaT M, TJIaBHOe, MPeanosarar-
IMe y3KEe HEKOTOPbIe HABBIKW YTEHHA MaTeMaTHUYECKOH ITUTEepaTyphl.
Ilpejutaraemas 4UTATENO KHUTA Mpodeccopa YOPUKCKOTO YHUBEPCUTETA
Maiinza Puga «AsnreOpanueckass TeOMETpHUs AA BCeX» 3aHUMAET COBep-
HIciTHO 0co00e MecTo. ABTOp — H3BECTHBIR CrienHanaucT B 0OJacTH aj-
rebpanueckoit reoMeTPHU, OOHMH U3 co3aaTeneil IpKoro U 6eICTPO pa3Bu-
BalOILErocst cefuac HanpasiieHUs B 3Toi obmacTu. Ero KHura He CTaBUT
HeTH W3JIOXKHUTh IIyOOKHE pe3ylbTaThl U METOAbl anredpanyeckoi reo-
MeTpHUH, HUMEIOIKHe MHOTOYHMCIIEHHbIE MPHIOXeHHs. 3aTO B Hell 4uTa-
Tenb HalileT MOTHBHPOBKW OCHOBHBLIX TMOHSTHIf, TIIATEILHOE HCCIENO-
BaHHEe HEKOTOPBIX KIIOYEBLIX TPHUMEPOB: TO, YTO COCTABIIAET AYX anred-
pauyeckeil reoMerpud M 0e3 NMOHMMAaHMS 4ero H3yuyeHHe CHEeLHaNIbHOMI
JIATEPAT/Phl HUYETO He NaeT. ABTOP HE YKIIOHAETCA OT pa3bsACHEHHA BO-
NMPOCOB, ¥OTOPble OOBIYHO OOXOIST: HAPUMEDP, YEM B MPHHIUIE OTITH-
4aroTes JIPYT OF JApyra 3anachl HEmpepbIBHBIX, QU(depeHIHpyeMbIX, aHa-
JIUTHYECKHUX B PALUMOHAIBHBIX (QYHKUMK? Wnu: 3aueM BBOAUTCSA MPOEK-
TUBHOE NPOCTPAHCTRO?

IlepBas rnaBa KHUCH — 3TO MOCT, COSIMHAIOIIMI anreOpanvyeckyro
reoMeTpHiO ¢ 3JIEMEHTApHOH aHaJIMTHYECKOH reomerpucii. B Heil peun
HaeT Bcero JIMIIL O IUIOCKUX KPHBBIX 2-ff M 3-ii cTemeHH, HO YK€ 31eCh
BO3HHMKAIOT B&XHbIe OIS BCell anreOpadvyecKoil reOMETPHH TOHATUS U
MOCTaHOBKU BONpPOcoB. Ha ocHOBe HakomIeHHOro (pakTHYeCKOro Marte-
pHajsia aBTOP MOXET NOSCHHTH 0e3 10Ka3aTe/bCTB OCHOBHBIE CBOMCTBA



6 NPEANCIIOBHE K PYCCKOMY NEPEBOOY

KPHUBBIX MNPOU3BOJILHON CTENEHH, CBA3aHHBbIE ¢ NMOHITHEM DOOA KPUBOIL,
KOTOpoe OH o0OCyJaeT B ero TOMOJOTHYECKOM, OH(depeHnHanbHO-
FEOMETPHYECKOM H TEODETHKO-YMCJIOBOM aclekTax. YKe Ha InpuMepe
IIJIOCKUX KPHUBBIX BBISICHAETCH, UTO T'E€OMETPHUYECKYIO HMHTYHIMIO asre-
6panueckoif reOMETPHH MOXKHO NOCTABHThL Ha TBEPAVIO MOYBY, JIHILUb
NIPHBJIEKAass HEKOTOPbIH anrebpauyeckuit annapaT. DTH CBA3M HcCleny-
IOTCA BO BTOpoM rnase. HakoHell, B TpeTheil riaBe AeMOHCTpUDYETCH
3¢(QeKTUBHOCTh BBeAEHHOH anrebpamyeckoii Texuukd. OHa gaeT BO3-
MOXKHOCTb CTPOTO ONPEAEITHTh MOHATHE PAa3MEPHOCTH anrebpanyeckoro
MHOT006pasus, ocoboii H HeocOOON TOUKH, KacaTENBLHOrO MpPOCTPAHCTBA,
6HpaLHOHaTbHOIO COOTBETCTBHA. BCe TH MOHATHS HAaXOAAT NpHMeHe-
HHE B IpEArociaedHeM naparpade, rae JoKa3biBaeTCsd OAMH H3 CaMbIX
H3BECTHBIX M KPAcHUBBIX De3yJIbTAaTOB alrebpauueckoil reOMETDHH: CYy-
HIECTBOBAaHHe 27 MpsAMBIX Ha HEOCOOOH NOBEPXHOCTH 3-ii CTEmeHH.

KHura HanucaHa sicHO, po3payHo ¥ MHTepecHo. OHa uuTaeTCs JIErKo
H C YOOBOJIBCTBHEM. YUTeHHE €€ TpeOYyeT caMbIX MHHHUMAIbHBIX MaTeMa-
THYECKHMX MO3HAHUH, KOTOPBIMH 00agaeT CTYAEHT 3-ro Kypca MaTeMa-
THYECKUX U (U3MYECKUX (AKYJTbTETOB MIH TEXHHYECKHMX HHCTHTYTOB.
VckmoueHHeM ABIAIOTCS, MOXeT ObITh, HEKOTOpbIE MPOCTEHLIHE aJre-
Opauueckue MOHATHSA: KOJbLA, HAEANA, NMONA... . C HUMH JIErKo NO3Ha-
KOMHTBCA 1O NToOOMy Kypcy «Bbicueil amredpbi».

Kuura M. Puna HeCOMHEHHO OOJIErYMT MIMPOKOMY KpYTy JTHII, HHTE-
pecytomuxcs anrebpaHyecko reoMeTpueii, NPOHHKHOBEHHE B 3Ty 00-
JIacTh MaTeMaTHKH.

Ilpu moAroToBke mnepesoja GbUT HCMOIL30BaH JIOGE3HO NPENOCTAB-
JIEHHBIA aBTOPOM TEKCT BTOPOIrO AHIJIMICKOrO H3JaHHs.

H. P. Hlagpapeauu.



NPEANUCNOBUE

B nocnensue roapl NOSBHIOCH HECKOIBKO XOPOIIHX YYeOHUKOB IO
anrebpanuecKkoil reoMeTpUHd IJIS aCTUPAHTOB WM CTYAEHTOB CTapIUHX
KYPCOB, HO cpeld HHMX (HacKOJbKO MHe H3BECTHO) HeT IocoOus, npeaHa-
3HAUEHHOT'0 1A HAYaJIbHOIO O3HAKOMJIeHHs C NMPeIMeTOM. DTH CKPOM-
Hbl€ 3aMMCH BO3HHUK/IH M3 JIEKIMOHHOI'O Kypca, KOTODBIA s 4uMTanl ABa
roga noApAj S TPETHEKYPCHHUKOB YOPHWKCKOTO yHHBepcuTeTa. Llens
MX — 1aTh 3aMKHYTO€ BBEJEHHE B alireOpauyecKyro reOMeTpUI0 HMEHHO
Ha 3TOM YPOBHE.



§ 0. HedpopmasibHOe BBeaeHue

Llenb 3Toro nmaparpada — naTh IpeacTaBjieHHe O NpeJMeTe KaK 3ie-
MEHTe MaTeMaTHUECKOH KyNbTYpbl. JIOrHUeCKH OH He SBJISETCHA YacThiO
Kypca, H AOCTATOYHO €ro IpocTO Oerjio MpoJIMCTaTh.

(0.1) I'pybo rosops, (anrebpanyeckoe) MEOroo6paszue’’ — 310 coBo-
KY[IHOCTh TOUYEK, OImpeaensieMas CHCTEMON IMOJMHOMHUANLHBIX YpaB-
HEHUH:

V=1{(Pek"l fi(P) =0} Ck",
rae k — mone, a fi€k[X1,..., Xa] — MHOTOUIEHBI.
ITpaMepaMn MOTYT CIyXHThH IOcKde KpuBble C: (f(x, ¥) = 0) B R?

X0

yi=(x + D(x2 +¢) Y= (x + )x? Y=(x+ Dxt—¢)

Ilpn nomnbiTKe HCCAEOOBATH V' camu co0Oi BO3HHMKAOT HEKOTODbIE
BOMPOCHI.

TeopeTuko-uucioBble Bonpockl. Hanpumep, kak i k = Q u VC Q”
HaliTH BCe TOYKHM MHOTrooOpasuss V unm ybeauTbcs B MX OTCYTCTBUU?
ITo psay HUCTOPHYECKHX NPHUYMH MPEACTABJISET HHTEpPEC CIIeAYIOLLMA
YaCcTHBIA cllyyaili: CKOJIbKO pelileHHi HMeeT ypaBHEHHe

x"+y"=1, x,yeQ, n>=37
Bomnpochl Takoro tuma oObIYHO HA3bIBAIOT OUOPAHMOBbLIMU 3a0adamu.

Tonosoruueckue Bonpochi. KakoBa Tomosorus MHorooopasus V B
HauboJjlee 4acToO BCTpedarowuxcs ciydasx kK = R wm k& = C? OueBun-

D' B 370l KHHre CTOBO «MHOrooGpasue» (variety) OBBIYHO O3Hauaer «anrebpanuyeckoe
MHoroobpasue». I'magkne, Tonosornueckue 1 Ap. MHoroobpasus (manifolds) cuaGxarorcs
COOTBETCTBYIOLUIHMH JUHTETaMH. -— [Ipum. nepes.
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HBIMH TOIIOJIOTHYECKMMH HHBAapHaHTaMH ABJIAKOTCA, HAIpUMED, KOMIIO-
HEHTHI CBA3HOCTH H306pa>KeHHI>IX BbITC I(y6PI‘{eCI(PIX KpPUBLIX.

Bonpoce! U3 Teopun ocobennocTeii. Kakora Tomnosiorus MHOroobpa-
U V B okpectHOocTH To4ykH P € V? Ilycets f: V), — V2 — peryispHoe
OTOOpa)KeHHe OQHOrO MHOroodpasus B Apyroe (Hampumep, MOJTUHOMHU-
anbHOe oTo6paxenue R2 — R); KakOoBa TOMOJIOTUS H TEOMETPUs OTOGDPa-
JKeHUsI f B OKpecTHOCTH Touku P € V;?

(0.2) KHmeroTca aBa BO3MOXHBIX MOAXOJAa K HM3YYEHHUIO MHOTO-
obpas3uit,

KonkpeTHsiit moaxoa. [ 3afaHabIX MHOTOYIEHOB f; 3a4acTylo HaM
MIOMOTAKOT MOHATH YCTPOMCTBO MHOrooOpa3us V' Te MM MHBbIE yXHUIIpE-
HUSA, UCMONb3YIONIME ABHLIA BUA fi. DTO MPEKpacHO ylaercs, KOTAa pas-
MEPHOCTbL N U CTENEHH MHOTOYIEHOB f; Majlbl MJIH KOrAa f; mogoOpaHbl
ocobenHo yaauHo. Ho TpyaHocTH OBICTPO BO3pacTarOT, H CKOPO HaCTy-
naeT MOMEHT, KOraa ¢ MOMOIIbIO OQHOM JHUIbL u300peTaTenbHOCTH B
BBIYHCJIEHUAX IPOABUHYTHLCSA AOCTATOYHO JIAJIEKO He yaaercs.

O6mwmit noaxon. M3ayuenue cBoiicTB MHOTO0Opasusi V cpasy moaBo-
JUT Hac K TaKMM KJITIOYEBLIM TMOHATHAM, KaK peryisapHble QyHKUWMH Ha
V, HeocoboCTh, KacaTelbHbIE [NIOCKOCTH, Pa3MEPHOCTbL MHOroodpasus
d T. 0. Hanpumep, T0 00CTOATENBLCTBO, YTO KPHUBBIE, CKaXKEM YIOMSHY-
Thl€ BbIUIE KYOHKH, ONHOMEDPHBI, H3BECTHO YUTATETIO U3 dJIeMEeHTapHOH
reoMeTpUH, a YTO MOXKET MPEACTABIATh 000 0COOEHHOCTD, Cpa3y cTa-
HOBUTCH SICHBIM H3 TIpHBEIEHHOTO BBINIE DHCYHKA.

IMpy HamucaHud BBOAHOTO Kypca IO anredbpauyeckoil reomMeTpuu
BO3HHKaeT cleayrollas W3HayajdbHas mpoOliema: JOCTaTOYHO IpHeMIie-
MO€ U3JIOXKEHHEe «OOIero» moaxoaga TpedyeT BBeAcHUS TAKOrO KOJHue-
CTBa ONIpedeNeHuii, YTO OHM 3aNOJIHAIOT BeCh KypPC, BBITECHSIA U3 HEro
coaepsKaTeIbHyIO 4acTh. Takum 00pa3oM, TYT HEe0OXOoaAUM KOMIIPOMHUCC,
H Sl pelul OCBETUTDh HEOOBIIYIO YacTh OOIIeldl TeOpUH, MOCTOSAHHO pa-
00Tas ¢ KOHKPeTHbIMH NpuMepaMH. I103TOMY KHUIa MOKpBLIBAET BCErO
JIMIIL YacTh OCHOBHOrO MaTepHasa, KOTOpPbIH crneqoBano Obl M3TOXKUTh
B cHcTeMaTHueckoM Kypce. C apyroi CTOpOH®I, i HaJE€HOCh, YTO KaX-
ALl maparpag cHaOXKeH [JOCTATOYHBIM UYHCIIOM YIOpPaXXKHEHHH |
NPUMEPOB.

(0.3) TaBHas 0COOEHHOCTL arebpanyecKkoil reoOMeTPpUH — IpPHMEHe-
HHE HMCKITIOYUTEIBHO MOJIMHOMHUAILHBIX (QYHKIHUE (BMeCcTe ¢ paliOHAalIb-
HbeIMH). A mouemy? PaccMoTpum Ha oTkpeiTOoM MHTepBasie U C R cie-
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OyIoUHe Koiblia (DyHKUHMR:

C%U) — Konmbuo Bcex HeNpepbIBHBIX GyHkumit f:U— R;

C*(U) — xonbuo Becex rnaakux (T. e. GeckoHeuHo muddepeHumpye-
MBIX) (bYyHKIHE;

C“(U) — KOnbLO BCeX AHATMTHYECKUX QYHKUMI (T. €. CXOOAUINXCA
CTENEeHHBIX DPAMOB);

R{X] — XOABLO MHOrOWICHOB, paccMaTPHBAaeMbIX KaK MOMHHOMH-
anpHble QyHkuuu Ha Ul

MMeroT MecTo oOueBHAHBIE BKMouenums R[X]cC C(U)c C”U)C
C C%(U). O1H xonbua GYHKUMH COOTBETCTBYIOT BaXKHBIM r€OMETpHUE-
ckuM kateropusiM: C°(U) — KaTeropus TOMONOTHYECKHX NMPOCTPAHCTB,
C*(U) — rnagkoi KaTeropuu (KaTeropuu ITagKUX MHoOroo0pasuii),
C“(U) — xaTeropud BeIeCTBEHHO-aHANMUTHUECKUX MHOroobpasuii,
R[X] — xarteropuu anrebGpanueckux MHOrooOpasmit. Heobxoammo ot-
METHTb, UTO 3a KKABIM H3 3THX BKIIIOUEHHH CTOAT 02POMHble Da3iH-
YHsi, IPHBOONIIHNE K HECXOKECTH BAXKHEHIIMX XapaKTEPHBIX CBOMCTB reo-
MeTpUll B pa3BbIX karteropusax. Tak, Jro0oe BBedeHHE MephI Ha (),
XOTA 3TO M HE MOJYEPKHBAETCA B HAYaJbHOM KypcCe aHaNu3a, NMPUBOAUT
K TOMY, uTO Ii1agkue byHkuud OyayT uMeTb Mepy O cpeam HenpephbiB-
HBIX (Domnee TOro, ecjiM Hayaaudy BhIOpaTh HENpPepLIBHYIO (GYHKLHIO, TO
C BEpOATHOCTEIO 1 OHa OKaxercs HUrle He AubdepeHUHpPYyeMOH, T10100-
HO TpaeKkTOpHH OpoyHoBckoro aswxenus). Ormumume CY(U) or C7(U)
MOXHO [pOJEMOHCTPUPOBATL Ha IMpPUMeEPE IMOBeNeHHA QYHKIMH
Sfx) = exp(— l/xz); 3TO CcTaHOapTHas riaaxkas ¢yHkuus, psa Teinopa
KoTtopol B Touke 0 K Heli He cxoauTcs. Ilonb3ysAch €H, MOXHO JIETKO
MOCTPOHTh [NIAAKYIO «Ilamouky» f: R — R, Takyro, uTo f(x) = 1 npm
x| €0,9 u f(x) =0 npu Ixt > 1.

TI(X)

X —

Inankas «ano4ka»

AHanuTrueckas ¢ysnkuus Ha U, HanpoTHB, NMpPOJOJIXaercs (Kak cXo-
Osiuiics cTeneHHoM pAa) A0 GYHKUYH, KOMIUIEKCHO-AHAJIUTHYECKOH B
noaxoasmeii ob6mactu B C. Tlostomy ecnu f€ C“(U) obpamaerca B
HyNlb Ha BEUIECTBEHHOM HHTEPBAJIe, TO OHA TOXIECTBEHHO DABHA HYIO
(cornacHo pe3ynbTaTaM M3 KOMIUIEKCHOTO aHan¥3a). JTO — OOHO H3
NPOSIBNIEHNH CBOMCTBA «KECTKOCTH», XapaKTePHOIr'o 1A aHAJIMTHYECKOH
reOMEeTPHHM B TIPOTHBONOJIOXKHOCTE AU depeHUHaNbHOR TOoNooruy.
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(0.4) TTonuHOMHAaNbLHBIX QYHKIIMM KpaliHe Majo, Bedb KOJIbLIO MHO-
rousieHoB R[X] sBisiercs CUeTHOMEPHBIM JIMHEHHBIM [R-IPOCTPAaHCTBOM,
Toraa kaxk yxe xonbuo C®(U) HecueTHO, U Aa)ke IMepexod. K paliHOHaIb-
HBIM DyHKIMSM (T. €. pacuHpenne koabua R[X] no ero nmonst 4acTHLBIX
R(x)) naer He cnuiukoM MHoro. B paza. (2.2) 6ymer npuBeneH NmpHMeEp
«KECTKOCTH», XapaKTepHO#N s anredpanueckoil reoMeTpud. Bo3Mox-
HOCTb IOCTPOEHHs T'€OMETPHM, HCIONb3yd TOJBKO 3TO MHOXECTBO
dyHKIMIA, 3aMeuaTenLHa ke caMa no cebe, 1 He YOUBATEILHO, YTO IPU
pa3paboTke 3TOH TeOpPHH BO3HHUKAET DA TPYOHOCTEH:

IMocrpoenne Teopun Ha 6a3ze KOMMYTATHUBHOI aareOpbi. Tomosnorus
u auddepeHuManbpHas TOMOMOTHSA MOTYT HCIOJIb30BaTh BCK) COBOKYII-
HOCTB pe3yJIbTAaTOB &-0-aHAJIN3a, U3y4aeMOro B LIEJIOM pAlne IPEeAMETOB
Ha I u II kypcax. B anrebpanueckoit reoOMeTpHH ¢ €€ KOJIbIlaMH MHOIO-
YJIEHOB HaM BMECTO HETO IMpHAETCA M3y4aTh KOablo kK [Xi,..., X,] U ero
Hpaeanbl. JpyruMH cJIOBaMM, BMECTO MAaTeMaTHYECKOTO aHalW3a HaM
HY>XHO pa3pabaThiBaTh KOMMYTATHBHYI anrefpy. B kauecTBe THNHYHO-
ro mpumepa Bo3bMeM Nullstellensatz”. HecMoTps Ha OueBHIHOCTL ee
HHTYHTHBHOTO CMBIC/Ia (pa3iHYHble Haeanbl QyHKuMid B k[Xi,..., Xi]
OIpenensaoT pa3Hble MHoroo6pasus V C k"), ee Hoxa3aTenbCTBO COAep-
JKUT JNMHHHOE OTCTYIIEHHE, CBA3aHHOE C YCJIOBHSAMM KOHEUYHOCTH B KOM-
MYTaTHBHON anrebpe.

PauMoHaJibHble 0TOOpaxeHus ¥ pyHkumu. Ipyroil TpyaHOCTHIO, BO3-
HHUKamoLlel M3-3a XejlaHHsa paboTaThk ¢ MHOTOY/IEHAaMH, ABJSeTca HeoO-
XOOHMMOCTL BBEOAEHHSA «YACTHUYHO OMNMpEdeNeHHBLIX» GYHKIMIA. B pganmbHeit-
LIIEM MBI YBHAMM, YTO B CHJIY YIIOMAHYTOMH BBILIE «KECTKOCTHU» AJIS He-
KOTODBIX (B JeHCTBHTEIBHOCTH [JIS1 BCEX MPOEKTHBHBIX) MHOroo6pasuit
HE CYULIECTBYET OTJIHMYHOM OT KOHCTAHTBI peryisipHoi QyHKUHH (CM. yIIp.
5.1, 5.12 u obcyxneuns B pasa. (8.10)). PaunonanbHble pyHKUMH (T. €.
«yHkuun» BHOA f = g/h, To€ g © h — MHOTOWIEHBI) HE ONpENEIEHBI
TaM, Iae 3HaMeHaTenb obpalllaercs B Hydb. Y anreOpanyecKux reoMmer-
POB HMeeTcA XOTSA M 4YacTO IOpHILAaeMas, HO TBEPAO YKODEHHBILAACH
TpagHIUs HUCIIONB30BaTh TEPMHHBI «palMOHaJIbHAA (QYHKLIHA» U «palu-
OHanbHOe OoToOpaxeHHe» N 0Bo3HAueHHs (YHKUME H OTOOpaXKeHMit,
OMpelie/IeHHBIX JHIIbL 4acTHYHO. Takum o6pa3oM, palMOHANBHOE OTO-
Gpaxerme f:V1— — V2 BOBce He SIBIAETCH OTOOD@KEHHMEM; B TakMX CITyda-
SIX CTAHOBHUTCA TaKXke oOmenpHHATHIM yrnoTpebneHne cTPeaku ¢ pa3phbl-

D Teopemy IunbGepra o nynsx. CM. 3aMeqaHHe aBTOpa M NPHMCEUAHHE TMEPEBOAYMKA
Ha cTp. 62. — Ilpum. nepes.
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BOM. (UHTaTeno, y KOTOPOTO 3TO BBI3BIBAET YYBCTBO AUCKOMGODTA, 5
peKoMeH0BaNl 6Bl cpa3y NPEeKpPaTHTh UTEHME H 3aHATHCS BMECTO 3TOTO
TeopHell KaTeropui.)

DTa TPYAHOCTb — HE TaKo#i yXK M NycTAK. JJaxe perynspubic 0T0-
Opakenus (MM MOPOH3IMBI, a2 OHH-TO M ABJIAIOTCS HACTOAILKMA OTO-
OpaskeHHSIMH) MPHUXOAMTCH ONpENeNaTh KaK palHOHAJIbHBIE 0TOODIKeE-
HHSI, pervispHble BO Bcex Toukax P € V (T. e., TOyHee roBOps, MCIKHO
BbIOpaTh 3HAMEHATENh TakK, YTOObl OH He obpamlajica B HYIb B ToHKe
P). C 3TUM Xe TeCHO CBfi3aHA CIOXKHOCTH BHYTPEHHEro OIPeCiCHHA
MHOroobpasusi. B 3ToM Kypce (¥, HackOIbKO MHE H3BECTHO, B IPYTHX
CXOMHBIX Kypcax) ompeaenstoTcs adbduuHble MHOroobpasus ¥V C A" u
KBA3WIPOEKTHBHBIE MHOTroo6pasust V C P", HO omnpeaeneHHe MHOroO-
00pa3Hs KaKk TaKoBOTo 6e3 ameyuisiui K 0OBEMITIOLIEMY TPOCTPAHCTBY
orcyTcrByeT. I'pybo roesops, MHOrooGpasdeM ciegoBano Obl Cu4MTaTh
TO, YTO MOJIYY4AETCH NPH «CKJIEUBAHHM» HEKOTOPOTo 4Hcia adhHHHBIX
MHOroo6pasuif Mo N30MOopGHBEIM OTKPBITHIM MOAMHOXeCTBaM. OnHaKo
A3BIK, HA KOTOPOM MbI B HACTOSIIMI MOMEHT H3BACHAEMCA U HA KOTO-
POM jaske U30OMOpPOH3M ompeaenseTcss Ooee UM MeHEe ABHO JIUIIb C
HOMOLIbIO PALMOHAIBHBIX QYHKIMH, CIUIIKOM Tpyd s storo. [lomxo-
OAIIMM CPEICTBOM OINHCAHMSA 3TOTO «CKJIEMBAHMA» ABJIAKOTCSA NMy4KH, KO-
TOpblE NMOIPOOHO PACCMATPHBAIOTCS B CHEUMAIBHBIX YYeOHHKax.

(0.5) Cka3aB CTONBKO O HeJOCTAaTKax anredpamdyeckoro moaxoga K
reOMeTpHH, 3aMedy, YTO Ha CeTONHAIIHHN NeHb NMOYTH BCE€ BAKHBIC ajl-
rebpauueckie MHOroo6pasHs, BO3HHKaromue rae Obl To HU ObLIO, ABIIS-
FOTCS KBa3HIPOCKTHBHLIMHM, M MOXXHO MX ¢ OONBIUMM YIOBOJBECTBHEM
M3y4aTh, HE CIHIUKOM 3a00TsICh O TOHKOCTSAX ONpeaelieHHi.

YucTo anredpanueckue KOHCTPYKIUH anredbpanyecKkoi reOMeTpUH AB-
JIAIOTCA ee Haubolee CYUIECTBEHHBIMH IOCTOMHCTBAMHU: €€ MOXHO IpH-
MEHSITHh K noboMmy monto, a He Toibko k R unu C. Tak, MOXHO pac-
CMAaTpHBATh T€OMETPHIO HAJ MOJISIMH XapakTepucTHku p. He rosopure:
«TlogyMaeiub, 3Kash BaAXHOCTh — XapakTEPHCTHKAa p. DTO Xe OpocTo
KOHeuHbIe MOiA». BO-NepBbIX, HA F€OMETPUI0 Hal KOHCYHBIMH IOJIIMH
OMMPAIOTCS CYLIECTBEHHbIE pa3ieiabl TEOPHH I'PYMI, PABHO Kak M 60mb-
[IHe KYCKHM W3 KOMOMHATOPHKH, MCIONb3yeMble B HHpOpMaTHke. Bo-BTO-
DBIX, UMeETCS MHOTO HHTEPECHBIX DECKOHEUHBIX MOJEH XapaKTepUCTHKA
p. Kpome Toro, Ha 6onee rimybokoM ypoBHE, KOHEUHBIE IOJIS MPHCYT-
cTBYIOT U pabotaroT B camux Q u C. BONBIHKHCTBO IIyOOKHX pe3yb-
TaToB 06 apudmMeTuke MHOroobpasuii Han @ CYLIECTBEHHO MCNONL3YHOT
reoMeTpHio Hag C MM HaX KOHEYHBIMHU TIOTSIMH H HMX anrebpauyeckumu
3aMBIKAHHAMH.

3aBepluMM Ha 3TOM Haille BBEOCHHE. HedopmaneHubie 06cyxnenus
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6yayT TpomoKeHbl B pasm. (2.15), a oOmeobpasoBaTenbHbIe Oece-
OBl -— B 3aKIICUMTENIBHOM § 8.

(0.6) CTpykTypa KHMrH TakoBa. IyaBel | ¥ 3 mpeaHasHayeHBl LI
OnMCAHWS HEKOTOPBIX BaKHBIX 3adad, KOTODblE MOYKHO MCCIENOBATb
cpencTBaMH anrebpauueckoii TeoMeTpuH. I7aBa 2 sBISETCS BBENEHHUEM
B ynoMHHaBlIyIOCH B pa3d. (0.4) KOMMYTaTHUBHYIO anredbpy U B KaTerop-
HBIN A3BIK anredpandyeckoi reomMerpud. (UnuTaTens, CKIOHHBIA K MHIDE-
HU, MOXeT B 3TOii IlaBe IPUHATh HEKOTOPBIE U3 AOKA3aTeNkCTB Ha Be-
Py, TaKk KaK TOT MaTephasj CTaHAapTeH, a MpodecCHOHaNbHas pemyTa-
oMl aBTOpa TOJIb3YETCs 3aciy)KEHHBIM YBAXKEHMEM.)

§ 8 COOEPKHUT BCAKYIO BCAUUHY, KOTOpas MOXKET OKa3aTbCid MHTEpeC-
HOH WX TOJIE3HOH YHTATENO, HO HE YKIaabIBAeTCd B PaMKH OCHOBHOTO
TeKcTa, KaK-TO: HEMHOTO 00 UCTODHH H O COLIMOJIOTHYECKOM acnEKTE CO-
BpEMEHHOH anrebpaHyecKoil TeOMETPHH, YKa3aHHs Ha CBA3b OCHOBHOTO
MaTepHana ¢ 6ojee MPOABHHYTHIMH pasjeiaMH, TeXHHYECKHE 3ameda-
HHA U T. 0.

TlpeaBapuTenbHbie CBEAEHHUS, HeoOXoaMMbIe Ans 3TOro Kypca

Anre6pa: xBaapaTHuHble GOPMBI, NpPOCTEMiie CBOACTBA KOMMYTa-
THBHBIX KOJIEII M HX HIEaJ 0B, 00JlacTH TJIaBHBLIX HJ€A/IOB U OAHO3HAY-
HOE pa3ioXeHHe Ha MHOXXHMTEIIH.

Teopus anya: nons, Kojablla MHOTOYIEHOB, KOHEYHBIE paClIUpeHns,
anrebpanuecKHe W TPaHCUEHAEHTHBIC pacHIUPEHHS, cenapabenbHOCTE.

TonoJIOrHsA ¥ reoOMeTPHsi: OIpeIeSieHHe TOMOJIOTHYeCKOro npocTpaH-
CTBa, NpPOEKTHBHOEe mpoctpaHcTBo P”. (BmpoueM, 3TOT BONPOC Ovaer
nogpobHO paccMOTpeH Jaslee.)

MaTtemaTHueckuii aHaiM3 B R”: uyacTHbIe MPOU3BOJHBIC, TeOpeMa O
HesBHOW GyHKuMH. (Bnpouem, no Mepe HEOOXOMMMOCTH 5 OyNy HanoOMH-
HaTb BCEC HYKHble CBEIEHHs.)

KomMyTtaTupHas anreGpa: kenateneH (HO He obs3aTenien) onbiT pa-
00TbI ¢ KOMMYTATHBHBIMH KOJIBLIAMH.

B3auMooTHOLIeHHs] JAaHHOIO Kypca ¢ pa3iMuHbiIMU npeaMeTamMu

KoMnuiekcHblii aHaian3, Anrebpanueckas xpusas Hag C asnserca on-
HOMEPHBIM KOMIUIEKCHBIM MHOTOOOpas’HeM, a peTyinsipHble QYHKUMH Ha
Heit TonoMopdHbl. TakuMm 00pa3oM, Hail Kypc TECHO CBS3aH C Teopuei
KOMIUTEKCHBIX (GYHKIMA (IaXe €ClM 3Ta CBA3b W He BCEr[a OYEBHAHA).

Anre6panyeckass Teopus uMcen. Hanpumep, CBA3b C MOCIEAHEH Teo-
pemoit Pepma.
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Teopus karacTpod. KatacTpodbl SBIAOTCS OCOOEHHOCTAMH, KOTO-
pble MPAaKTUYECKH BCeraa 3agaroTcs MHOTOYJeHaMH, Tak YTO H3y4eHHe
TEOMETPHH OCOOEeHHOCTEN — HTO anredpandeckasi TEOMETPHS B YHCTOM
BH/IE.

KommyTaTuBHas anreGpa. Asrebpanueckasi reOMeTpHsl CITY)KHT MO-
THUBUPOBKOH [JIi U3y4yeHHUS KOMMYTATHBHOH ajreOpbl, a KOMMYTAaTHB-
Has anre0pa COCTaBIAeT TEXHHYECKHUH anmapaT anrebpanueckoil reoMeT-
pHMH, Tak 4TO 00a 3THX NIpeaMeTa B3aWMHO oboraljaroT APYT Apyra.

VnpasxHennss k § 0

0.1. (a) IlTokaxuTe, 4TO x HPH GHUKCHPOBAHHBIX 3HAUEHHAX (), Z) ABJIAETCA KpaTHBIM
KODHEM YDaBHEHHsA x4 xy + z=0 TOorma M TOJILKO TOrda, Korma x =— 3z/2y n
4y  + 2722 = 0;

(b) 5To ypaBHeHHe MMeeT 3 HpDOCTBIX KODHS MO X TOrHa H TOJBKO TOraa, KOrga
4y + 2722 < 0

(c) HapucyiiTe noBepxrocTh S: (X* + xy + z = 0) B R® M ¢c NPOEKUHIO HAa NAOCKOCTb

o 2

(d) a Teneps ONIA MPOBEPKH 3arfIAHUTE B JTIOOYIO KHHTY HJIH CTaThO 10 TEODHH Ka-
TacTpod.

0.2. Myere f€ R{X, Y] u C: (f = 0) C R%. HazoBem Touky P € C u304upoeanHoil,
ecnu cyulectByet € > 0, Takoe, uto CNB(R ¢) = P Tlpusenute npumep, koraa C umeer
H30MHpOBaHHbIe TOYKH. [JlokakHTe, uTO ecnH P € C — H30MHpOBaHHAs TOYKa, TO
f: R? > R nomxHa HMeTh B TOYKE P MakCHMyM HMH MHHMMYM, M BbIBENHTE OTCIOIA,
4TO 4aCTHbIC NPOU3BONHKIE 3f/dx n df/3y obpawatoTca B TOUYKe P B HyJib. ITO HOKA3bl-
BaeT, UTO H3OMHPOBAHHAs TOYKA BELIECTBEHHOW KDPHBOH ABIIAETCA OCOOOM.

0.3. KyGuueckue kpusbie. (i) Hapucyiite rpadux oyakumm y = 4x° + 6x? u naiigite
TOMKH €0 MEepeceYeHHsl ¢ FOPH3OHTAILHBIMU TPAMBIMUM Y = ¢ ONA LEAbIX ! B HHTEPBAJE
[-1, 35

(ii) HapucyiiTe kyOuueckne kpHBble y° = 4x> + 6x2 — ¢ O Tex xe 3HadYeHHH .

Cmucok PEKOMeHAYEMBIX KHHUI

Bonbuias 4acTh MpUBEACHHOW HHMXKE JIMTEpAaTYDBLI SABIAETCH Y4eOHH-
KaMH JJIS CTYIEHTOB-CTapIeKypcHUKOB. Ha HekoTophle U3 HUX B OCHOB-
HOM TEKCTe HMEIOTCSI CCBIJIKH.

Fulton W, Algebraic curves, Springer. (QTa KHHAra SBIS€TCS Haubonee
TOJIKOBOH M3 cepbe3HbIX YUeOHHKOB M He TpebyeT APYrux rocodwuii. I'na-
Bbl 1—6 BHOJHE MOryT CIYXHTb JIEMEHTAPHbIM BBEOEHHEM, XOTS Me-
CTaMH MaTepHajl H3JI0XKEeH CYXOBaTo.)

Ilagapesnu M. P. OcHoBbI anrebpaudeckoit reomeTpun. — M.: Hay-
Ka, 1972. (3T0 — cepbe3Hblit yueOHUK, HO 1. 1 H § 2.1 — BnonHe moa-
XOOAIIMIA MaTepHAT IS HAYaTbHOrO Kypca.)

Tpuddure I1., Xappuc Jx. [MpuHuuns anredpanieckodl reoMeTpuH.
B 2-x 7. — M.: Mup, 1982. (KOMIUIEKCHO-aHATHTHYECKHH IOaX0M.)

Mamdopna JI. Anrebpanueckast reomeTpusi. KOMIUIEKCHBIE IpoeK THB-
Hble MHOroo6paszusi. — M.: Mup, 1979.
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Mumford D. Introduction to algebraic geometry. (3Ta KHHMra He
CIMIIKOM MpPOCTa Ui HAYalbHOrQ0 4YTEHHSN, HO OHA HENOCPEACTBEHHO
NMOABOOMUT K KJIIOUYEBBIM MOMEHTaM. MHorue anrebpaudeckie reoMeTphl
MOEro NOKOJIEHUS MO3HAKOMHIIHCh CO CBOEH CHELHATBHOCTBIO MO 3THM
3ameTkaM. HepnaBHo oHa Bpiumia B cepud Springer Lectures Notes of
Math. 1358 u, TakuM o6pa3oM, Telnepb yXKe HMeeTcs He TOJBKO B BHUIE
MaJeHbKOM KpacHOH KHHIH.)

Kendig K. Elementary algebraic geometry, Springer. (M3yuarotcs B3a-
HMOOTHOUIEHHS MEXIOYy aireOpandyeckoid H KOMIUIEKCHO-aHaJIMTHYECKOit
reoMeTpHsIMH. )

XapTtexopH P. AnreGpauueckasi reomerpus. — M.: Mup, 1982. (Ha-
CTONBHAsT KHUTa NpoGheCcCHOHABHBIX alre0pandyeckKuX reOMeTPOB, BKIIO-
varormast B cebst HaMHOro Oojiee cinoXHbIA MaTepuan. Comepskanue . 1
MO>XHO paccMaTpHBaTh KaK HadalbHBIA Kypc B O4eHEL CXaToill (opme.)

Bepxe M. T'eomerpus, TT. 1 u 2. — M.: Mup, 1984. (Ocobenno
CYLIECTBEHHBLI HEKOTOpbIE CBeNeHUs U3 maparpados B 4. 4 0 KBaapaTH4-
HbIX (opMax M KBaApHKax.)

ATbst M., Maknonansn . Beenenne B KOMMyTaTHBHYIO anredpy. —
M.: Mup, 1972. (IlpekpacHblii yueOHHK.)

Kunz E. Introduction to commutative algebra and algebraic geometry,
Birkhauser.

Matsumura H. Commutative ring theory, Cambridge. (bonee yrmny6-
JIEHHBIH KypC KOMMYTATHBHOH anrebphbi.)

Mumford D. Curves and their jacobians. Univ. of Michigan Press.
(3TH nexuuM npenHasHayeHbl [JIg LIMPOKOrO Kpyra YUTATENe, HO
CIOXHOCTbL MaTepHana B HHX OBICTpPO BO3pacraer.)

Kuaemenc I'. Mo3auka TeopHH KOMIIIEKCHBIX KPHBBIX. — M.: Hayka,
1984. (ComepXHT MHOTO HHTEDPECHOrO.)

Brieskorn E., Knoérrer H. Plane algebraic curves, Birkhiuser.

Beauville A. Complex algebraic surfaces, LMS Lecture Notes, Cam-
bridge. (MMeercs Takxe H3NaHHe Ha (PAHLY3CKOM S3blKE B CEpHH
Astérisque.)

Kollir J. The structure of algebraic threefolds: An introduction to
Mori’s program, Bull. Amer. Math. Soc, v. 17 (1987), p. 211—273. (IIpe-
KpacHbI# NyTEBOAUTENh MO OOHOM M3 AKTHBHO pa3BHBAIOLLUXCA 00-
nacreit.)

Semple J. G., Roth L. Introduction to algebraic geometry, Oxford.
(ITpexpacHbiit cTapblit yueOHHK, COOEpKAIMil MHOTO HHGOPMAUHH, HO
B HEM TOCTOSIHHO OILYLIAETCS HEeJOCTATOK CTPOTOCTH.)

Coolidge J. L. Treatise on algebraic plane curves, Oxford and Dover.



nasa 1

NMOUrPAEM C NMNOCKUMU KPUBbLIMU

§ 1. IliockMe KOHUKM

st MOTMBUPOBKH OTIpEAENieHUs IPOEKTUBHOMN TTOCKOCTH 3aiiMeMcs
reoMerpHeli KOHHK. IIpoexTHBHas reoMeTpus BIEPBbi€ NOSBIAECTCA HA
BTOPOM Kypce B JIEKIMAX MO reoMerpud. HanmoMHIO HEKOTODBLIE OCHOB-
HblE MOJIOXKEHHsA, Jenas Ynop Ha OOHOPOIOHBIX KOOpAHWHaATaX, HO HHKakK
He 3aTparuBas FeOMETPHIO JIMHEHHBIH MOANPOCTPAHCTB M IBOMHOE OT-
Hoillenve., IaBHasg 3amada CTYAEHTA 3aK/IIOYaeTcsi B TOM, YTOOBI HOJy-
YUTh MNpEACTaBlIEHHE, KaK reoMeTpUUecKHe HAeH (HalpUMeEp, MBICIbL O
TOM, YTO «TOYKH Ha OECKOHEYHOCTH» COOTBETCTBYIOT acHMITOTHYE-
CKHM HamnpaB/IEHHAM KDHBbBIX) BHIDaXKalOTCA 4Yepe3 KoopauHaThbl. I1pu-
BIIEKATE/ILHOM uepTOil anredpanyeckod TeOMEeTpHH SBJIAETCS B3aHMO-
IeficTBHe MHTYHTHBHON TeOMETPHYECKOH KapTHHBbI ([10JCKa3bIBAIOLIEH,
4ero cieayeT OKHUAATh) C TOUYHOM GOpMYTHUPOBKON B KOOpAHHATaX (1o3-
BOJIAIOLLEH HM3BJI€Yb M3 HHTYHIHH I110JIb3Y).

(1.1) Ilpumep napameTpu3OBaHHOK KpHBON. Teopema IIudaropa
IJIACUT, YTO B TIPAMOYTOJIBHOM TpPeyTroJIbHHKe

X

X? + Y? = Z?, xak, HanpuMep, B TpeyronbHHKax (3, 4, 5) u (5, 12, 13)
(4TO OBIJIO M3BECTHO KAKIOMY OPEBHEMY ETHNITSHHHY).

Kak HaiiTH Bce Lienble pellieHdsi 3TOoro ypaBHeHusa? OHO OZHOPOIHO,
H, CleOBATENBHO, Naphl udcen X = X/Z; y = Y/Z o6pa3yioT OKpYyX-
nocts C: (x2 + y* = 1) C R?, koTopas, Kak JIETKO YGENMTBCH, MOXeET
6biTh TapaMETPHU3OBaHa clieaylomwuM obpa3om:

x=2MQ02+ 1), y=Q0T- 1D/ + 1),
rae A = x/(1 — ). DTo ¥ 3amaeT BCE DELUCHHA:
X=2m Y=P-m? Z=1I+m
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rae /, m € Z B3auMHo nipoctsl. (Eciu ¥ / ¥ m HeueTHbI, TO BCE NMEPEMEH-
Hbl€ CIEAYyeT pa3fenuTh Ha 2.) 3aMeTHM, YTO U3 OJHOPOAHOCTH ypaBHe-
HHU#A BbITEKAET, 4To ecri (X, Y, Z) — pewenne, To A X, A Y, NZ) Taxxke
SABJISIETCS PEILIEHHEM.

Bo3MokHO, 3Ta mapaMerpu3alMs YK€ H3BECTHA YUTATeNH U3
LIKOJIbHOH nporpaMmel. Kak 6b1 To HH GBLIIO, B €€ CrIpaBeNJIMBOCTH Jier-
Ko ybenuthbes. OOHAKO €CIH Bbl C HEl HE OBbUIM 3HAKOMBI, TO MOXKETe
JIETKO €€ MOJYYHTh C NOMOIIBIO MPOCTON reOMeTPHYECKOH KOHCTPYKIHH,
a UMEHHO JIMHEHHBIM IPOCKTHPOBAHHEM W3 [JaHHOW TOUKH:

P = (0,1)

INycts P= (0, 1)€C u A€ Q) — nNpoU3BOJbHOE PAllMOHAILHOE UYHCIIO.
Torna npaMasa L), UMelOIIast yrinoBoil ko3¢gdUuLHeHT — N U NMPOXOAsIuas
yepe3 Touky P, nepecekaer C emme B 0aHOM Touke Oh. DTOT cnocob no-
CTPOEHHs OTOGPpaXKEHHsI ¢ MOMOILBIO JTIHHEHHOrO MPOSKTHPOBAHUS HEO-
HOKPATHO BCTPETHTCA HaM B AajIbHEHIIiEM.

(1.2) Anasnoruussii npumep. C: 2X? + Y2 = 52%). Tor xe MeTon
NpUBOAMT K mapamerpusaund R — C, 3amaBaeMoit GopMynamMu

2V5\ 23t -1

x =22 = .
T+ YT 15

DTa nmapaMeTpH3alMsa MO3BOMSET NOJYYHTh NONHYH HHGOPDMAaLHIO O Be-
LIECTBEHHBIX TOYKaX KpHBOi C; B BEIIECTBEHHOM CIIyyae MEXKAY 3THM
NPUMEPOM M IPEABLIAYIIMM HET CYILECTBEHHBIX pa3jHuMii. A kak o6¢To-
T [0 B cllydyae palMOHAIBHBIX Ko3hduumuenTos?

Tpennoxenue. Ecau payuonanshsle wucaa a, b, ¢ € Q y0081emeopa-
rom ypasHenuro 2a* + b® = 5¢*, 1o (a, b, ¢) = (0, 0, 0).

Hokazamenbcmeo. YMHOXUB (B cliydyae HeOOXOAMMOCTH) uMcia 4, b
U ¢ Ha uX oOlMHA 3HaMeHaTeldb H Da3dejiuB Ha HX OOIHA MHOXHTEND,
CBEJEM 3afauy K ciyyaro, Korga &, b, ¢ — uesnble yMcia, He Bce KparT-
Hble 5. KpoMe Toro, ecnu Sla u 51b, T0 2515¢2, T. e. 51c, uro nporuBo-
PEUHT cOeNaHHOMY Npeanono:xeHuto. Ternepb, paccMaTpHBas 3HAYEHHUSA
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@ v b o MoOayIO 5, Mbl JIETKO NPHAEM K NIPOTHBOpEUHIO. deHCcTBHTEND-
HO, Tak kKak mo0oil kBaapaT CpaBHUM MO MOIIYJ'IK) 5¢0, 1 umu 4, 10
JUTS CPaBHEHHs MO MOIYJIIO 5 BbIPAKEHHS 24% + b? uMeroTca cheaywo-
Me Bo3MoxHocTH; 0 + 1,0+ 4,2 40,2+ 1,2+ 4,8+ 0,8+ 1w
8 + 4. OaHAKO HU OJHO M3 ATHX 4HCel He MOXXeT OBITh NpPEACTaBJICHO
B Buzme 5c¢?. U.T.no.

3aMeTHM, 4TO MPUBENEHHOE PACCYXIEHHe SBIAETCA YUCTO aputpme-
THYECKHM.

(1.3) Konukn B R?. KoHukoii B R? na3piBaeTCs IJIOCKas KpHBas, 3a-
JaBaeMasi KBaApaTHBIM YPaBHEHHEM:
glx, y)=ax* +bxy+c’ +dx+ey+f=0.

Bce uMTaTeNH 3aBEOOMO 3HAKOMBI C KJIACCH(UKALHUEHR HEBBIPOXKICH-
HbIX KOHHMK:

(a) annunc -(b) napabona (c) runep6ona
x? ),2 x? ),2
?+F=l y = mx? 172_52=1

KpOME HHX HMEETCS ellle PN BbIPOXKIEHHBIX CIIY4aeB:

(d) usonupoBaHHas TOuxa, 3aJaBaeMasl YpaBHEHHMEM x4+ yt=0;

(e, f, g) mycTOe MHOXKECTBO, 3adaBaeMO€ OIHHM H3 CJIEAYIOUIUX Tpex
ypaBuenuit: (€) x2+y?=—-1, (f) xX*=—1 um (g) 0=1. Otu TpH
ypaBHEHHMs Pa3JIMYHbI, XOTS B R® OHM ONpENENAIOT OMHO H TO XK€ MHO-
KecTBO Hynei. (PaccMOTpHUTE, HAIPUMEDP, MHOKECTBO HX KOMIUIEKCHBIX
penieHuit.)

(h) opamas x = 0;

(i) mapa nepecekaromuxcsad OpAMBIX Xy = 0;

(j) mapannenbHble OpsAMbie X(x — 1) =

(k) «aBoiiHas mpsMas» x* =0.

Hocnenuuit cnyuaii:

() nnockocTh, 3anaBaeMmast ypaBHeHnem 0 =0, ero Bbl Moxere
BKJIIOUATh MJIM HE BKJIIOYAThb MO CBOEMY YCMOTDEHHIO.

(1.4) IMpoexTuBHast maockocThb, OnpeneneHue «C MOTOJIKa»:

IPIZR = {npsMBble B R3, mpoxonsimue yepe3 HAYAIO KOOPAMHAT) =
{orHomenus X:Y:Z} =
(R*\(0))/ ~, rre (X, ¥, 2)~ (X, A\Y, \2),
ecnd A€ R\ {0}.
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(MIckynieHHOMY YHTATeNnIO He COCTABHT TPYHA MEPEHECTH 3TO OIpe-
pejeHre co cnyyas R Ha MPOM3BOILHOE BEKTOPHOE NPOCTPAaHCTBO Hajg
jo0BIM TIOJIEM H TIepeiiTH OT SABHBIX (OPMYI, 3aMHCAHHLIX B BLIOpaH-
HOM CHCTeME KOODOUHAT, K OeCKOOPAMHATHBIM (DOPMYIUPOBKAM.)

Hns Ttoro 4ToObl mpeacTaBuTh OTHomleHWe X:Y:Z gns Z # 0, mo-
CTaTOYHO MOJIOXKHTE X = X/Z u y = Y/Z. 3THM MBI ynpolnaeMm pac-
CMOTPEHHs, TaK KaK UCXOOHOE OTHOIIEHHWE 3adaeTcs TeNeph INapol Be-
LIECTBEHHLIX yHcen. JIpyruMH CJIOBaMH, KIacC 3KBUBAJIEHTHOCTH TPOEK
(X, ¥, Z) 1o OTHOIUEHHIO ~ HMMeeT eAUHCTBEHHLIA NpeacTaBUTENb (X,
¥ 1), TpeTbst koOpaMHATA KOTOPOro paBHa 1. K coxanenuro, Z Bce-Taku
MOXeT ofpalnaThCss B HyNlb, U B 3TOM Clly4ae Haml crnoco® BhiGopa
MPEACTABUTENS Kacca JKBUBAJIGHTHOCTU He TOOMTCA. IIpHBe[eHHOE
paccyIeHue MOKa3bIBaeT, 4TO IP COLEPKUT IK3EMIUIAP NMPOCTPAHCTBA
R2. TIpsmas OOIIEro MOJI0KEeHHUs B R*, mpoxonsuas uepes 0, He conep-
JKHTCA B IUIOCKOCTH (Z = 0) W, 3HAYUT, NEepecekaeT IUIOCKOCThL (Z = 1)
B €IMHCTBEHHOH TOYKe, KOTOpas H MNpeNCTaBiseT 3TOT KIacC JKBHUBA-
JIEHTHOCTH (CM. PHCYHOK).

’/ TZ Z=1
/ P

R2 o RIN{0} >PE  no dopmyne (x, y) = (x, y, 1)

IMpsimble, nexamnue B MIOCKOCTH (Z = 0), He IMEPECEKaroT IUIOCKOCTH
(Z = 1). CrnemoBaTenbHO, OHH COOTBETCTBYIOT He TOuKaM u3 [R2, a
ACUMNMOMUYECKUM HANPA8AEeHUAM VI TIYYKAM [aPaJUIEbHBIX MPAMBIX
B R?. Takum 00pa3’oM, uHTaTeNb MOXeT MPEACTABNATH cebe, uTo P
COCTOMT U3 IIOCKOCTH R2, K KOTOPOii 406ABIEHO MO ONHOM «TOYKe HA
OecKOHEeYHOCTH» A Ka>l(,£[01'0 NMyYyKa napaijieabHbIX npsaMbeiX. [Ipu Ta-
KON TOuYKEe 3peHHS BBIKIAAKH CledyeT NMPOBOOMTL B [R2, 3aTeM C mo-
MOILBIO KAKHUX-HHOYIb «ACHUMIITOTHYECKHX» COOOpa)KEHUH MMOCTapaThCs
yragaTthb, 4TO MPOUCXOAUT HA OECKOHEYHOCTH, H, HAKOHel (B Clydae He-
00XOOUMOCTH), OOKAa3aTh CBOIO NOTAAKY C NMOMOIUBIO OJHOPOIHBIX KO-
opaunar. OmnpeeneHye ¢ MOMOUIBIO NMpAMbIX B R? mpupaer scemy 6o-
Jee pecriekTabenbHbIA BUA, TAaK KaK [MPH TAKOM OMNpene/eHUH BCe TOYKH
B P4 paBHONIpaBHEI.

I'pynnel npeoOpa3oBaHMii 3aHUMAIOT B T€OMETPHH LIEHTPATHLHOE MO-
noxeHue. CBOHCTBA reOMeTpHYECKOH (QHIYpBI NMPENCTaBASAIOT HHTEPEC
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JIMIUb TOrAa, KOrda OHH MHBADHAHTHBI OTHOCHTEIIBLHO COOTBETCTBYHOILIE-
ro THna npeobpazoBaHuil. A@gunHas 3aMmeHa koopamHaT B R’ HMeeT
sun T(x) = AX + B, rae x = (x, y) € R*, A — obpatumas 2 X 2-Marpu-
na, a B — BekTop casura. Ecnmu marpuna A OpTOroHanbHa, TO Npeod-
pasoBanue T ABAAETCA €8KAuUO08biM. V3BECTHO, YTO 100as HEBBIPOXK-
JeHHasi KOHHKA TIPUBOJMTCH €BKJIMAOBBIM NpeoOpa30BaHNEM K OOHOH H3
yka3aHHbIX Bbilie Gopm (a)—(c). B kauecTBe ympa>KHEHHs IIOKAXHTE,
4YTO IpPOH3BONbHAs KOHHMKA NpuBoauTcs abdUHHBIM MpeoOpa3oBaHHEM
K omHo# u3 dopm (a)—().

Ipoexmuegroe npeobpa3oéarnue TMPOCKTHBHOM IIJIOCKOCTH P’”’e umeeT
Bua T(X) = MX, rone M — o6patumas 3 X 3-matpuna. Jlerko onpene-
JUTH NefcTBHe 3TOro mpeobpasoBaHus Ha adoduaHOM Kycke R? C PZ.
OHO coBmagaeT ¢ YacTHYHO ONpeleNieHHbIM MpeoOpa3oBanuemM
R?2 —— R? a uMeHHO ¢ APOGHO-IHHEHHBIM Ipeobpa3oBaHHEM

[i] - (A [;] + B) /(ex + dy + e),

roe

IIpu cx + dy + e = 0 T, pasymeercs, He ompenerncHo. IlpoekTHBHbIE
npeobpa3zoBaHust MOTYT MOKA3aTbCA HE CIHIIKOM HarJsHBIMH; OAHAKO
OHH BCTpEYaroTCsA B peaibHOM >xu3Hu. Tak, mBe pasznuunbie Gortorpadun
OIHOr0 M TOrO e (IUVI0CKOT0) 00BeKTa CBA3aHBI MPOCKTHUBHBIM Mpeob-
pasoBaHHeM (CM., HanpuMep, pucyHku B kaure [Bepxe, 4.7.4]). Beimyck-
HHK MaTeMaTHueCKo#l clenualsHOCTH, 3aHMMaroluiics paboTtoil o pac-
mubposke dororpaduii co cnyTHUKOB (Oyab TO B MHDHBIX LENAX I
MHUHHECTEPCTBA JIECHOTO XO3SiCTBA HIIH B paMKax OTKpbIBaromie#t 60ib-
IIME MEPCNEKTHBLI AJISI Kapbepbi DEHraHOBCKOH MONMUTHKH CTpaTeruye-
CKOHl 0DOPOHHON HMHHIMATHBEI), OydeT TpPaTHTL OONBLUIYIO YacTh CBOEIO
BpPEMEHH, BBIYHCIIsA MPOEKTHBHBLIE NpeoOpa3oBaHMA.

TIpoexTHBHBIE NIPeOOPa30BaHNA HEABHO HCIIONBL3YHOTCSH Ha IPOTSDKe-
HHUM BCcell XKHUTH, YTO OOBIYHO MacCKHpyeTcs CIOBaMH «BbIOpaB noaxons-
mHUM 06pa3oM KOOpAHHATBI, MOXHO CYHTATh, YTO...».

(1.5) VYpasHeHue KOHMKM. HeoaHOpOAHBIH KBaJAPaTHBLIA MHOTOWIEH

qx, p=ax’ +bxy + o’ +dx+ ey + f
COOTBETCTBYET OOHOPOAHOMY KBaJApaTHOMY MHOIOYIIEHY
OX, Y, Z) = aX® + bXY + &Y + dXZ + eYZ + fZ*.

DTO COOTBETCTBHE MOXHO BOCIHPHMHHMAaTh KaK CNocod npeofpa3oBaHus
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HIM Kak OHekinHio g < Q, 3aaaHHylo ¢opmyiamMu
qx ¥) = Q(X/Z, Y/Z, 1), tne x = X/Z, y = Y/Z,
H, B 0OpaTHYIO CTOPOHY,
Q=27%q(X/Z, Y/Z).

Konukoi C C P? nasmiBaerca kpuBas C: (Q(X, Y, Z) = 0), rue
Q — OHIHOPOAHBINA KBaApaTHbIi MHOTOWIEH. 3aMeTHM, 4TO COOTHOLIE-
uue Q(X, Y, Z) = 0 KOppeKTHO ONpeaesieHO Ha KJiaccax IKBHBAJIEHTHOC-
TH, Tak kKak Q(A\X) = \*Q(X) mns moboro \ € R. B kauecTBe ynmpacHe-
HHA TOKa)KHTE, YTO OrpaHHYeHHe MpoevTHBHOH kpuBoi C Ha adPHHHBIHA
KYCOK R? coBmamaer ¢ atpPuHHON KOHHKON, 3agaBaeMOH YCJIOBHEM
q=0.

«beckoHeyHasi yjaaJieHHas npaAMas» M ACUMITOTHUYECKME HarnpaBJie-
uusa. Touxku u3 P2, pis xoropwix Z = 0, COOTBETCTBYIOT OTHOLIEHHAM
Buga (X:Y:0). OtH Touku 0Opa3yroT «OECKOHEYHO YIaNneHHYIO IIps-

MYIO», SBJIAFOLLYIOCS 3K3EMIUTAPOM MPOEKTHBHOM npaMoi
IPIIR = RU{eo} (Tak kak otobpaxmenue (X:Y) — X/Y 3agaer Ouexuuio
Py = RU[oo}).

IMo onpenemenmo mnpsmas L wHa P? 3agaercs ypaBHEHHEM
aX + bY + ¢Z = 0, u L npoxoguT 4epe3 Touky (X, Y, 0) Torna 4 Tomb-
Ko Toraa, korga aX + bY = 0. B adduuabIx KOOpAMHATAX Ta XK€ MpsMas
3ajaeTcs ypaBHeHHeM ax + by + ¢ = 0, Tak 4TO Bce NMpAMBbIE C OJHHUM
H TEM >KE€ OTHOLIUEHHEM a:b NpOoXOoAAT depe3 OAHY TOUKY Ha OecKOoHeu-
HOCTH. DTO sIBIIEHHE OMHUChIBaeTCA ciioBaMu: «IlapannenbHble MpsAMBIE
NepecekaroTcss Ha OeCKOHEYHOCTH».

Ipumepst. (a) Tunepbona (x*/a* — y2/b* = 1) B R? cooTBeTcTBYeT
B P% kpusoit C: (X*/a* — Y*/b* = Z?). fcHo, uTO 3TO KpHBas mepece-
kaer npsMmyio (Z = 0) B OByXx Toukax (a, =+b, 0)¢€ P2, cooTBercTy-
IOIIMX O4YEBHAHBIM 00pa3oM aCHMITOTaM THNepOOobI.

3amMeruM, uTO addHHHBIMH KoopAHHATaMH B addUHHOM KYCKe
(X # 0) Ha Pé apnaroTea u = Y/X, v = Z/X. TakuMm obpazoM, B 3TOM
Kycke kpuBas C ssnsercsa smmmncoM (u2/b* + v? = 1/a%. (B ymp. 1.7
YUTATENO NpEeAIaraeTcs B3IVISHYTh HAa 3TO TiIa3aMH XYIOXKHHKA.)

(b) Tapabona (y = mx?) B R? cooTsercTyer B [P% KpHBOH
C:(YZ = mX?); sta kpuBas nepecekaeT npamyio (Z = 0) B eIHHCTBEH-
Hol Touke (0, 1, 0). 3HauuT, B P? «aBe BeTBH mapabobl MepecekaroTcs
Ha OECKOHEYHOCTH». 3aMETHM, YTO ITO YTBEDPXKIEHHE HHTYUTHBHO CO-
IepxaTenpHo (MOXeT ObITh, BaM 3TO MOKAKETCHd HeEmpaBaonoaot-
HbiM?). OAHAKO NPHUTH K HEMY, PACCMATDHBAA CHTYaUUIO M3HYTpH R2,
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HEeBO3MOXHO. He HCKIrOoYeHO naxe, UTO TaM 3TO YTBCPXKIRCHHE NIPOCTO
HE HMMEET CMbicia.

(1.6) Knhaccudukaumsa KOHUK B P2, Tlycts k — MoJe TPOM3BOJILHON
XapakTepUCTHKM, OT/JAM4HOM oT 2. HanoMHum aBa pe3ynbTaTa U3 JIH-
HeliHOH anreOpbl KBanpaTHYHBIX (GopM:

Tpeanoxenre A. Hmeem mecmo ¢1e0ylOuas eCcmecmeeHHasn buex-
yuA:

OOHOPOOHbIE K8aopamuuHbvie CUMMEPUUHbLE
bugKyus N

Keaopamubvie ¢ = dopmol e bunumHeilnbvle ,

MHO20YU/NEeHbI K-k dopmor 8 k*

3a0asaeman (fopmyaou

a b d
aX? + 2bXY + cY? + 2dXZ +2eYZ + fZ* o | b ¢ e
d e f

Kpaapatuunas dhopMa He8bipomOeHHA, €CnN HEBBIPOXKAEHHA COOT-
BETCTBYIOIAS OWIIMHENHHAas ¢opma, T. €. HEBBIPDOXK/EHHA €€ MaTpuua.

Teopema B. ITycmv V — egexmoproe npoCMpaHcmeo Hao k u
Q:V - k — rxeadpamuunaa gopma. Toeda 6 V cywecmeyem maxou ba-
3uc, umo

_ 2 2 2
QO =cexi+ &x3+ ...+ &nXp,

20e &€ k.

[OTo MOKa3bIBAETCSH C TMOMOLIBLID 71poyecca Opmo2oHaAu3ayuu
Tpama—IImMudma (ecnu BaM 3TH CJ10Ba 0 yeM-1160 roBOPAT).] Ouesguo-
Ho, umo 044 N € kN {0} 3amena x; — \x; nepegooum &i 6 N e

Cnencrsue. Jliobasa xoHuka 8 Pé 8 nooxooawel cucmeme Koopou-
Ham npueooumca Kk OOHOU U3 cAeoyiowux Hopm.

() Heswipoxcdennaa konuxa, C:(X* + Y — Z* =0);

(B) nycmoe muoxcecmeo, 3a0asaemoe ypasHenuem X LY+ ZP=0;

(y) napa npameix, 3adaeaemasn ypagHeruem X 2_Yi=0;

(6) mouxa (0, 0, 1), 3a0asaemasn ypagHenuem X° + Y* = 0;

() Oeoilnas npamaa, 3aoaeaemas YDAGHEHUeM X2 =0.

B 3mMom CHUCOK MOXCHO NO MeAaHUIO 8KAIOYUMb U 8CIO NAOCKOCHb
PZ, 3adannyio ypagrenuem 0 = 0.

IMoxazameabcmeo. JIroboe BelllecTBEHHOE YHCIO € nubo pasHo 0, nu-
60 SBSETCS KBAAPAaTOM C TOUHOCTBHIO 10 3Haka. CrienoparenbHO, Kak
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2
e

M B NPENBIAYyLUIEH TEOPEME, HAM HOCTATOYHO PACCMOTPETh TOJBKO CITy-
yaii, korma ko3dduuHesTHl MHOrouneHa ¢ paBHbl & = 0, £ 1. Kpome
TOro, TaKk Kak HAac HHTEPECYET TOJBLKO MHOXecTBO Touek (Q = 0), To
Q MOXHO YMHOXKaTh Ha — 1. DTH cooOpakeHHs cpa3y NPUBOAAT K yKa-
3aHHOMY chmHcky. Y. T. o.

ITo moBoay 3TOro CrleAcCTBHS HEOOXOHMMO COeNaTh /Ba 3aMeEuyaHus.
Bo-miepBhBIX, MpPHBEAEHHBbIH CMHCOK HAMHOIO KOpOY€ CIHCKAa M3 pasf.
(1.3); HanpuMep, TPH HEBBIPDOXIEHHBIX cnydyas (3nndnc, napabosa, ru-
nepbona) u3 (1.3) COOTBETCTBYIOT cliyyaro («), KpOMe TOro, Cjayyau map
napajuleNbHbIX H MepeCceKaloUuInXcsa MPAMBIX ¢ MPOEKTHBHOH TOYKH 3pe-
HHS TakXe He pa3nuuaroTcs. Bo-BTOpBIX, 3TOT CHHCOK MONYy4YaeTcs U3
oOlmx anrebpanyeckdx coodOpaKeHHH HaMHOro MNpoOILeE.

(1.7) INapameTpu3aums KOHUKU. [1ycTs C — HEBBIPOXXIAEHHAS HEMYC-
Tass KOHHKA Ha Pé. Torma, cornacHo cneactButo (1.6), kpuBas C npo-
eKTHBHO 3KBHBAJIEHTHA KpHBOH (XZ = Y?) (B HOBBIX KOOpDAMHATax
(X+Z Y Z~- X)), T. e KpHBOH, mapamMeTpH3yeMOl OTOOpakeHHeM

$:PL—> CC P,
(U: V)= (U UV: V).

3ameuanne 1. O6paTtHoe oToOpaxenue ¥: C— P;z 3a0a€eTcid COOT-
BercTBUeM (X:Y:Z)~ (X:Y) = (Y:Z). OTHOIIEHHE B JIEBOH 4YacTH
onpenenedo npd X # 0, a oTHOIIeHHe B npaBod 4acTH — npu Z # 0.
Cornacso TEPMHHOIOTHH, KOTOPYIO Mbl BBeneM no3sxe, & u ¥ saensaior-
cA B3aUMHO OOPaTHBIMH H30MOP(H3IMaMH MHOrooOpasuii.

3ameuanue 2. Ha npoTsokenun § 1, 2 MONuanuBO npeanonaraercs,
YTO HENYCThbl€ HEBBLIPOXKJEHHbIE KOHHKH TNPOEKTHBHO 3KBUBAJIEHTHBI
KpHBOi (XZ = Y?); Haa mojeM XapaKTEPUCTHKH # 2 3TO 0DOCHOBHIBA-
erca B ynp. 1.5. (UuTaTens, HHTEPECYIOILMHCA XapaKTePHCTHKOH 2, non-
)KEH CUMTATh 3TO ONpPeNeIeHHEM HEBBIPOXIEHHOCTH KOHHMKH.)

(1.8) Oanopoanbie dopmbl OT ABYX mnepeMeHHbix. [lycte F(U, V)
— HEHYJIEBOH OJHOPOOHBLIA MHOTOYJIEH CTeneHH d OT mepeMeHHbix U
H V ¢ xo3¢pdHIMeHTaMH B 3aJaHHOM noJjie k (clenys Tpaouuuu, Oymem
I ODO3HAYEHHS ONHOPOMHBIX MHOTOUYJICHOB HCMOJIB30BAaTh TEPMHH
«gopmay):

FWU Vy=aiU®+ a U "W+ .. +aqUV  + .+ a V.

QueBHAHO, UTO ¢ F CBsA3aH HEOJAHOPOIHBIH MHOrOUYJIEH OT OOHON Mepe-

MEHHOM 1

f@) = aqu® + aa_ 1w’ + L+ aiv' + .+ a.
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SlcHO, uTO mIA BCeX o €Kk
fl@=06 w—a)iflu)ye (U-aWIFU V)e F(a, 1) =0.

3HAYKUT, HYJH MHOrO4YJIeHa f COOTBETCTBYIOT HYJIAM ¢opMmbl F Ha Pt
oTnMyHBIM OT ToukH (1, 0) (T. e. «ToukH o = ©»). UTo Xe O3Ha4YaeT
Hanuuve y F dyns Ha OeckoHeYHOCTH?

F1, 0 =0ea;=0sdegf<d.

OnpenenuM TeNeps KPamuocmp Hyns MHorowieHa F Ha P! kax:

(i) KpaTHOCTb HYNsl MHOrO4/ieHa f B COOTBETCTBYIOLUEH TOYKE « € K;
HITH

(ii) d — degf, ecnm Touka (1, 0) sBHAsiETCA HYJIEM.

TakuM 0Opa3oM KpaTHOCTH HyJIsi MHorowieHa F B Touke (o, 1) —
370 HambonbumIas cremeHb BhlpaxkeHus (U — a V), Ha xotopylo nenurcs F
a ns Toukd (1, 0) — Hambonbmas creneHs V, Ha koTopyro Aenurcs F

Ipeanoxenne. ITycmo F(U, V) — nenynesan opma cmenenu d om
nepemennvix U, V. Toeoa F umeem na P! we 6onee d wyneii. Bonee
mozo, ecau nose k anzebpauvecku 3amxkHymo, mo F umeem Ha P! posno
d Hyneii (npu ycao6uu, YMo OHU NROOCYUMbIGAIOMCA C Y4emom onpeode-
ZIEHHOIl 8blide KPAMmHOCMU).

Hoxazamenvcmeo. IlycTh Mo — KPaTHOCTh HYJAs MHOrowieHa F B
Touke (1, 0). Toraa no onpeneneHUro BeMUUYHHA d — Mo — 3TO CTENEHD
HEOJHOPOJHOTO MHOrOY/IEHA f, H YyTBEPXKIECHHE CBOIHUTCS K OOLLIEH3BECT-
HOMY (baKTy, YTO MHOTOWIEH f OT OOHOH MepeMeHHoli uMeeT He Oosee
degf xopHe#t. Y.T.I.

3amerum, 4TO Haa anrebpanyecKd 3aMKHYTBIM IOJIEM MHOrousieH F
pasnaraercs B MPOU3BEICHUE F=T1\" JIMHEHHBIX dopmMm
N = a;U + b;i V. C atoit Touxu 3penus touka (1, 0) cooTBeTcTBYyeT (hop-
ME Ao = V M HHYEM HE OT/IIHYAECTCA OT BCEX OCTAIBHBIX TOYEK.

(1.9) IIpoctblie cayuan Teopembl Besy. Teopema besy yTsepxnaer,
4yTO OOIIee YHCIIO TOUEK IEPECEYEHUs NBYX IUIOCKHMX KpuBeIXx C u D cre-
nedeit degC = m u degD = n paBHO /mh NPU YCIOBHH, UTO

(i) mone amrebpanyecku 3aMKHYTO;

(i) TOYKM DNepeceYeHHs MOACUUTHIBAIOTCS C NPABHIIBHOH KpaT-
HOCTBIO;

(iii) kpuBBIC paccMaTpHUBAIOTCA HA P2, 4TOOBI PABHIILHO YYHTHIBATE
nepeceucHe «Ha OeCKOHEYHOCTH».

3aMKHYTOE MOKa3aTeIbCTBO CM., Hanpumep, B kHure [Fulton, p. 112].
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B 3TOM paszjene Mbl PaCCMOTPHM CJTydaif, KOT[Ia OJHA H3 KPHUBBIX SABJIA-
ercd TIpAMOM HIIH KOHHKOA.

Teopema. ITycmv L C P2 — npamas (coomeemcmeenrno C C Pz —
HeeblposcOeHHan konuka) u D C P2 — kpuean, onpedensemasn ycaoeuem
D:(Ga(X, Y, Z) =0), 20e G — popma cmenenu d om nepemenwwvix X,
Y, Z. IIpeononoxcum, umo L ¢ D (coorBercTtBenno C ¢D); mozda

# {LND} < d (coomsemcmegenrno # {CND} < 24d).

B aeHCTBUTEIBHOCTH HMEETCH €CTECTBEHHOE OMNMpeaelieHHe KpaTHOCTH
fepeceueHnsi, [PH KOTOPOM IPHBENEHHOE HEPABEHCTBO BBINOIHAETCH
IS «4HCIa TOYEK, MOJCUMTAHHOrO ¢ KPATHOCTAMH», a eciik k anrebpa-
HYECKH 3aMKHYTO, TO 3TO HEPABEHCTBO IMPEBPAIACTCA B PAaBEHCTBO.

Hokaszamenscmeo. Tlpamas L C PZ 3apaercs ypaBHeHHeM A\ = 0, rage
N — nuHe#iHas ¢opma. ns Hamux ueiiell yaoOHO 3amaTh €€ mapaMer-
PHYECKH CJIEAYIONMM 00pa3oMm:
X=alU V), Y=bU V), Z=c([ V),

rae @, b ¢ — mmHeitHble ¢opmel oT U, V. Tak, HanpuMmep, eciH
A=aX+BY+yZ n v#0, To L MOXHO 3amaTh TaK:

X=U Y=V Z=-(y)U-@G/V.

AnanoruuHo, coriacao (1.7), HeBBIPOX/IEHHAS KOHHMKA MOXET OBbIThL Ma-
paMeTpH3OBaHa CIEAYIOUNIMM 00pa3oM:

X=aU V), Y=0(U V), Z=cU V),

rae a, b, ¢ — xBagparuuHble POpMBI OT mepeMeHHbIX U u V. DTo BbITE-
KaeT U3 Toro, yTo C MPOEKTHBHO 3KBHBAJIEHTHA KpHBOii (XZ = Y?), ko-
TOpasi UMeeT CIEAYIOLIyo napamerpusauuio: (X, Y, Z) = (U2, UV, V?).
TakuMm o6paszoMm, C uMeeT BHI

X U?
Y|=M]| UV],
z V?

rae M — HeBbIpoxIeHHas 3 X 3-MaTpHua.

napaMeTpH3IoBaHHas

P!

/ / - npamMas

/ / O napaMeTpH3OBaHHaAR
—— KOHHKA
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Teneps 3agaya OThICKaHUA nepeceyenuit L (coorsercTBeHHo C) ¢ D cBo-
OMTCH K OTBICKAHMIO TakKMX 3HayeHuil oTHolueHHa (U:V), uto

F(U V)= Ga(aU, V), by, V), (U, V) =0.

Tak xax F apasiercs ¢hopMoii cTenenn d (COOTBETCTBEHHO 2d) OT Tie-
peMeHHbIX U, V, TO HCKOMBIH pe3y/lbTaT BBITEKACT M3 (1.8).

(1.10) Caencreme. Ecau Py, ..., Ps¢€ rPZR — Habop nonapHo paszauy-
HbIX Mouex, HUKaxkue 4 U3 KOMopvix He KOAAUHEAPHbl, MO cyujecmeyem
He Bosee OOHOU KOHUKU, npoxoOsawell uepe3 Pi, ..., Ps.

Hoxazameascmeo. TlpennonoxuM npoTuBHoe., IlycTh cylwiecTBYIOT
Takine KOHUKH C; U C», C; # C2, 4TO
cCiNG D {Py,..., Psl.

Konuka C; HellycTas, W, CIE€OOBATENbHO, €C/IM OHA HEBBIPOXKICHHA, TO,
cornacHo (1.7), IPOEKTHBHO 3KBHBANEGHTHA NapamMeTpPA3OBaHHON KpHUBOH

C = [(U? UV, VHIU, V)eP').

B cuny (1.9) C; C C,. Ilycrs Teneps (2 = 0 — ypaBHEHHE KPHBOH
C,; torna nna seex (U, V) e P! umeem Q;(U?, UV, V?) =0, u nerxue
BBLIYHC/TEHHs NOKa3biBaloT (cM. ymp. 1.6), uto Q: xpaTHo XZ — Y? a
3TO npOTHBOPeuHT HepaBeHcTBY C) # C2.

TNpennonoxuM Tenepb, uro C; BeIpokaeHHa. CHOBa BOCIOJIL30OBaB-
mnck (1.6), ybexkmaemcsi, 4To OHa siBnsiercs 16O mapoi MpsMbIX, TU60
ogHoit npsMoit. Temepb nerko mnokasarb, YTO

Ci.= LyUL,, Co = LoUL,,

roe L, L, — pasnuuHble npsaMbie. CnemosatensHo, C1NGC = LyU
U(LiNLy):

3uauut, 4 Toukn u3 HabGopa Pi,..., Ps JIeXaT Ha Ly, uro Berymaer
B NpOTUBOpeYHE ¢ ycioBuem. Y.T.o.

(1.11) TpocTpancTBo Beex KoHWK. ITycThb

g,  {xpampaTmumbie) CHMMETpHUHBIE) _ g
2= 1 dopmsl Ha R*§ ~ {3 X 3-Marpuupl§ = T -
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Eciu Q€S,, To oHa uMeeT Bua Q = aX’ + 2bXY + ... + fZ*. [Ina
touxu Po = (Xo, Yo, Zo)€ P% paccmoTpum oTHowenue Py € C: (Q = 0).
OHO 3amuChIBAETCA CIEAYIOLIMM 06pa3oM:

OXo, Yo, Zo) = aXj + 2bXo Yo + ... + fZ§ = 0,

U 11 GUKCHPOBAHHOH TOYKH Py 3TO ypaBHeHMe JIMHeHHO 1o (a, b, ...
., ). TakuMm ob6pa3om,
S:(Po) = {Q€8:1Q0(Po) =0} =R°C $, = R®

ABJAETCA MATHMEPHON TIHMIEPIUIOCKOCTHIO. AHANIOTHYHO HAbOp Touek
Py, ..., Py€ P} 3amaer
S:(P1,y ..., P)={Q€S1QP)=0, i=1,.., n};

BO3HUKAET CHCTEMAa U3 /N JHHEHMHBLIX YpPaBHEHHH OTHOCHTENbHO 6 KO3(-
¢uuueHToB (a, b, ..., f) koHnkH Q. B KauecTBe cliedcTBHUA NOIyYyaeM Ta-
KOH pe3ynbTar:

ITpennosxenune. dimS,(Py, ..., P,) =26 — n.

EcTecTBeHHO mNpednoloXHTh, YTO «AJ1a Habopa Touek Pi, ..., P,
0o0I1Ier0 MONOXKEHHS» HEPABEHCTBO MNpEBpallaeTcs B paBeHCTBO. CTpoO-
To€ YTBEPXKOEHUE TaKOBO.

Cneacreue. Ecau n €< 5 u Hukaxue 4 mouku usz Habopa Py, ..., P,

He KOoAAUHeapHbl, mo
dimS; (P, ..., Py) =6 — n.

Hokazameabcemso. W3  cneacrsusa (1.10) BbiTEKaeT, 4YTO TMIpH
n=5 dimS;(P;, ..., Ps) <1, uto u cocrasiser TpedyeMoe yTBepKOE-
HHe I 3Toro ciydyas. Ecmv n <4, TO MOXEO OODABHTH TOYKH
Pyi1, ..., Ps, coxpaHss yCcI0OBHE HEKOJUUIMHEAPDHOCTH BCeX yeTBEPOK. Tak
KaK Kak[as. TOYKa HajaraeT He Oojiee OOHOTO JIMHEHAHOrO YCIIOBHA, TO
rnoJiydaemM

1 =dimS:(P1, ..., Ps) =2dimS:(P1, ..., P — (5 — n). Y.T.4.
3aMeTHM, YTO IMPOHU3BOJILHbIE 6 TO4YEK P;, ..., Ps€ IF’ZH2 MOI'yT U He
JIeXKaTh HH HA KaKOH KOHHKE.

(1.12) ITepeceyenmne aByX koHmk. Kak Mbl yOemunuch paHee, OBe KO-
HHKH 4acTO IepeceKaloTcs B YeTbIpeX TO4YKax:
P, P,

P, Py
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U HaobopoT, cornmacuo cieactBuro (1.11), OMA 3adaHHBIX YETHIPEX TO-
yek Pi,..., Ps NpPU BBINONHEHHH MOAXOOALIMX ycrmoBU# S2(Py, ..., Pa)
SBJIAETCS IBYMEPHBIM JIHHEHHBIM MPOCTPaHCTBOM. CreqoBaTenbHO, Bbl-
6paB B S2(Pi, ..., P4 6asuc Q1, Q», Mbl onmpenenuM aBe KOHHKH C
H C2, Ttakue, uTo C1NCy = {P1, ..., Ps). KpoMe TOro, uMeeTcs MHOIO
pa3HbIX KOH(HUrypauuit MJis KpaTHBIX lepecedeHHH HeOCOObIX KOHHK:

T O

2P, + Py + P, 2P + 20
3P+ Q 4p

{cM. yop. 1.9 no moBody COOTBETCTBYIOLIMX YpPaBHEHHI).

(1.13) BolpokaeHHe KOHMK B JMHEHHOM Iyuke

Onpenenenne. ITyuxkom KOHUK HA3bIBAae€TCs CEMERCTBO BHIA
Cow: NG + pQs = 0);

KaXXIBIH 3JIEMEHT 3TOrO CEMENCTBA ABJIAETCA IUIOCKOH KPHBOH, THHEHHO
3aBHcsLIell OT mapameTpoB (A, p). OTHouleHue (A:p) CIIEQyeT mpencTas-
naTh cebe Kak TOuky Ha Pl

U3 paccMoTperus Np¥MepOB CTAHOBHUTCA SICHO, YTO NPH HEKOTOPBIX
3gadenuax (\:p) konuka Cp.,,y BeIpoxaaercs. JeACTBUTENBHO, eciiH pac-
cMOTpeTh AeTepMuHaHT det (Q) cMMMETpHUECKOH 3 X 3-maTpuupl, co-
OTBETCTBYIOLIEH KBampaTHuHOU Gopme Q, TO IIETKO 3aMeTHTb, 4YTO

Co.,pBbipoxaeHHa ¢ detAQr + pQ2) = 0.
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Ecnu Q1 H Q> 3agaHbl CHMMETPHYECKHMH MAaTpHLAMH, TO YKa3aHHOe
yCIIOBHE NMPHOOpETaeT CACAYIOLNA BHAI:

a b d a b d
F\, py=det{ ANl b ¢c e| +pu]l b’ ¢ e =0.
d e f d e f
OTMeTuM Tenepb, 4TOo F(N\, u) — omHOpodHas KyOmueckas dopma OT

nepeMeHHbIX A, u. Ecliy B CBOIO ouepedb NPUMEHHUTHL K F IpeaoxeHHe
pazg. (1.8), TO monyuuM cleayroliee YTBEPHKIECHHE.

[Mpennoxkenune. ITycm» Cp,,y — HYYOK KOHUK HA IP,Z‘,,, cooepxnca-
wud xoma 6vl OOHY HeeulpowOeHHYIO Kornuky (m. e. F(N\, p) wHe
DPABHA MONOECMBEHHO HYAKD);, M0e0a OH codepxcum He bosee mpex 8bl-
DOKOeHHblIX KOHUK. B cayuae k = R 3mom nyvox cooepxcum no xpaiineil
Mepe OOHY BbIPONOEHHYIO KOHUKY.

Loxazamenvcmeo. Kybuueckas popma HMeeT He Oojee Tpex HyJeH,
a B BELIECTBEHHOM CJIyuae OHA HMeEET He MeHee OJHOro HyIs.

(1.14) I'Ipumep. Ilycts Py, ..., P4 — 4eTbIpe TOYKH B IPHZE, HHUKaKue
TPH U3 KOTODBIX He KomumMHeapHbl. Toraa nyyok Co., ) KOHMK, IPOXOMOs-
WIUX Yyepe3 TOYKH P, ..., P4, COOEPKUT TPH BBIPOXKIEHHBIX 3JIEMEHTA,
a MMEHHO napbl NpsambIX L1z + Lia, L1z + Lyg, L14 + Lp3, Toe Ly —
npsiMasi, npoxonsiasi yepe3 Toyku P; u Pj:

PaccmMoTrpuM Temeppr mnydyoK KOHHMK, MNOPOXKIAEMBbIii MHOTrOYJIeHAMH
O1=Y*+rY+sX+tu Q=Y — X H nombiTaeMcsi HalTH TOYKH
nepeceuenus P, ..., Pj.

P, = (a;, al)

Y = X?

Y2+ rY+sX+1=0
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DTO MOXHO CAenaTh CIENYIOIIHM o0pa3oM:

(1) Haitnem Tpu oTHowmieHHs (\ip), JUIA KOTOPBIX KOHHKH Coq, ) BbI-
poxaeHHbl. COracHO H3JIOXKEHHOMY BBbIllE, 3TO CBOAMTCA K Haxoxie-
HHIO TpeXx KOpHelt KyOuku

AN

0 0 s/2 -1 0 0
FQ\, wy=det{ N] O 1 r2 | +pu 0 0 1/2 =
s/2 /2 0172 0

= - %(sz)\3 + (@At = AN - 2rne® = ).

(2) Pa3obbeM aBe U3 BBIPOXKICHHBIX KOHHK HA Mapbl MPAMBIX (uto
noTpebyeT pEHIeHHMsl OBYX KBaIpaTHBIX YDaBHEHHH).

(3) OmpenenuM 4eThipe TOUKM P; Kak TOUYKH TEpPECEueHHs -3THX
NMPSAMBIX.

ITOT cnoco® MPUBOAUT K Clenyloilled reoMeTpHYECKOi HHTepnpeTa-
UMM U peAyKIMH obileil KBapTHKH B Teopuu [amya (CM., HampHMep,
[Ban mep Bapnen. Anre6pa. — M.: Hayka, 1976, ri. 8, § 64]). [Tycth
k — none u f(X) = X* + rX> + sX + ¢ € k[X] — MHOTrO4JIeH 4eTBEPTOH
cremeHu (kBapTHuka). Torma ase mapabonel C; H C; nepecekaroTca B Ue-
TeIpeX TOukax P; = (ai, a?), Tme a; — uveTbIpe KOpHS MHOTrouseHa f.

Ilpn stoMm mpsiMas Li = P;P; 3amaercs Tak:

Lij: (Y = (& + @) X — aia)),
a npuBoAMMAsi KOHMKA L1 + L34 ONpenensieTcs ypaBHEHHEM
Y2+ (@ar + a3as) Y + (@1 + @)@ + a) X> + sX + 1 =0,

WIH, YTO IKBHBAIEHTHO, COOTHOWwEHHEM O — (a1 + a2)(as + a4) Q2 = 0.
CregoBaTeNnbHO, TPH 3HAUEHMs OTHOIIEHHS p/N, ONA KOTOPBIX KOHMKA
AQO: + uQ> pacmagaercd B Mapy MPAMBIX, TaKOBBIL:

— (a1 + @) (a3 + @), — (a1 + a3)(az + @), — (a1 + as)(a2 + a3).

Ky6uueckoe ypaBHEHHE, KODHSMH KOTOPOIro SBIISIFOTCA YKa3aHHBIE TDh
3HAueHUs, HA3bIBAETCH NPUCOCOUHeHHOU Kkybuxol, acCOUMMPOBAHHOU ¢
kBapTukoil. OHa MOXeT ObITb BBIYHCIIEHA 4€PE3 3JIEMCHTAPHBLIE CHM-
MeTpudecKkHe (GYHKUHH, OJHAKO 3TO JOCTATOYHO TPYAOCMKOE 3aHSTHE.
OmnucaHHbIi Xe reOMeTPHYECKH METOO NPHBOIUT K NOBOJIBHO 3JI€TaHT-
HOMY BBIBOAY /Il IMPHCOEIUHEHHON KyOukH, TpebOyloiieMy TONLKO BhI-
YHCTIEHHS JeTePMHHAHTA 3 X 3-MaTpHlbl.

OTH paccMOTpEHHs 3aHMCTBOBaHbl H3 KHHIH [Bepxe, 16.4.10 n
16.4.11.1].
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YnpaxHeHust k § 1

1.1. ITapamerpu3yiite KoHHKY C: (x? + y* = 5) ¢ nOMOWDBIO nyyka OpAMBIX, IPOXO-
OAIIHX Yepe3 TouKy (2, 1), ¥ KaKk clIencTBHE HalIHTE BCe PALMOHAIBHbLIE PEILEHHS YpaBHe-
uua x2 + y? =5,

1.2. TlycTh p — HEKOTOPOE NPOCTOE YHCIO. [T0IKCIEPUMEHTHDYATE C Pa3HBIMH p H
yragafiTe HeoGXOmMMOe M [OCTATOYHOE YCIOBHE TOro, uToObl ypasHenue x° + y° = p
HMENO palMOHanbHble pelleHHs. JlOKakHTe CBOIO JOTanky (yKa3aHME MPHBOOMTCA TOCIe
ynp. 1.9 — pyuaioch, uTo Oe3 Hero BaM He CIpPaBHTLCA!).

1.3. Joxaxurte yrBepxaenue M3 (1.3) o Tom, uto mobas koHHKa B R? ¢ moMombro
ap¢duHHOrO Npeo6pa3OBaHMA NPHBOAUMTCA K OJHON H3 cTanaapTHhIX dopM (a) — (1). (Vka-
3anne. C moMoWIbIO HMHEHHOro mnpeobpa3soBaHHA X — AX NPHBEOUTE CTApIIHi WIeH
ax? + bxy + cy? x omHo#t u3 cremyromux gopm: =+ x* + 2, + x2 wm 0. IMocne 3Toro
JOTIONIHMTE MOJIyYHBIIEECS BbID@XKEHHE OO MOJIHBIX KBAaAPATOB IIO X W MO y TaK, 4TOObLI
0 BO3MOXXHOCTH M30aBHTbCA OT JIMHEMHOH YacTH.)

1.4. TpoBeaute nmoapobHoe cpaBHeHue aPHUHHBIX KOHHK M3 (1.3) ¢ MPOEKTHBHBIMH
KOHHKaMH H3 (1.6).

1.5. Ilycte k — NpOM3BONBHOE MOJIE, XaPAKTEPHCTHKA KOTOPOrO OTIMYHA OT ABYX,
a V' — TpexmepHOe BEKTOPHOE NPOcTpaHcTBO. Ilycth Q: V — k — HeBBIDOXIEHHAs KBa-
npatvyHas ¢popma Ha V. ITokaxHTe, 4TO €cnu HeHyneBol BekTop 0 # e, € V ynopneTBops-
er ycnosHio Q(e;) = 0, To cylmecTByer Takoil Gasuc e;, €2, e; mpocrpaHcTBa V, uTo
Q(x1e1 + X262 + X3€3) = X1X3 + ax3. (VkazaHue. PaccMOTpHTE CHMMETDHYECKYIO OHmH-
HeliHy0 GopMy ¢, accouMHpoBaHHYIO ¢ . Tak Kak ¢ HeBLIDOXKOEHHA, TO CyMIECTBYET Ta-
KOH BEKTOD e3, 4TO ¢(er, e3) = 1. Tenepp HaliauTe MOAXOIALIMH BEKTOp €;.)

JloKkaxkuTe, YTO HEMycTas HEBLIPOXAEHHAA KOHHKA C C P2 IPOEKTHBHO YKBMBATIEHTHA
KpHBOR (XZ = Y?).

1.6. Tlycte kK — mone, comepxamiee He MEHEE YETBHIDEX IIEMEHTOB, M MYCTh
C:(XZ = Y C P;. Noxaxure, uto ecnu Q(X, Y, Z) — KBagpaTHuHas ¢popma, 0bpama-
romasic Ha C B HyNb, TO Q = N(XZ — Y?). (YkasaHue. Eciiu Bbl NeHCTBUTENBHO HE MO-
XKeTe CHenaTh 3TO CaMOCTOSTENbHO, BOCIONb3YATECh PACCYKICHHAMH H3 NOKa3aTelbCTBa
nemMMmbl (2.5).)

1.7. PaccmorpuMm B R* nBe minockoctdH A: (Z = 1) u B: (X = 1). IpsAmas, npoxoas-
Ias 4yepe3 HyJlb H Iepecekarolas ImiockocTb A B Touke (x, ), 1), mepecekaer MmioOCKOCThb
B B Touke (1, y/x, 1/x). PaccMo1puM oTobpakenue ¢: A — — B, onpelneleHHOe COOTHO-
wenneM (x, y) = (v’ = y/x, 2’ = 1/x). Yrto npencrasnger coboii obpa3 npu oTobpaske-
HUH ¢

(i) opsmoit ax = y + b; myuka MapasUIeNbHBIX NPAMBIX aX = Y + b (g GUKCHPOBaHO,
b Meusercs);

(ii) oxpyxHocreit (x — 1) + y? = ¢ npu NepeMeHHOM ¢ (pa3bepute 3 cnyyas: ¢ > 1,
c=1uc<l).

MocrapafiTeck npeacraBuTh cebe pe3yIbTAThI 3TOTO YNPAKHEHHA KaK H30OpaKeHHe
KDHBBIX, JI©XAIIHX HA TIOCKOCTH (Z = 1), KOTOpoe HapHcyer Ha IUTIOCKOCTH (X = 1) xy-
NOXHHK, HaxoAsmmitcs B Touke 0. YUTO NMPOHCXOAMT B Tex TOYKAxX, Iae ¢ MIH ¢ ! He
onpenernesbr?

1.8. Mycts Py, ..., P4 — 10NapHO pa3nuuHble TOUKM Ha P2, HHKakHe 3 U3 KOTOPBIX
He KOJUIMHEApHBI. [lOKaKHTeE, 4TO CYLIECTBYET €AMHCTBEHHAA CHCTEMa KOODIHHAT, B KOTO-
POA 3TH TOUKH cOBmanaroT ¢ Toukamu (1, 0, 0), (0, 1, 0), (0, 0, 1) u (1, 1, 1) cooTBer-
cTBeHHO. HailauTte Bce KOHMKH, mpoxoasiuive uepes Pi, ..., Ps, roe Ps = (a, b, ¢) — eme
OAHA TOYKA, H BOCTONB3YHUTECh ITHM [UIA TOrO, YTOOBI MOJNYYMTL HOBOE JOKa3aTeNbCTBO
cnenctBis (1.10) u npennoxennsa (1.11).
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1.9. B pa3n. (1.12) npuBeneH HaboOp pa3NHYHbIX BADHAHTOB IEPECCUCHUA NApPb! KOHHUK.
BLINULIATE YPABHEHHS, KOTOPBIE IOKA3BIBAIOT, YTO KAKAbIA U3 ITHX BAPHAHTOB NeHCTBH-
TensHO peanusyerca. Hainure Bce ocobble KOHMKH B COOTBETCTBYIOIMX Myukax. (Ykasa-
HHe., Bbl H36€XHTe MHOTHX HENPHATHOCTEH, BOCHONb30BABIIHCH CHMMETPHER H MOOXOAA-
e cHeTeMof KOODAHHAT.)

Vkazauue k ynp. 1.2. M3 3neMeHTapHOH TeOPHH YHCEN M3BECTHO, UTO - 1 ABIAETCH
KBaIPaTHYHBIM BBIYETOM IO MOAYIIO p TOraa M TONBKO TOrOa, Korma p = 2 unH
p = 1lmod4.

1.10. (OderepmunanT Cunbpectpa.) IlycTs k — anrebpaHyeckd 3aMKHYTOe IONe, H
nycTh 3a0aHbl, Kak ¥ B pas3n. (1.8), kBanpaTH4Has ¥ KyOudeckas GoOpMbl OT NEPEMEHHBIX
Un V:

qU V)= el + aUV + & V3,
c(U W) =bUP + i PV + byUV? + by V2

JIOKaKHTe, 4YTO ¢ H ¢ HMEIOT OOIIHt KOpeHb (1:7) € P! Torma W TONBLKO TOrja, KOTAa
ap a1 a
a a1 @
det a a a
bo b1 by b3
bs

B

= 0.
bo b1 by

(Yxasanne. [ToKauTe, YTO €ClIM ¢ M € HMEOT OONIMA KOPEHb, TO 5 3/IEMEHTOB
U*q, UVq, V?q, Ucu Ve

He MOPOXOAIOT BCE MATHMEPHOE BEKTODHOE NPOCTPAHCTBO (OPM YETBEPTOH CTENEHH H,
cllenoBaTeNbHO, JHHEHHO 3aBHCHMBI. M HAoOOPOT, BOCHONB3YHTEChH €IHHCTBEHHOCTBIO
pa3IokKEeHHs Ha MHOXHTEIH B KOTbLe MHOTOYNEHOB k [U, V] ang nonydyenus MHGOPMALIHU
0 cooTHOIIeHuAX Buoa Aq = Bc, roie A u B — (opMb! OT nepeMennbix (U ¥y, degA4 = 2,
degB = 1.)

1.11. O606mure pe3yneraThl ymp. 1.10 Ha cnyvait oBYX (GOpM OT NepeMeHHbix U
V npou3BONBHBIX CTENeHed 71 H m.

§ 2. KyOuMKkH M rpynmnoBoii 3aKoH

(2.1) IIpumMepbl NapaMeTPHU3OBAHHLIX KyOMK. Tak e Kak KOHHKH,
MOTYT OBbITH NAapaMeTPH30BaHbl M HEKOTOPBIE NJIOCKHE KyOHKH:

JexapToB JHMCT (HojanbHaa Kyouka), C: (y2 =x + xz) c R?
asngerca obpa3’oM oToOpaxeHHss ¢ R! - R?, 3amamsoro dopMyioH
t— (2 -1, 2 — f) (npoBepbTe ¥ yOENUTECH);

IMonaykyGuueckasn napabona (kacmMiaibHas KyOuka). C: 0r=x)CcRr?
ABIIAETCH 00pa3oM OTOOpaxeHHA ¢: R! - R?, 3amansOro ¢opmynon
te (£, ).
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Tl [
-+ @
—_—— — =
= S_— I - )
-+ -1
fexapToB aAucT Fonykybuueckas napa6osa
3= x3 4 ox2 BRI

TMapameTpr3oBasabe kySHueckHE KDHBLIE

IToTpaTbTe HEKOTOPOE BpeMsi HA H3iV4EHHE OCODEHHOCTEH KPHUBOI-
obpa3za u oTobOpaKeHus ¢. DTH NpUMeEpHhl BYAYT 4acTo BCTPEYaThCH B
AanpHEHLIEM, MO3ITOMY MOU3Y4alTe HX YPABHEHMs [CM. ymp. 2.1--2.2].

(2.2) KpuBast (»° = x(x - 1)(x — A)) e MMeeT palMOHANLHOI napa-
Metpulaumu. IlapameTpusyeMble xpuBric 00ma1al0T 3aMeyaTeTbHbIMHA
coricTBamu. Hampumep, ecnu Mbl peindeM auodaHTOBY 3amauy, 1o
MOXXHC Ha[eAThCA MOJIY4UThb, KaK U R pasa. (1.1), cnoco® omucaHus
BCEX palHOHanbHLIX Touek. Hajinennas B (1.1) mapamMeTpusanus uMena
BUA X = f(7), y = g(?), the f U g — payuonaivHvie GyYHKYUY, T. € OTHO-
IIEHHUS JIBYX MHOTOYJIEHOB.

Teopema. Ilycmo k — none, xaparmepucmuka Komopoeo ie pasha

2, a ek, N#0, 1. ITyemo f, g € k(1) ~~ maxue payuoxaibHle DVii-
yuu, ymo

SP=gle - Dig - M. (*)

Tocoa f gek.

DTO yTBepKIeHHe IKBUBAEHTHO TOMY, YTO HE CYLIECTBYET OTIMH-
HOTO OT KOHCTaHThl oTobpaxenus F' = C: (3" = x(x — (x ~ \)).
3a1aBaeMoro palHOHAIBHBIMH QYHKINsNL. DTO 0OCTOATENLCTBO OTpa-
KaeT CBOMCTBO CHUJIBHOM «KECTKOCTH» anreOpanvyecKux MHOroo0paskiii.

HokazaTenbcTBO 3TOH TEOpPEMBI COCTOHT M3 apuUbMETHYECKHX BbI-
YHCNeHHi B mone k(f) U uconb3yetr ToT daxTt, uto k() — monae yacr-
HBIX Kontbla K [f], aABisronierocs o0MacTERC ¢ OJHO3HAYHBIM PA3IOKEHHU-
€M Ha MHOXHTenH. CaMo NOKa3aTelbCTBO AOCTATOYHO JAJAMHHOE, U MO3-
TOMy uyMTaTenb AOJKEH MO0 €ro leransbHe pasebpaTe, aubO cpa3ly
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nepeiTH K pasa. (2.4). B ynp. 2.12 npuBOAUTCS OYEHB MOXO0XKHH NpPpUMED
JOKa3aTelbCTBA HECYIUSCTBOBAHHUS, OCHOBAHHOTO HA apubMeTHKe Haj Q.

Hoxasamenavcmeo, Vcnonbsys TOT ¢akTt, 4To k[f] — obnacte ¢ o1-
HO3HAUHBIM DA3/ICKEHHEM HAa MHOXHTEIM, NPEIcTaBuUM f U ¢ B BHIC

f=r/s, rome r, s€k[f] 1 B3aUMHO TPOCTEI,
g = p/q, toe p, q€k[t] n B3aUMHO NPOCTHI.

IMocne mpuBeAcHHs K oOHIeMy 3HaMeHaTemo (*) MpHHEMAaeT BHI
3 2
g =sp - @@ - \q).

Hanee, Tak Kak r 4 § B3aMMHO NPOCTBI, TO COMHOXHTEIIb s, cTOsLIMi
B NIpaBOil 4acTH, JOJDKEH JeNTHTh q*; aHATOTHYHO, TAK KaK p U g B3aUM-
HO NPOCTBI, TO COMHOKHTENL q®, cTosuuMii B JIEBOM 4acTH, JOJDKEH fe-
muth s, Utak, s21g® u ¢*ls?, a sHaunT, s> = aq’, rae a € k (a ABnsercs
eqWHMIel B KONblie k[f] M, CIENOBATENBHO, JIGKHT B k).

Torna aq = (s/q)* senserca kBagpatoM B K [f]. Kpome Toro,

r? =ap( - @ - \g).

3 pa3nokeHUs B NPOM3BeICHHE MPOCThIX COMHOXUTENCH BBITEKAET Te-
nepb, 4TO CYILECTBYIOT TakHe HeHyseBble KOHCTaHTBI b, ¢, d €k, uto
bp, c(p — q), d(p — \q) sBAOTCA KBaApaTaMu B K [f]. Ecnu HaM ynact-
sl 7I0Ka3aTh, YTO P H ¢ — KOHCTAHTBI, TO H3 CKA3aHHOTO Bbiule Oymer
CrefoBaTh, YTO ¥ H § — TaKXe KOHCTaHTBbI, H Teopema OyzneT gokaszaHa.
Y1066 YOEAUTHCS, YTO p H § — KOHCTAHThI, PACCMOTPHM ajrebpaunue-
ckoe 3amblkanue K nons k. Torma p, g € K[t] yIOBIeTBODSIOT YCIOBHAM
cleayolled JTeMMBI.

(2.3) Jemma. ITycmv K — aneebpaunecku 3aMKHymoe nosje, a p U
q € K[tf] — 83aumHo npocmule 3nemernmbl. IIpednonoxcum, umo yemsipe
PazAuyHble AUHelHble KombBuHayuu (m. e. \p + pq 0415 uembvlpex pas-
AUYHLIX OmHOoweHull (\:p) € Pk) seasomea keaopamamu 6 K(t]; mozoa
D gEkK.

Hokazamenbcmeo (MeTOA OECKOHeUHO20 CNYCKa depmMma). 3ameTuM,
4TO W TMOCHIIKA H yTBEP)KIEHHE JIEMMbl HE MEHSAIOTCA NPH 3aMeHe p,
g Ha

p’ =ap+bg q' =cp+dg,
rnea b ¢, d€ K n ad — bc # 0. CneaoBaTeIbHO, MBI MOXEM CYHTATD,
YTO 3aJaHHbIMHM KBajJpaTaMu SBIAIOTCA

pP—aG P~ NG G
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Umeem p = u?, g = %, roe u, v € K[f] B3auMHO TIPOCTHI M
max {degu, degv} < max {degp, deggqg].

IMpennonoXuM OT NPOTHBHOrO, 4yTo max {degp, degq} nonoxureaeH u
SIBJISIETCH MUHUMAaNLHBIM Ha MHOXECTBE BCEX Nap P, ¢, YAOBICTBOPSIO-
LIHX YCIIOBHAM JieMMbl. Torma cHpaBeMIMBBI [OBa CAEAYIOIUMX pa-
BEHCTBA!

p—g=ut—vi=(u-v)u-+u,

P —Ag= ut = Nv? = (u - pv)(u + pv)

(rme p = VN) SIBASIOTCH KBaZpaTaMH B K[}, a B cuny B3aMHOM IIpOCTO-
ThI ¥ W U KBagpaTamH OyoyT Takxke ¥ — U, U + v, U — pU, U + pv, 4TO
IPOTHBOPEYUT MHHUMAaNbHOCTH max {degp, degg}. Y.t.o.

(2.4) JIuneitHble cucTembl. O603HAUUM uYepe3 S; MpOCTPaHCTBO BCeX
dopmM crenenn d ot nepemMeHunIX X, Y, Z. (HanomHum, uto dopmMa —
3TO MPOCTO OAHOPOAHBINA MHorouneH.) Kaxneii snemedT F€ Sy enuH-
CTBEHHBIM 00pa3oM TNpeaCTaB/seTCAs B BHjE

F = Zaiiji YjZk, ajjk € k)
rae cymma Oepercs o BceM J, j, kK = 0, Takum, uto I+ j + k = d.

ITO, pa3ymeercs, O3HAyaeT, YTO Sy SABNACTCA BEKTOPHBIM K-TIPO-
CTPAaHCTBOM ¢ 0a3ucoMm

Zd
Zd_1X Zd—ly;

X4z x9°2yz .., Y'" 1z,
X4 x4y, x4-2y2 ..., ¢

H, B 4aCTHOCTH, 4To dimS,; = <d ; 2). st HaBopa Touek Py, ..., P,€P?
TIOMOXHM
Sa(Pyr,..., P)) = {FeSalF(P)=0,i=1,.., n} C S,

Kaxnoe u3s ycmosuit F(P) = 0 (tounee F(X;, Yi, Z) =0, rue P; =
= (X;:Y::Z;)) 3apmaer Ha F onHO nuHERHOE CcOOTHOIUEeHHe. TakuM obpa-
30oM, Sq(P;, ..., Pp) siBNIsieTCS BEKTOPHBIM TPOCTPAHCTBOM PA3MEPHOCTH

HE mMeHee <d; 2) — h.
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(2.5) Jemma. [lpeononoxcum, umo k — beckoueuHoe noae, U nycmo
FeSq.

() Mycmp L C P} — npamas. Ecau F=0 na L, mo F deaumcsa 6
koavye k[X, Y, Z) Ha onpedeasiowuil mHo2oudeH npamoi L. DBmo
osnauaem, ymo F = H-F', ede H=0 — ypasnenue L, a F' € Sz_.

(ii)) IIycms C C P? — mHenycmas Heevlpoxdennas Konuka. Ecau
F=0 na C mo F oeaumca 6 koavye k[X, Y, Z] Ha onpedensarowuil
muoeounen koruku C. Dmo o3nauaem, umo F = QF', e0e Q =0 —
ypasrenue xonuku C, a F' €Sz_>.

Ecnu 3TO yTBEPXKOCHHME KAXETCH BaM OUCBUAHBIM, TO MOXETE CYH-
TaTh, YTO y BaC XOpOollas WHTYWIUsA. Bpl yragand 4acTHbIH cnyvai
Nullstellensatz. Tenepr DOKaXXUTE €ro CaMOCTOSATEILHO U MEPEXOOUTE K
pa3a. (2.6).

Hokazamenevcmeo. (i) Bribpap mnoaxoasiuiieé KOOPAWUHATBI, Mbl MO-
)KeM cudTaTh, uTo H = X, Torna nna moboro F € Sq cylliecTBYeT €IuH-
CTBEHHOE MpejcTasiiedue Buaa F = X - Fi-1 + G(Y, Z). YTo0sbl ero no-
JIyUUTh, AOCTATOYHO CrpyNIHUPOBATH BCE OAHOUJIEHBI, coaepxKaive X,
B IEPBOE CjlaraeMoe, a TO, 4YTO OCTaloch, OyaeT MHOrOYJIeHOM TOJbKO
or Y u Z. UMeeT MeCcTO clieayronas Lenovyka >KBUBajleHTHOCTeH: FF =0
HaL e G=0Ha L & G(Y, Z) = 0. [Tocneausas 3kBUBAJIEHTHOCTD CIIpa-
BeqnuBa B cuiy (1.8). A umenHo, ecnmu G(Y, Z) # 0, TO OH HMeeT He
6ornee d nyneit Ha P}, Torna kak ecnu k GeckoHeuno, To P} Takke Ge-
CKOHEYHO.

(i) BplbpaB noaxoasinyde KOODIUHATBI, [100beMCs, UYTOOBI
Q0 =X7Z- Y2 Tlokasxem Temepb, 4to mis nroboro F €S, cyllecTByer
€AMHCTBEeHHOE npeacraeiende suga F= Q- Fj_ >+ A(X, Z) + YB(X, 2).
A UMeHHO, €CJIM B MHOrouieHe F 3aMEHUTH BCHOIY Y? na XZ - Q, 10
pe3ynbpTaT NOACTAHOBKH Oyaer uMmerTh mo Y creneHs £ 1, T. e Oymer
umeTs Bua A(X, Z) + YB(X, Z). Konuka C siBnsieTcsa napamerpH3OBaH-
HOH KoHuMkoW (cM. pasa. (1.7)) ¢ mapamerpu3zaudefi X = Ut Y=UV,
Z = V2 Taxum 06paszom,

F=0mna Ce AU V) + UVB(U?’, V)=0mHa Ce
o AU VY + UVBWUY V) =0¢€kl[U, Ve A(X, Z) = B(X, Z) = 0.

[Mocreauss >KBHBATIEHTHOCTD BBITEKAET U3 PA3ACTBHOIO PacCMOTPEHHA
N N 2 12
47ICHOB YETHOH M HeueTHOM cTeneHH dpopmer A(U*, V°) + UVB(UZ, V).

Y.1.o.
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B ymop. 2.2 paccMaTpHBarOTCA AHAJIOTHMYHBIE «SBHBIE» CIyYau
Nullstellensatz.

Caeacreue. ITyemv L:(H = 0) C P2 — npamas (coomeemcmseHHo
C:(Q = 0) C P2 — nesvipomdennas koHuka). ITpednosoncum, umo Ha
P2 sagukcuposan Habop mouek Pi, ..., P., u paccMompum npocmpa-
cmeo Sqa(Pi1, ..., Pp) 01a Hexkomopoeo gukcuposanHoeo d. Toeda

(i) ecau Py, ..., Pa€L, Por1,..., PhdL ua>d, mo
Sa(Pry .oy Pr)=H-Sa-1(Pa+1,..., Pn);

(ii) ecau Py, ..., P,€C Por1,..., PudC u a>2d, mo
Sa(P1, oo, P)=Q Sa-2(Pav1,..., Pn).

Hoxazamenvcmeo. (i) Ecnu F — oOOHOpPOAHBIH MHOTOWIEH CTENeHU
d u kpusBasa D: (F = 0) nepecekaer L B Toukax Pi,..., P,, Tae a > d,
TO B cuny (1.9) nonyuyaem, utro L C D. Toria mo gOKa3aHHOH JjieMMe
F=H-F'. [Hanee, Tak Kak Ps+1,.., P,¢L, TO OUEBHOHO, UTO
F €S8Sq_1(Pa+1,..., Pn). (i) To ke camoe paccykKaeHHe NpOXOOUT H BO
BTOpOM ciy4dae. YU.T.x.

(2.6) TIIpeanoxenwue. IIycmv k — ©beckoneunoe noae, a Py, ...
..., Pg€ P2 — nabop pazauunblx mouex. Ilpeonosaoxcum, umo Hukaxue
4 mouxu u3 Py, ..., Ps He KOAAuHeapHvl U HUKakue 7 u3 HuUXx He saexam
Ha HesblpoxcOeHHOU koHuke. Toeoa

dimS3(P1, ee sy Pg) = 2.

Hokazamenbcmeo. bynem ansi KpaTKOCTH TOBOPHTH,” 4TO Habop To-
YeK SIBISAECTCH KOHKOHUYECKUM, €CJIH BCe TOUKH DTOro Habopa jiexaT Ha
HEBBIPOXK/ICHHOH KOHHKe. 0Ka3zaTenbCTBO MpeaiokeHus (2.6) pacnana-
eTcs Ha HECKOJIbKO CITy4yaeB.

OcHogrol cayuati. Hukakue 3 TOYKH He KOJUIMHEApHbI M HHKaKHe
6 He KOHKOHHMYHBI., DTO ciy4ail «OOIIEro MONOKEHUN».

IMpeanomoxum nporueHoe. ITycts dimS3;(Py, ..., Ps) > 3, H nycThb
Py nu Py — HecoBmajarolliie TOYKH Ha mnpsmoit L = P P,. Torma

dimS3(P1, ..., Pio) 2 dimS3(P1, ..., Ps) —2 = 1.

Takum obpasom, cymectsyeT 0 # F € S3(Py, ..., Pi). CornacHo cnen-
cTButo (2.5), F= H-Q, roe Q€ S;(Ps, ..., Ps). Ilonyuaem cneayiolee
IPOTHBOpPEUHE C MPEanoaoKeHHeM: eciid Q HeBBIPOXKAEeHHA, TO 6 TOueK
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P, ..., Pg ABJIAIOTCA KOHKOHHYECKHMH, a ecni (J — mapa NpsaMbIX K
JBOHHAas npsAMasi, TO IO KpaiiHeil Mepe 3 W3 HUX KOJIJIMHEAPHBI.

Iepewiii evipoxcoennviis cayuati. Ilycts Py, P>, P3; € L XOniHHEAPHSI

u L:(H = 0). Tlycte Py — ueTBepTas Touyka Ha npsamoi L. Tornma B
CHJIy CedcTBUSL U3 pasa. (2.5)
S3(Py, ..., Po)=H -S(Ps, ..., Ps).

Kpome Toro, Tak Kak HHKakue 4eThIpe U3 Touek Pi, ..., Pg He KOJUIHHE-
apubl, To B cuiy cneactsus (1.11) dimS:(Ps, ..., Pg) = 1 u, 3HA4MT,
dimS3;(Py, ..., Py) = 1, orkyaa BseiTekaeT, yro dimS3(Py, ..., Pg) < 2.

Bmopoii ebipoxcoennsrii cayuaii. Tlpeanonoxum, 4to Py, ..., P = C
— KOHKOHHM4Yeckuii Hadop, tae C:(Q = 0) — HeBBIPOXKACHHAS KOHHKA.
Torna ecnu Ps € C — Touka, oTiuyHas oT Py, ..., Ps, TO OnAThH B CUITY
crnedacTBUA U3 pasn. (2.5) monaydyaeM

S3(P1, aey Pg) = Q Sl(P7, Pg);

npsmas L = P, Pg onpeneneHa ofHO3HAYHO, Tak uTo S3(Pi, ..., Py) —

O/IHOMEpPHOE TIPOCTPAHCTBO, NopoxaeHHoe QH. CrnenoBaTenbHo,
dimS;(Py, ..., Pg) € 2. YU.T.0.

2.7) CaencrBue. ITycme Cy, C;, — 06e kybuueckue kpugbvie, nepece-
uenue komopuix cocmoum u3 9 pasauunwvix mouex, C:NCy = {Py,..., Po}.
Toeoa kybuka D, npoxooawan uepez mouku Pi, ..., Pg, npoxooum mak-
e u uepes Ps.

Hokazamenvcmeo. Ecnu Kaxue-auOyIb 4eTbIpe TOYKH U3 Habopa
Py, ..., Pg nexat Ha onHoit npsmoii L, To C; u C; nepecekaiorT L He
MEHee YeM B YETBHIPEX TOUKAX H, 3HAUUT, COHEPXKAT €€, YTO NPOTUBOPE-
YUT MPENoNOXKEHUIO oTHOCHTeNnbHO nepecedeHust C1MNCy. Tlo Tem xe
NpUYHHAM HHKaKde 7 U3 YKAa3aHHBIX TOYEK HE MOIYT OBITH KOHKOHHUE-
ckuMH. TakuM 06pa3oM, B paccMaTPUBAEMOM CITY4a¢ BBINOJHEHBI YCIIO-
BHS TIpemyiokeHus (2.6), oTkKyda cledyeT, 4TO

dimS3(P1, seey Pg) = 2;



§ 2. KYBUKH ¥ {PYIINOBOY 3AKOH 19

9TO O3HAYaeT, YTO MHOrouneHsl Fi w0 F>, 3amaromue kpuBble C, U Ca,
obpasyroT 6a3uc npocrpaunctsa S3(Py, ..., Pg). CnenosatensHo, D 3a-
nmaercsa ypaBHeuueM G =0, rone G = \F, + pF,. Hanee, Tak kak Iy u
F> obpamarorcs B Touke Py B Hynb, To (G Takxe paBrHo Hymo. Y.T.n.

(2.8) I'pynnoBoit 3ak0H Ha NAockoit kyouke. Ilycte £ C C — HeKOTO-
poe noanone B C, a Fe k[X, Y, Z] — kybuueckas dopma, onpenensio-
mas (HenycTyro) miockyo kpuByto C: (F = 0) C P. IpeamonoxkuM,
yTo F YJIOBIIETBOPSACT CHEAYIOIIUM [BYM YCIIOBHUSM:

(a) F wenpuBonuma (a 3HayuT, C He COAEPXKUT HU NpPAMOH, HHU
KOHHKH);

(b) nns moboii Toukd P € C cyllecTBYeT €AMHCTBEHHAs npsAMas
L C P2, takas, yto P — KpaTHbIi Hynp Qynkuuu Flp.

3aMeTHM, UTO reoMeTpuuecKuii cMbIcl ycnosus (b) 3akmouyaeTcs B
TOM, yTo C OOMmKHA ObIThL HEOCOOOH U UTO mpsiMasa L, O KOTOpo# uaer
peub, ssjsercsa KacatenbHod K C (L = TpC) (cM. yop. 2.3). ODtc Habsro-
JIeHNe MOCHYKUT HaM B § 6 MOTHBHPOBKOI 00IEro onpeneneHus HEOCO-
60CcTH M KacaTelnbHbIX TPOCTPAHCTB K MHOTOOOpasuio.

3adukcupyeM npou3BOJibHYX TOUYKY O € C U BBIIOJHUM ClIeAyHOllee
MOCTPOEHHUE.

TMoctpoenue. (i) Ans A € C 0603HauuM uvepe3 A TPEThIO TOUYKY Iiepe-
ceueHuss C ¢ npsmoit OA.

(i) Ans A, B€ C obo3nayuM 4epe3 R TpETHIO TOYKY fEepeceueHus
npsiMmoii AB ¢ C u oupenenuM cymmy A + B dopmynoit A + B = R (cM.
PUCYHOK Ha CJIEAYIOLIEH CTPaHHLE).

Teopema. Onucannas koucmpyxyua 3aoaem Ha C cmpykmypy abese-
60U epynnsi, Hynem (HeUMpaabHbiM 3/1€MEHMOM) KOMOPOU A6/12emca
mouka O.

Hokaszamenbcmeo. 3nech CyTh enna COCTaBisAeT MpPOBEpPKa accolua-
THBHOCTH. MhI HayHEM C NPOCThIX HAO/IIOIEHHMIA.

(1) TTokaxeMm, YTO Omepaluy CIIOKEHHSI U B3SITHsA OOpaTHOTO 3JIEMeH-
Ta KOppekTHO omnpeneliedbl. Ecni B Q € C — moOble 1Be TOYKH, TO
mu6o P # Q u npsMas L = PQ C P} 0onHO3HAYHO oOmperneneHa, mubo
P = Q u torma B cuny npeanonoxkenus (b) CyIiecTByeT eIMHCTBEHHAs
npsmas L C PZ, Takas, 4To P — KpaTHbIii Hynb dynkuun Flo. B 060-
ux cnyyasx Flp aensercs xkybuueckoit ¢OpMO# OT ABYX IepeMEHHbIX,
HMeIolIe ABa 3aJaHHbIX HYNIS ¢ KOOpAMHATaMu B k. TeM caMbiM OHa
pasnaraercs B IpOM3BEAEHHE TpPeEX JIHHEHHbIX MHOXHTesnei. Cnenosa-
TeNbHO, BO BCex Oe3 HCKITIOYEHHs Cy4yasix ONpedereHa TPeThsl TOYKa Iie-
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peceuennsi R ¥ ee KOOpAMHATH! :ipHHAMLIEKAT k. OTMETHM, 4TO pa3pe-
lIeHbl BCe BBIDOKAEHHbIE ciyuau P =Q, Q=R, P=R wum
P = Q = R. Anrebpanuecky OH!i COOTBETCTBYIOT TOMY, YTO F | umeer
KpaTHble KOPHH, a T€OMETpHUEck it — KacaTelbHbIM H TOUKaM Meperuoba.

KybHueckast KpUBad 1! UTDYyNIIOBOH 3aKCH Ha HeHl

(I1) TTposepka TOro, 4TO 3an::ixas TO4ka O ABNAETCA HEWTPAILHBIM
37IEMEHTOM, BBIMOTHAETCS aBTOMTHUECKH: TaK Kak Touku O, A, 4 xon-
NINHEapHbI, TO TPH MOCTPOEHUH v MMbI O + A MbI C TOMOLIBIO NPSIMOH
L = OA nomyuaeM TDPETBIO TOUXY NepeceyeHus A, a 3aTeM C MOMOIIbIO
Toit e mpsMoit L = OA Bo3zpauiaeMcsi K MCXOAHOH Touke A.

(I1I) Mpoeepky pasedcTBa A -+ B = B + A MOXHO, MOXany#, ocra-
BHTb YHTATENIO.

(IV) UTo6bl HailTH oOpaTBLifi JIEMEHT, Mbl aHATOTMYHO II. (i) mo-
cTpoeHHs onpeaenuM Touky O. Iruiee, MyCcTh L — npsamas, Takas, 4yTo
Fl; nmeer B Touke O KpaTHBIF #yIib, U ONPEACIIMM O Kak TPETHIO TOY-
Ky nepeceuenusi L ¢ kpupoit C. [lerko ybeauTbCs, YTO LUIA 100011 TOUKH
A € C Tperbs TouKa mepeceuenus apsamoit O A ¢ C sABnsercs 00OpaTHBLIM
37EMEHTOM K A.

(2.9) Tenepb A OOKAXY aCCCLHATHBHOCTH H3y4aeMOH OIepauHu s
«IOCTAaTOUHO O6IMX» TOYeK. I1j;2AMOJI0KAM, YTO Ha KDHBOH C 3amaHbl
Tpu Toukn 4, B u E. Torga npH MOCTPOCHHH CYMMBI A+B)+E= S
HaM TIOHAOOATCH CIeayrolHe UYeThIpe IMPAMBIC (eM. npempoyLmi

DHCYHOK): Li: ABR, L, ROR, Ls:ERS, Ly SOS.
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Tpa noctpoeHun cymmsel (B + F) + A = T HeoGXOaHMbI cieqyroIIue
yeThIpe MNpAMbIE:

My: BEQ, M>: QOQ, Ms: AQT u Mi: TOT.

HyXHO 10Ka3aTb, 4yTO S = 7, I 4ero, OYEBHIHO, HOCTATOYHO MOKa-
3aTb, 4TO S = T. UToObl yOeouThCS B 3TOM, PacCMOTPHM [IB€ KYOMKH:

D=L +M +1Ls u D,=M + L, + Ms.

Torza no MNOCTPOEHHIO MOJIyYaeM
CND, = {4, B, E, O, R, R, Q, Q, S},

CND,= (A, B, E, O, R, R, O, O, T}.

Ecnu Tenepr 9 Touek A4, B, E, O, R, E, 0, é, S monapHoO pa3IMYHBI,
TO KyOuku C 1 D) yooBNeTBOPSIOT YCIOBHAM crencTsus (2.7). 3HauuT,
D no/mxHa NPOXOOUTE Yepe3 TOYKY S, 4TO BO3MOXKHO NHIIL npu S = 7.

YToObl 3aKOHYMTL HAIlE PACCYKIEHHE, MOXXHO BOCMOIL30BaTLCS
pasHbIMH MeTonamMu. Haubonee mociaenoBaTeNbHbIN H3 HUX 3aKIHOYaeT-
CAd B MOJIHOM OMNHCAHMU CIIy4yas KPaTHBIX NEpPeceueHHH IBYX KPHBBIX
(rpybo roBopsi, B TepMHHAX «HIEAIOB INEPECEYEHHI»); YTBEPKICHHEM,
COOTBETCTBYIOIIMM CIEACTBHIO (2.7), sBnsieTcss nemMa M. Hérepa (cM.
[Fulton, p. 120, 124]).

(2.10) A Habpocaro cxeMy OJHOrO BAPHAHTA J0KA3aTeNbCTBA (IO He-
NPEPEIBHOCTH», B KOTOPOM HCHOAB3yeTcA TO, 4TO kK C C. s npowus-
BOJIBHOM kpuBOA C 00603HayuM uepes C. C fPé €e KOMIIJIEKCH(DHKAIIHIO,
T. € MHOXECTBO OTHOWEHHH (X : Y : Z) KOMIUIEKCHBIX 4YHCeN, yIOBJIET-
BOPAIILUMX TOMY € ypaBHeHMio F(X, Y, Z) = 0. Ecnu accoumaTus-
HOCTh HMeeT MecTo s Bcex A, B, E € C., TO, OYEBHIHO, OHA BLIMNO-
JIHAeTCS M ans Bcex To4yeK KpuBod C. IMo3TOMY MOXHO CYMTATBL, YTO
k=2¢C.

3aHHTEepEeCOBAaHHOMY YMTATENI0 HE COCTABHT Tpyda [0Ka3aTh Clle-
AYIOLME OBa YTBepKAeHHsA (cM. ynp. 2.8).

Jlemma. (i) A + B — wuenpepweignas gyuxkyus om A u B;

(ii) 021 aro0bvix mpex mouek A, B, E € C cywecmsyrom mpu mouxu
A’, B’, E' € C, pacnonoxentbvle 8 NPOU3BOALHO MAABIX OKDECHIHOCIAX
mouex A, B, E coomsemcmeenno u maxue, umo nOCMpPOEHHble N0 HUM
9 mouex A’, B’, E’', O, R, R, Q, Q, S nonapno pazauunbi.

I'pynnosoit 3akon — 3T0 oToOpaxkenue ¢: C X C — C, 3amaHHOe
tbopmyoit (4, B) » A + B. B cuny yTeepxaenus (i) neMMbl oToOpaske-
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HHE ¢ HENpPEPBIBHO M, 3HAUHT, TeM e CBOHCTBOM o0/azaroT Clieayro-
HiMe nBa OTOOpaXkeHHs (MIPHUHOILY M3BHHEHHE 3a T'POMO3JKOCTH):

f=¢o(oxido) 1 g=@olide X 9):Cx CXC—~C

3ananHble popmynamu (A, B, E)~» (A + B) + En A + (B + E). Kpome
Toro, u3 (ii) BeiTeKaer, uto nmoamHokectBo U C C X C x C Tex Tpoek
(A, B, E), nist KOTOPBIX 9 TOYEK, YIaCTBYIOLIHX B MIOCTPOEHMHM, Pa3iIny-
HBI, SBJISIETCA MJIOTHBIM. TakuM 00pa3oM, H3 MPHBEAECHHOTO pPacCyXnie-
HUS cliegyeT, yTo Ha MHOxecTtBe U otobOpaxeHus [ H g coBmagaloT, a
TaK Kak OHH HEMNpEpPbiBHLI, TO COBmagaroT Bcroay. Y.T.a.

3ameuanHe. Joka3aTeabCTBO M0 HENPEPBIBHOCTH B TOM BHIE, B KO-
TOPOM OHO NPHUBENEHO, MCHOJb3yeT Tomnojoruio noias C u mo3ToMy He
ABISIETCA YUCTO anredOpanvyeckMM. B meliCTBUTENLHOCTH, KaK MBI yCTa-
HOBHM mo3aHee (cM. (4.14)), TpynroBoii 3akOH ¢ fABIAETCA MOPPHU3IMOM
MHOroobpasuit ¢:C X C— C, u ocTaBlIeiCsT yaCcTH [10Ka3aTenbCTBa
MOKHO TaK)Xe MPHAATHL YHCTO alireOpanveckyro ¢opMy. A HMEHHO, MOM-
MHOxecTBO B C X C X C, o KOTOpPOro ynoMsHyTble 9 Touek pasiny-
Hbl, OTKPBITO H IUIOTHO B TOINOJIOTHHM 3apHCCKOTO, a IBa MoOphHu3Ma,
COBIAAAIOIIME HA OTKPBITOM IJIOTHOM MHOXECTBE, COBNANAIOT BCIOAY.
(51 Hagmeroch, UTO 3TO 3aMeyaHHe CO3OAcCT Y YMTaTeNsd HEKOTOpoe mpel-
CTaBJleHHe O TOM, YTO €0 OXHAAaeT B OCTalbHOM 4acTH kypca. Eciu
ygpTaTe/lk COYTET ero HeybeIHTENbHBIM, TO OH BIpPaBe €ro IOKA IIPOMI-
HOPHPOBATh.)

(2.11) Teopema Ilackana (TawMHCTBEHHas rekcarpamma).

P Q R

Ha uepmexce uzobpancer wecmuy20nohuk ABCDEF, nexawuii 6 P%, na-
Dbl NPOMUBONOAOKCHBIX CMOPOH KOMOPO20 NpOOOAXEHb! 00 nepeceue-
Hua 6 mouxkax B Q, R. IIpeonoaoxum, 4mo sce 9 mouex u 6 npamwvix
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Ha uepmexce pasiuuHbl, mozoda
A, B, C, D, E, F kouxkoruuuvt ® B Q, R koanuueaprol.

DTa 3HAMeHUTasi TeopeMa — aHaJIOTHYHOE MPHMEHEHHE CJIeACTBHUSA
(2.7) u NipHBeqeHa 3/1eCh TONBKO U1 TOTO, YTOOBI AOCTAaBHThL YATATEIIO
yaOBOJIbcTBHE, KOHEUHO, Y Hee UMeOTCS H JIpyrHe I0Ka3aTenbeTBa (CM.
mo00# yueOHUK IO reoMeTpul, Hanpumep, [bepxke, 16.2.10 u 16.8.3-5]).

Hokazamenvcmeo. PacCMOTpHM [B€ TPOHKH IPSAMBIX
L: PAE L,: QDE, Ls: RCB

M: PCD, M,: QBA, Mi. REF,

u3o0paxeHHuIX Ha yepTexe. [lycty kpuBas C;, paBHa L, + L, + L3, a
kpuBasi C> paBHa M; + M, + M;. Tenepb Bce MOATOTOBJIEHG AJIA TPH-
MeEHeHUs CriencTBUs (2.7), Tak kak oueBuaHo, uto C; u C; — KyOHKH,
YIOBJIETBOPAIONINE YCIIOBHIO

CiNC:= (A, B C D, E E P Q, RJ.

[peanonoxum, uro touku B Q, R komnuueapus! u L = PQR —
npsimas. Ilycte I' — konuka, npoxoasias yepe3 A, B, C D, E (ee cy-
HIeCTBOBAHUE H E€OUHCTBEHHOCTL BBITEKAIOT H3 mpeanoxeHus (1.11)).
Torpma no nmocrpoenuto L + I' — kxyOuka, mpoxopsilas 4yepe3 8 Todek
A, B C D, E, B Q, R. 3nauur, B cuny ciiencTBus (2.7) OHa [HOJIKHA
colepxaTth Touky F. Ilo mpennonoxenuto F ¢ L, no3ToMy 00s3aTeNnbHO
FeTl, yTo NpUBOOUT K KOHKOHHMYHOCTH YKa3aHHBIX ILIECTH TOYEK.

YUTob6bl noKa3zaTh 0OpaTHOE YTBEPXKJECHHE, MPEAINOIOKHM, YTO TOY-
kH A, B, C, D, E, F nexat Ha koHuke I', u nyctb L = PQ. Torma L + T
— kyOuka, npoxonsmas yepe3 Toukun A, B, C, D, E, F B Q. Iloatomy
B cHUNy cleacTBUA (2.7) oHa OOMXKHA TIPOXOAHUTL U uepe3 TOouky R. [da-
jee, R He MOXeET jexaTh Ha KOHHKe I' (Tak Kak B MPOTHBHOM cCliyyae
I' sBnsiercss mapoil mpsAMBIX B HEKOTOpBIE H3 6 NPIMBIX HA 4YEPTEXKE
JIOJKHBI coBnacTh). Takum odpazom R € L, T. e. Touku B Q, R koyuu-
HeapHbl. Y.T.1.

(2.12) Tleperu6, HopmaibHasn ¢opma. Kaxnas xyouka B Py, unn [P
NPUBOOMTCA K HOpPMambHOM ¢opme
C:(Y’Z =X+ aXZ? + bZ?), **)
und, B ab¢uHHON 3amucH,

yr=x3+ ax + b.
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PaccMoTpuM Takylo kpusyio C. ['me ona nepecekaer OecKOHEUHO yna-
JeHHyIo npaMy o L:(Z = 0)? D10 Nerko BBIYMCINTDB: HAa0 MOACTABHTL
Z = 0 B onpenenstonmii Muorowten F = — Y2Z + X* + aXZ? + bZ’ u
nonyuuthk Fiy = X3. OTo o3nauaer, uto Fl; umeer B Touke P = (0, 1, 0)
TpeXKpaTHLIA Hyab. YTOOBI MOHATH, KAKOH 3TO MMEET €OMETPHYECKHUi
CMBICI, MOJIOKHUM Y = 1 ¥ 3anumeM ypaBHeHHE B ahGHHHOM KYCKE, CO-
nepxareM Touky (0, 1, 0), ¢ koopauHatamu (x, 2):

7=x+ axz® + bz’.

DTa KpHBas ¢ OONBIION TOYHOCTBIO AaNIPOKCHMHUDPYETCA KPHBOH
3
Z=x":

IIpu TakoM noseneHuu KpuBoil C TrOBOpAT, YTO OHA HMEET B TOYKE
(0, 1, 0) nepecu6. Bonee o6wWUM 0Opa3oM, Touka neperuba P xpuBoOi
C onpenensieTcsl yclioBHEM, 4TO CyllecTByeT npsimas L C P2, Taxas,
yto Fl; uMeeT HYIb KpPaTHOCTH = 3 B Touke P (¢cM. ymp. 2.9). B neit-
cTBUTeNbHOCTH B cuiy (2.8 (b)) Heo6xoaumo, uToObl L = TpC U uTOOEI
KpaTHOCTh paBHsack 3 B cuny (1.9). HerpyaHo mepenucath 3TO yCiIo-
BHE 4epe3 IepBble H BTOPBIC MPOU3BOAHEIE OINpPENeISIONIEro MHOIOYJIE -
Ha. Hanpumep, ecnu onpenelnsitolilee ypaBHeHHe UMeeT BUI Y = f(X), TO
yCJIOBME HAJIMYMA Teperdda ecTb MPOCTO d*f/dx*(P) = 0. Ha ueprexc
3TO COOTBETCTBYET KPHBOM, Y KOTOPOH «BBINYKJIOCTH BBEPX» MEHAETC:
Ha «BBINIYKJIOCThL BHU3». MMeeTcs oOLIMN KpUTEPHIl TOrO, YTO IUIOCKas
KpHBas MMEET TOYKY INeperuda, B TEPMHHAX 2ecCUdHd; CM., HaNPHMED,
[Fulton, p. 116] wnu ymop. 7.3 (iii).

MoxHo noka3aTk (cM. ymp. 2.10), 4To BepHO M 0OpaTHOE yTBEpXkKAe-
HHe: ecii TUTockas Kybuka C HMeeT TO4YKY Ilepernda, TO ee ypaBHEHHC
NMPUBOAMTCA K HOpManpHOH ¢dopMme (*¥), Kak BBINIC.

(2.13) VnpoluenHslii rpynnoBoit 3akoH. HopmanbHas dopma (**)
0coOeHHO yn0oOHA /IS OMMCAHUS TPYNIOBOrO 3aKOHA. Bo3bMeM Touky
neperuba O = (0, 1, 0) B kauecTBe HeATPAILHOTO 3neMeHTa. Ilpu 3TOM
IPYNNOBON 3aKOH OCOOEHHO YIPOILAETCSA MO CIEAYIOUINM IPHYMHAM:

(@) C = {0}UCo: (v* = x* + ax + b), rne Co — abdunHas kpusas.
310 no3eonsieT paccmarpusath C Kak ab(HHHYIO KPUBYIO, JIHIUL BpeM:
OT BpeMeHH BCIIOMHMHAs O Haxomsileiics Ha OECKOHEYHOCTH Touke O —-
HyJIE TPYNIIOBOIO 3aKOHa.

(b) MpsiMbre, npoxoasiiue yepe3 O U ABJAIOUIMECT OCHOBHBIMH KOM-
noHeHTaMHu (cM. (2.8 (1)) mpu ompedesieHHH IPYNIIOBOTO 3akoHa, 3ama-
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.,TCS B OJIHOPOAHBIX KOOPAMHATAX ypaBHeHHEM X = NZ, a B ahQUHHBIX
©oOpaMHaTax — ypaBHeHHeM x = \. JIroBas Takas npsmas mnepecexaer
gpuByto C B Toukax (A, + VO + a\ + b)) u nHa Geckoneunoctu. Cre-
-.DBATENBHO, ecH P = (x, ¥), TO Touka B omnpeaesnseMas cOTJlacHO 2.8
1)), UMeeT KoopAaMHaThl (X, —»). Takum oBpasoM, npeoGpazoBaHue
P .~ P sBjsieTCS eCTeCTBEHHON cUMMeTpuei (x, p) = (X, —¥) kpuBoil Cy:

(c) TIpouenypa B3ATHs 0BpaTHOrO 3/IeMEHTA [JIs I'PYIIIOBOTO 3aKOHA
8 (IV) ucroab3yeT Touky O, KOTOpas CTPOMTCHA KaK TPEThs TOYKA Ie-
ceyeHHs eQUHCTBEHHOMH npsiMoii L, Takoii, uto Fl; umeer B TOouke O
aTHBIH HyJb. B HalleM jKe ciydae aTa npsiMasi coBnanaer ¢ OeckoHeu-
yaajgeHHol mpamoit L: (Z=0) u LNC =30. Takum obpasom,
¢ = (), W B3aTHe OOpATHOTO 3/eMeHTa ynpomaercs A0 — P = P
Temepp 1 B COCTOSAAHMY NepeOpMyIHPOBATh TPYNINOBOI 3AKOH B BHjIE
" JiPOILLEHHOTO BapHaHTa TeopeMbl (2.8).

Teopema. [Iycmb kybuueckas kpueas C npugedeHa Kk HOPMAAbHOU
Cupme (¥*). Toeda Ha C cywyecmayem eOuHCMBEHHbIT ePYNIROBON 3AKOH,
cikont, wmo mouka O = (0, 1, 0) a814emica HeLMpasbHbiM IJACMEeHNOM,
-qmue obpamHoeo tmeem 8uod (x, y) — (x, —y) u o011 écex B, Q, Re C

P+Q0+R=0oR8 Q, R KoaaurneapHbui.

S npaxHeHus k § 2

2.1. Tlyets C: (0% = x* + x?) C R2. TlokaxuTe, 4To n0bas npsmas, TPOXOAILAs ve-

3 Touky (0, 0), nmepecekaer C euie B OQHOH TOYKE, ¥ IOJYYHTE B KA4eCTBE CIIEACTBUSA
:CMOTpPeHHYI0 B pasa. (2.1) mapamerpmusannto xpusoit C. IlponenaiTe To XKe camoe
s (P =) w0 =y - .
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2.2. Myets ¢: R' = R?* — oTobpaxenue ¢ — (1%, 1°). JOK&KHTE HenocpencTBEHHO, 4TO
nmr060it MHOrOWTeH f € R[X, Y], obpamaroumiics B HyJb Ha obpase C = ¢ (RY), nemuTes
ma Y2 — X°. (Ykasanre. Bocnonb3yiiTech METONOM N0Ka3aTenbCTBa eMMbl (2.5).) Omnpe-
JEeNATe, KAKAM CBOMCTBOM NOJDKHO 006lanatk 11oje kK s TOro, 4yTobel copMynUpOBaH-
HBIH pe3yabTaT ObLT BepeH s OTOOpakeHHs ¢:k — k%, 3amaHHOTO TPHBENCHHOM
dbopmyon.

IlponenaiiTe TO *Xe caMoe A OTOOpaxeHus ! — (t2 -1, - 0.

2.3. Myets C: (f = 0) C k2 u P = (g, b) € C. [Ipennonoxum, 4to /3 x(P) # 0. Ho-
KQXHTE, 4TO NpsAMast

L:(0f/ax(P)- (X —a) + af/dy(P)-(Y - b) =0)

ABJIAETCA KacaTeJbHOH K KpuBoil C B TOuke P T. €. eNUHCTBCHHOH INpsAMOI L Ha IIOCKOC-
Td k%, nns xkotopoit fl; uMeeT B TOuke P KpaTHBIH KOpeHb (3TOT BONPOC MOAPOGHO pas-
6upaerca B pasg. (6.1)).

2.4. Myets C: (0 = x* + 4x) — KpHBas, Ha KOTOPOH MbI PACCMATPHBAEM YIPOLLEH-
Hblit TpynnoBoit 3akod (2.13). ITokaxuTe, 4TO KacaTensHas mpamMas k C B 1ouke P = (2, 4)
npoxoauT uyepe3 Touky (0, 0), ¥ BBIBEOUTE OTCIOAA, 4TO P — Touka nopsaaka 4 OTHOCH-
TeNbHO TPYIIOBOrO 3aKOHa.

25 Myets C: (2 = x>+ ax + b) C R? — meocoBas kybuka. Haiimnte Bce TOUKH HO-
pAaKa 2 OTHOCHTENBHO TPYNIIOBOTO 3aKOHA H BBISCHMUTE, KAaKylo IDYNNY OHH 00pasyroT
(IpugeTcs pacCMOTpeTh JBa Pa3HbIX ciayvas).

Teneps NMOSACHATE B FeOMETPHUCCKAX TEPMHUHAX, KaK Obl BbI cTanM HCKaTh Ha C Bce
TOYKH Topsaaka 4.

2.6. Myets C: (0 = x* + ax + b) C R% HanmwuTte nporpammy aas IBM, koropas
H3o6paxaeT 4yacTh KpHBoW C H BBLINOJHAET IPYNNOBYIO OMNEPALHIO, T. € 3anpauidBaer
KOODAMHATHI TOoueK A H B, 3aTeM pHCyeT COOTBETCTBYIOLIME NPAMBIE U BbLIAET KOOPAHHA-
Tbl TOUKd A + B (paboraiiTe ¢ BeUECTBEHHBIMH TEPEMEHHBIMH).

2.7. Myets C: 02 = x> + ax + b) C k%, A = (x1, y1) u B = (x2, y2). [Tokaxure, Kak
3aJaTh KOODAUHATBI TOYKH A + B B BHIE panHOHaNbHbIX QYHKLMHA OT X1, Y1, X2, V2.
(Yxasauune. Eciu F(X) — MHOrOUJIEH TPETheH CTENEHM W BaM H3BECTHO /IBa €ro KOpHS,
TO, 3Has JIMIUb OJHMH M3 KO3(hQUUUEHTOB F, MOXHO HalTH U TpeTuii kopeHb. OTBeT Ha
3TOT BOIPOC He ABJAETCS €IHHCTBEHHBIM, TaK KaK PalUHOHANbHbIE QYHKIHH UMEIOT MHOTFO
[paBHIBHBIX NpPEACTaBIcHHi. OJMH U3 BO3MOKHBIX OTBETOB NMPUBOAHMTCA B pasa. (4.14).)

2.8. C nOMOILIBIO YPABHEHHS KacaTenbHOU mnpsMoil kK KpuBoil C B TOuYKe A HahmHTe
tbopMyny s 24 OTHOCHTENBHO TPYNIOBOro 3akoHa Ha C W MPOBEPLTE, YTO OHA MOJTy4a-
eTcsl B TIpenee M3 cOOTBETCTBYIoLeH (GopMynsl wis A + B npu B, cTpemseMcs k 4.
(Vka3zanne. Bocnone3yitTecs ynp. 2.7, a B ciydae HeoOXOQMMOCTH O6paTHTECh K pasjl.
4.14).)

2.9. Ilyctb X, T — KOOpDAHHATHI HA TIOCKOCTH k* u fe k[x, z]. 3anuiem f B BHme

f=a+bx+cz+d®+exz+ 224 ...

3ajaiiTe B TepMHHAX KO3(QGUUHEHTOB @, b, ¢, ... YCIOBUSA, KOTOPBIC JOKHBI BBINOIHATE-
¢, YTOOBI

@A) P=(, 0)eC:(f=0)

ii) xacarennnas mpamas k C B Touke P cosmamana ¢ (z = 0);

(iii) P sBnsnacky Toukod nmeperuba xpusoH C, a KacaTenbHas NPAMas B TOUKe P copna-
mana ¢ (z = 0).
(HanoMuuM, uTo, cornacko (2.12), P € C ABusieTcss TOYKOH neperua, €CIM onpenenexa
kacaTenpHas mpsmas L u f1; uMeer B Touke P KOpPeHb KDATHOCTH, HE MeHbliel 3.)

2.10. Ilycts C C P2 — nnmockast KyOHKa, H TIPEIIIONOXHM, 4TO P € C — Touxa neperu-
6a. JIOK@KHTe, YTO C MOMOIIbIO MOAXOASALICH 3aMEHB! KOOPAMHAT HA PZ MoxHO HOPHBECTH
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C x HopManbHO#H dopme (Y2Z = X* + aXZ + bXZ? + ¢Z%). (Yxazanue. BbibepuTe KO-
OpIHHATHI TaK, 4ToObl P coBnagana c (0, 1, 0), a kacarenbHas npsAMas B TOYKe neperuba
coBnana ¢ (Z = 0). Torma, cornacHo pe3yabTaTaM MpPeObIAYINErO YIPaXXHEHHS, B JIOKAJIb-
HBIX KOODAHHATax (X, ) Y BOHAET B eIMHCTBEHHBIH KBaApaTH4HBIA MO HeMy wieH Y2Z,
a ocTajIbHble OYAYT JIMHEHHLIMH N0 Y. TTOKaXHTE, YTO OT JMHEHHBIX MO Y WIEHOB MOXHO
u30ABHTLCA NyTeM [OMONHEHHA N0 TOJHOrO KBaapara.)

2.11. (I'pynmoBofi 3akoH Ha mnOJIYKyOHueckofi mapabose.) PaccMOTpHM KpHBYIO
C:(z = x*) C k% Ona sBisiercss 00pa3oM NPH GHEKTHBHOM oTtoOpaxkeHuu ¢: k — C, a
HMEHHO TIpH f — (f, 1°). [To3TOMY OHa HacJeayeT IPYNNOBOH 3aKOH ANAMTHBHOM TPYTIIb]
k. JIokaxuTe, YTO 3TO €IMHCTBEHHbIH I'PYNMOBOR 3aKoH Ha C, mis KOToporo Touka (0, 0)
SABJAETCA HEUTPAJIBHBIM 3JIEMEHTOM H

P+ Q+R=0ePB Q. R xouHeapHs!

s Beex B Q, R € C (YVkazanue. BaM nomoxer cieayiouiee TOXAECTEO:
det| 1 b B =@-b)b-)c—ae+ b+ o).
3

C TOYKH 3pEHHS TIPOEKTHBHOM reoMeTpun C sBnsercs KpuBoH (Y?Z = X°), T. e. Halueil
cTapod 3HAKOMOH, HMeIoLIeH B Havare KOOpAMHAT Kacm, a B Touke (0, 1, 0) — neperu6.
A CyTb AeNia 3aKJIOYAETCA B TOM, YTO OOBIYHAS KOHCTPYKUMS ONpedesseT rpynnoBOM 3a-
KOH Ha AOIIOJHEHHH K 0coDOil TOuKe.

2.12. (3apmaua nocrasneHa JleoHapao ITH3aHCKMM 1o npo3Buily ®PHOOHAYYH OKOJIO
1220 r.) JokaxuTe, 4TO IS LeJbIX 4HCEN u, v €7

u2 + UZ n uz - U2 ABJIAKOTCA KBajpaTaMu = v = 0.

VYkasanue (nmpuHamiexuT [1. me ®depma, cm. Cassels J. W. S,, Journal of Zondon Math.
Soc. 41 (1966), p. 207):

Illge 1. CenuTe 3amauy K DELICHHIO CUCTEMBI
X2 =ty Uz, y2 — vz, *

e X, ), 4, v fIBJAAIOTCA MONAPHO B3aHMHO HPOCTHIMH.
gz 2. PaccMOTpHTE OCTATKK N0 MOAYIKO 4 U YCTAHOBUTE, UTO X, J, U JOJDKHBI OBITH
HEUETHBIMH, & U — YETHBIM.
gz 3. TTokaxuTe, YTO 4 MApbl COMHOXHUTENEH B JIEBBIX UACTSAX TPHBEIEHHBIX HHXKE
BBID2XEHHA HE MOIYT UMeTb OOLIero MHOXHTENA, HE SBJIAIOMIEIOCHA CTENEHbH 2:

(x — u)(x + u) = v,
2
(=)W +y=rv, **)
2
x =N +y) =20
Qu-—x—-»NQu+x+y=(x-y-.
gz 4. 3ameHnB B cnyyae HEOOXOAMMOCTH Y Ha — ), MOXHO CYMTaTh, uTo 41 x — y.
PaccMoTpuTe Tenepp 4€THOCTHL COMHOMXHTENEH JIEBBIX 4ACTEH COOTHOIIEHHH (**) H moKa-
XKHTE, 4TO

x—-u=2v} u-y=2u}, x-y=2xtwmlu-x-y=2y%,

roe uy, vy, x1, y1€Z.
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gz 5. TlokaxuTe, UYTO Uy, Ui, Xt, Vi ABIAETCS OPYTHM pelleHdeM (*), a1 KOTOPOro
U] < U, H C TIOMOLIBIO «BECKOHEYHOTO CIYCKa» TONIYYMTE NPOTHBOPEUHE.

CpaBHUTE 3TO PAcCyX/AeHWE ¢ NOKA3aTeNhcTBOM B (2.2), KOTOpOe mpoute TOJIBKO TeM,
4TO He npuxonurtcs 3abOTHTbc O ABOHKAX.

Dobasnexne x rn. 1

KpuBbie 1 ux poa

(2.14) Tonoaorus Heocoﬁon Kky6uku. Jlerko BuaeTh, 4TO Heocobas
mnockas Kyowka C: 0= =x>+ax+b)C fPZ MMeEeT OAMH M3 CIEAYHO-
IUX ABYX BHIOB:

Takum oBpa3om, Tomonorudeckd C siBngercst TUOO OQHOM OKpYXKHOC-
TBIO, JTHOO OOBEAMHEHHEM [BYX OKPYXKHOCTEH (pasymeercs, €ClM Y4H-
TBIBATH OJHY TOUYKY Ha OeCKOHEUHOCTH). YTOOBI M3ywHTH 3TOT BOIPOC
Hag C, BOCIONb3yeMCsl APYroft HOPMayIbHOM dopmoit

C: (% = x(x — D(x — N)U {e].

Kakosa xe Ttomnonoruss C C Pé? OTBeT — 3TO TOp:

Wnes Hoka3aTeqbCTRA 3aKJIIOYaeTcsl B TOM, YTOOBI PACCMOTPETH OTO-
Opaxenue

7: C— PL, 3amannoe dopmynamu (X, Y, Z) — (X, Z) u © ~ (1, 0).

B addHHHBIX KOOPAMHATAX OHO MMeeT BHI (X, ¥} — X, T. €. siBnseTcs
JBYJMCTHBIM HAKPbITHEM, COOTBETCTBYIOIUMM BETBAM rpaduka dynk-
oUu y = = Vx(x — 1)(x — N). Bcem H3BECTHO, 4TO (PC FoMeoMOpdHa
prMaHoBoil chepe S? (roMeoMOP(GHU3M YCTaHABJIMBAETCS C NMOMOMIBIO
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crepeorpadbuuecko mpoexuun). PaccmMorpum Ha FP}C «PYHKIIHIO»
y(x) = +/x(x — 1)(x — N). Ona nBy3Hauna BHe Touek {0, 1, N\, ©}:

Paszpexem fPé paosib ABYX nyTed 01 m Aoo, JIBYNHCTHOE HaKpPbITHE
pacrazercss Ha 2 KycKa, Ha K&KAOM M3 KOTOPbIX QYHKUHs y OOHO3HAY-
Ha. TaxuMm obpaszom,

T

(ITDUXOBKA TIOKA3blBaeT, KaK COEAMHANOTCH JiBa KyCKa fpH CKJI€HBa-
BuK). UToObI MOHATH, YTO NPOHCXOAMT, PACKPOEM Da3pesbl:

oo
S

(2.15) O6cy:kaenue noHATUs pona. Meocobas npoekTHBHAS KpUBast
C umeer Hag C eOUHCTBEHHBIM TONOJOTHYECKHNH HWHBApDHAHT, 4 MMEHHO

pon g = g(O):

~—————— £ [bIpPOK

Hanpumep, adduunas xpusas C: (07 = fog41(x) = II &x—a)C c?,
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Tononorusa

C romeoMopdHa:

dbyHIaMenTanbHas
rpymmna:

Anrebpauveckasi/KOMILIEKCHO-AHAIUTHYEC-

Kafd reomMeTpHs

BJIOKCHUs, ABHBIC ONHUCAHHUA:

aBTOMOP{PH3IMBI:

MOIYNH:

JnddepeHumantHas reomerpus

CYILIECTBYET €CTECTBEHHBIH KJIACC
PHMAaHOBBIX METPHK TIOCTOSHHOM
KPUBH3HBI:

JuodauToBbl 331a4N

ecmd kK = Q@ wiM kK — YHCIOBOE
none, T. e [k:Q] < © TO:

g=0
OJHOCBA3HA

~ pl

=(C C PC

3-MepHas Tpynna TNpOEeKTHBHbIX
npeobpa3oBaHuit

OTCYTCTBYIOT

MOCTOAHHASN TOJOXKHUTENbHAA
KpHMBU3HA

Cv = O unu Py,
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n=72®7Z MOX0Xa Ha cBOOOMHYHO TpyImy ¢
2g obpa3youMu
-~ 2
C=0GC Pe HE HMEIOT NMPOCTOTO OMHCAHHSA,
=C/ZDZr HO, HampuMep, NOYTH BCEe KPHBbIE poaa
3 u30MOpPBHB! HEOCOBBIM KPHBBIM
2
Cs C fP(L'
CIBHMTH#, ONpeXeNnseMbie TPyI- KOHEYHas Ipynna
NOBLIM 3aKOHOM X KOHE4Has rpynma
1 mMonyas {ABOHOEe OTHOLIEHHE 3g — 3 Moaynei
HIIH j-HHBapHAHT)
HyseBaS KPURHZH4 (T. € TJIOCKas) MOCTOSIHHAA OTpUUATEIbHAs KpHBH3HA
Cx -— KOHEYHO MOpOXKICHHAA Cx — KOHEYHOe MHOXEeCTBO (TeopeMa
abenesa rpynna (reopema danbTHHICA, TUMOTE3a Mopaenna)

Mopaenna—Beiins)
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rae fog+1 — MHOTOUNIEH OT X cTeneHH 2g + 1 ¢ monapHo pa3iHYHbIMH
KODHSIMH @i, MO€T ObITh COOTHECEHA C PHMAHOBONH IMOBEPXHOCTBIO vf
B TOYHOCTH TaK e, Kak B pa3d. (2.14), © MOXET paccMaTpPUBATHCA Kak
IBYJIMCTHOE HAaKpbITHE DPHMAaHOBOH cdepsl fPIC, pa3BETBJIEHHOE B
2g + 1 Toukax a; ¥ Touke . To e paccyKIeHHE IIO0Ka3bpIBAET, YTO POO
3TOM KpHBO#M paBeH g. B kauecTBe ApYyroro ImpuMepa yKakeM, 4TO Dol
Heocobol miIockoi kpupoit Cg C IP?C crenend d 3apaercs (Gopmyiion

g = g(Ca) = (dgl).
/

(2.16) Peknama. KoMIUIEKCHBIE KpHBBbIE (= KOMIAKTHbIE PHMAHOBBI
MOBEPXHOCTH) BCTPEUAIOTCA B OTPOMHOM HHCJIE MaTeMaTHYECKHX 3aaay
OT AUOGhaHTOBOH apudMETHKH, Teopud (QYHKIHH KOMIIJIEKCHON mepe-
MEHHO U TOIIOJIOTHH B MAaJIbIX Pa3MEPHOCTAX 10 YPaBHEHHH MaTeMaTH-
yeckoi ¢u3UKH. [103TOMY CHENIUTE KYINUTh KOMIIIEKCHYIO KPHBYIO Ce-
TOJOHSA XKe.

CpoiicTBa KpUBOH B HEOOBIKHOBEHHO BBICOKOH CTEINEHH OIpPEAETsOT-
csl ee poIOM, a B OCOGEHHOCTHM OJHOU M3 TPeX BO3IMOKHOCTEH g = 0,
g=1 umm g > 2. Haubonee npuMeyaTenbHble ACHEKThI 3TOro pasdu-
eHMa HA TPH KJacca NMpHBEIeHb B Tabiuie Ha cTp. 50—51. D1u crene-
HHUS BXOOAT B 00sA3aTenbHBI MUHMMYM 3HaHMH KaKIOro MaTeMaTHKA.

B KkauecTBE HEMOTHOTrO pelleHus nuohaHnTOBOM 3amaun, NPUBEAEHHON
B pasa. (1.1)-——(1.2), a 3atem eule pa3 B (2.1), ykaxeM, 4TO KpUBas MoO-
JKeT ObITh NApaMeTPU30BaHA PAlMOHAJLHBIMH (QYHKUHAMU TOTAA H
TONbLKO Toraa, koraa g = 0. TIpu paccMOTpEeHUH KOHKPETHOTO NOJIS MO-
JKeT 0Ka3aThCs, YTO JaHHas kpuBas poga (0 cOBceM He UMEET K-3HAYHBIX
Touexk (HampuMep, KoHHKa u3 (1.2)), HO ecnH y Hee ecTh XOTs Obl ogHa
TOYKA, TO ee MOXKHO MapaMeTPH30BaThL Hajx k Tak, 4ToOBI ee k-3Haunble
TOYKH HAXOOH/IUCH B OMEKTHBHOM COOTBETCTBHH C PL. Jlrobas kpusas
pona 1 m3oMopdHa KyOHKe, moA0BHOH TOl, KoTopas Oblja ONHCAHA Bbi-
mre, M Ha k-3HAYHBIX TOYKAaxX ONpefelIeH rpyrninoBOi 3aKOH (XoHEeuYHO, 1pH
YCIIOBMM, YTO 3TO MHOECTBO HEMYCTO, TaK KaK HE CyIECTBYET TAKOrO
0o0bekTa, Kak IycTas rpynna. Ecau k — YHCIOBOE ITOJIC, HalpuMmep,
k = @Q, To k-3HauHble TOYKHM 00pa3yroT abeneBy IPYIIy, KOTOpas sABs-
€TCsl KOHeYHO TIOPOKAeHHOM (Teopema Mopaemna—Beins). YTo xe ka-
caeTcsi KpUBOH, poa KoTopo#l >2, To B HAcTosAllee BPEMs H3BECTHO,
YTO YHCIO ee k-3HAYHBIX TOUEK KOHEYHO, DTO — 3HAMEHHTas TeopeMa,
nokaszaHHas anbTuHrcoM B 1983 r., 3a KOTOPYIO OH YAOCTOHIICA B
1986 r. dunacoBckoit mpemuu. Takum 06pa3oM, HANPHMED, UK M06oro
n > 4 kpusas ®epMma x”" + y" = 1 cogepxut He Oo/ee KOHEUHOTO uxcna
pPalHOHAILHLIX TOYEK.
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Han C xpuBast C poga | TONMOJIOTHYECKH SIBNIsiETCA TOPOM, W Ha HEH
olpelelieHa IPyIIOBas ONepauus, TaK YTO ¢ aHATUTHYECKOH TOYKH 3pe-
HHS OHa mpencTasisiercs B Buae C = C/(Z @ Z7):

T -7
1

0

VizoMopduM Mexay 3TuM ¢GaKTOPHPOCTPAHCTBOM H IUIOCKOH KpH-
Boit C3 C IPé 3aaercsi TOJIOMOpPGHBEIM oTOoOpaxeHneM ¢: C — Cs, T. e.
CBOETro polla «IlapameTpH3aliveii» KpuBoil 3, OIHAKO ¢ HE BBIPAXKAETCA
4yepe3 paluOHaNbHble GQYHKIMH (B cuny (2.2)) u sBisercs OECKOHEYHO-
JIUCTHBIM HaKpbITHEM. IMEHHO TeOpHsl ABOSIKOMEPHOIAHYECKHUX QYHKIUMH
KOMILTEKCHOH MepeMEHHOMN SBMIaCh OOHOM M3 BepluMH aHanu3a 19-ro Be-
Ka (p-bynxuus Beftepiurpacca, 0-dpynkuus Pumana).

JpyruM BaKHBIM OOCTOSTENBCTBOM SIBASIETCA TO, YTO pAa3/IHUHbIE
MEPHOIB! 7, KAK MPABH/IO, COOTBETCTBYIOT PAa3HbIM KPHUBBIM, T. €. BCE
OHM roMeoMOpGHBI CTaHAAapTHOMY Topy S' X S', HO He M30MOpPGHBI
Kak anrebpavyecKkHe MJIH KOMIUIEKCHO-aHaJIuTHYeCKHe Kpusbie. Ilepuon
T ABISieTCSL MOOY/aem, T. €. KOMIUIEKCHBIM MapaMeTpOM, YIPaBIAIOILINM
M3MEHEHHEM KOMIUIEKCHON CTPYKTYpbl Ha 33JaHHOM TONOJIOTHYECKOM
MHoroo6pazuu S' x S,

YuraTteno, KenarpueMy 0onblile Yy3HaTh O KPUBBIX, MOXHO MOPEKO-
MmengoBath kuury [Mamford D. Curves and their Jacobians], mepBas
4acTh KOTOPOM HamucaHa OOCTaTOYHO HeQOpMambHO, HIH KHHUTY
[Knemenc].



Tnasa 2

KATEFOPUS AGOUHHBLIX MHOMOOEPA3NIA

§ 3. AddunHbie mHoroo6pasusi 1 Nullstellensatz

Bonbliyio 4acTk NepBOi NMOJOBHHBI 3TOro maparpada cocrasisier
MaTepHuan Mo KOMMYTATHBHOU airedope. OTMETHM, 4YTO 3/1€Ch U Oajiee
TEPMUH K0.1b40 0003HAadaeT KOMMYTATHBHOE KOJIBIO ¢ eIMHHMHEH. Tak
KaK KOMMYTaTHBHAas ajireOpa He SB/ISETCSI OCHOBHBIM IIPEOMETOM 3TOM
KHUTH, TO HHXE S IOCTaparoch, YTOOBI H3IHILHKWE OETAJIHM HAC HE TOp-
MO3HJIH.

(3.1) [peanosxenre-onpenenenve. Caedyrouue ycaosusa 6 koavye A
IKBUBANICHMHDbL.

() Kancoviit uoean I C A KOHEYHO NOpOXOeH, m. e. 0AA KAW0020
uoeana I C A cywecmsyiom makue fi, ..., fx €L, umo I = (f1,..., fo).

(ii) YcnoBue oOpbiBa BO3pACTAIOUINX LieNel: Kawoas 803pacmarouasn
nere NCCluC ...
u0ean08 Koavya A cmabuausupyemcs, m. e. HAYUHAA C HEKOMOPO20 Me-
cma, IN = IN+1 = e

(iii) Kaxcooe wnenycmoe mmomecmeo udeanoe 6 koavye A umeem
MAKCUMAAbHbBII 3/1eMEHM.

Ecau ewinoanenst smu  ycnoeusa, mo KOAbYO HA3bIBAemMcA Hé-
meposbim.

Hoxkazamenvcmso. (i) = (ii). PaceMotrpum nenouky Iy C ... C I, C ...
1 nonoxuM I = (JI,. OueBunHo, uTo / Takxke sBIseTcs HOeaioM. Ecnu
I'=(fi,..., fi), TO Kaxnablii U3 37eMEHTOB f; NPUHAMINEKHUT Img) H7A
HeKoToporo m(i). Bass m = max(m(J)), nonyuuM, uyto I = I,,, U 1enou-
Ka cTaOWIu3NpyeTcs, HauMHasAs ¢ wieHa In.

Mmnnuxanusa (ii) = (iii) oueBugna. (Ha camMoOM Helle B moka3aTenb-
CTBE HCIIOMB3YETCsl akcMoma BbIOOpa.)

(ili) = (i). TMycre [ — npousBonbHBIA HMmean.  [Monoxum
® = {JC IlJ — xoneuno mopoxaeHHbiii unean). CornacHo csoifctBy
(iii), ¢ MMeeT MakcHManbHBIA 3JIEMEHT, KOTOPBIA Mbl 0003HaUMM yepes
Jo. Ho Torga Jy = I, nockoJbKY B OPOTHUBHOM ClIy4ae st ro6oro
feINJy unean Jo + Af Takke sBAfETCA KOHEUHO TOPOXOEHHLIM M

ctporo cogepxurt Jo. Y.r.no.
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s TPeHHPOBKH HOKaXHTe, 4TO Z U k[Xx] ABIAOTCI HETEPOBBIMU
KOJIbI[AMH.

(3.2) Ilpennoxenne. (i) ITycmve A — Hémepoeo koavbyo, a I — Heko-
mopwiii uoean 8 A. Toeoa dgaxmopkoavyo B = A/l aensemca Hé-
mepoabimM,

(ii) ITycme A — Hémeposa ob6aacme yeaocmuocmu, A C K — ee no-
ae yacmuvix, a S C A — Hekomopoe noOMHOMeCmB0, He cooepucauiee
nyna. Hoaoxum

B=A[S ' ={a/beK| acA, b=1
UNU ABAAEMCA NPOUIBEOCHUEM 3/1eMeHmo8 u3 S}.

Toeoa B makxwe Asnaemca HEMEPOBBIM.

oxazamenvcmeo CBOOWTCA K CIEOYIOMIEMY YNPaXXHEHHIO: ONHILIUTE B
of0oux ciyyasx uieanbl B KOJIblie B uepe3 uaeansl B koiblie A. (Hekorto-
pble yKa3aHus CM. B ymop. 3.4).

(3.3) Teopema (I'mnbbepra o Oasuce). Ecaiu A — HéMepo6o Koabyo,
mo koavyo A[X] makme Hémeposo.

Ioxazamenbcmeo. Tlycts J — HekoTOpbI# uaean B A [X]. JokaxeM,
yT0 J KOHEeuHO mopoxaeH. OQnpenenuM ugean J, crapunx koydouumeH-
TOB MHOTOYJIEHOB 7-ii CTeNeHH, MPHHAMNEXAMUX uaeany J, clegyrolum
obpa3om:

Jn={a€Al3f=aX" + b1 X" + ..+ bo€J).

Torpa J, ABIsieTcs HaeanoM B A U Takue HAeabl BJIOXKEHBl APYr B ODY-
ra, T. € Jy C Jy+1. (JJOKakuTe 3TO, MOXKaMyHcTa, CaMOCTOSTENBHO.)
Hcnone3ysa ¢BoicTBO (ii) cTabunu3aluy BO3pacTalOLUMX Lieried, nmomay4a-
€M, 4YTO CVYIIECTBYyeT HoMep /N, Takoi, 4TO

JN=JN+1 = tee .

Temnepp cucTeMy obpasyromux Haeana J MOXHO MOCTPOHTH CIIEAYIO-
M obpasoMm. Ilyets ai, ..., @imep Ong i < N — oOpasyromue uaeana
Ji. O0Oo3HaYUM (Kak H B OMpeleiaeHHH J;) ONA KaxXIOTO dix uepe3
fik = ax X' + ... € J MHOTOUIIeH i-¥ cTemeHH M3 J, cTapmmi Ko3dbuuu-
€HT KOTOpPOTO DaBeH dix.

I[TokaxkeM, YTO MHOXECTBO

fili=0,..., N, k=1,..., m@i)}
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nopoxaaer J. PaccMOTpUM NpHHamIexamydid J MHOTOUNEH g cTeneHu
m. Ero crapuuit unen pasen bX™, rae b€ J,. Torma B cHIIy CBOWCTE
uneana J, umeeM b = 2c, . a,.. (30eCb m =m’, ecnd m < N, B npoTHB-
HOM cnyyae m’ = N). PaccMOTpuM Tenepe g =g—X”"”’"Zcm/k k-
KosdduuumedT npu 4meHe cTeNeHH M paBeH HYMIO MO MOCTPOEHHIO, K,
TakuM obpaszomM, degg; < degg — 1. CrneaoBaTeNnbHO, MO MNPEONOIOXE-
HHI0O MHOYKIIMM g 3aNUCBhIBAeTCs B BHAE KOMOHHANUMH fix, KOTOpBIE, Ta-
KuM oOpasoM, nopoxgparoT J. Y.T.a.

Cnencreve. Ecau k — none, mo n1106aa KOHEYHO ROPOMOEHHAA
k-aneebpa Aensemca HEMepPOBOU.

JItobass KOHEYHO MOpPOXKIEHHAas k-anreOpa SBIAETCS KOMbLIOM BHOa
A = klay, ..., ay]. 3Haunt, A nopoxkaaercs (Kak KONbIO) moneM K U
3JeMeHTaMH 4y, ... , dy. QUEBHAHO, YTO MI000E TaKOoe KOMbLO H30MOpd-
HO (GaKkTOPKOMbIY KOMblla MHOTouneHoB, A = k[X1, ...., Xu]/1. Tlone
ABIAETCA HETEPOBBIM KOJNMBIIOM, W HHAVKIHEHR, UCNONB3YIOLIEH TEOpeEMY
(3.3), merko moxaszaTb, 4yTo k[X1i,..., Xx] — HETEpOBO KoNbIO. Crneno-
BATENBbHO, €ro (akTOPKOIbLO ABIAeTCA HETEpOBBHIM B cumy (3.2(i)).
Y. 1. o.

(3.4) CoorBercrBue V. Ilycte kK — nDpoOU3BOJIBHOE IIONE, &
A =k{Xy,..., Xi.

Crienyst CTpPaHHOMY OOBIKHOBEHHMIO aireOpaHyecKux TIeoMeTpoB’,
obo3HauuM uyepe3 A} = k" n-mepHoe abduHHOE MPOCTPAHCTBO HAI
noneM k. JIna paHdoro MHorounesa f(Xi,..., Xn)€A U TOYKH
P=(a,..., a) € A} GydeM paccMaTpuBaThb 37eMeHT f(ai, ..., ax) €k
KaK «3HaueHHue QyHKOUH f B TOuke Py».

OnpenenuM COOTBETCTBHE

{umeanbt J C A} 5 {noomuoxecTBa X C Af}

CIedyomuM obpa3oMm:
J- V() = (PeAlf(P) =0 nna Bcex fe J}.

Onpeaenenne. [TogmuoxecTBo X C Af Ha3BIBACTCA an2ebpaudeckum
MmHoxecmeom, ecniu X = V(I) ana nexotoporo I. (3To0 — To ke camoe,
yTO (anrebpanyeckoe) MHOTOOOpa3He, HO MOCIEAHUI TEPMUH JKelaTenn-
HO 3ape3epBHpPOBATh.) 3aMeTuM, 4TO B CHy CleAcTBUA (3.3) upean [

n
DA™ — anrebpanueckoe MHOrooGpa3sue, B TO BpeMs Kak k" — 3TO BCEro mumL Mug-
JKECTBO ToYeK. YHTaTeNh MOXET MpH KETaHWH CYATATh ITO YHCTBIM NCAAHTUIMOM (cM.
pa3a. (4.6), a Taxkxe (8.3)).
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KOHeuHo mnopoxnaeH. Ecau 7 = (fi,..., fr), TO OYEBHOAHO, YTO
V) = (PeAplfi(P) =0 nna Bcex [ =1,...,r},
T. €. anrebpanyeckoe MHOXECTBO — 3TO MPOCTO COBOKYIHOCTH TOYEK,

YAOBJIETBOPSIOIINX KOHEYHOMY YHC/Y MOJUHOMHUAIBHBIX YpPaBHEHHI.

Ecmu I = (f) — rnaBHBIA MOean, TO Mbl OyJeM HCIONBL30BaTh 060-
3Hauenue V(f) ana V(I) (310 pasymeercs, To xe camoe, uto Vi (f = 0)
B obo3Hauenusx § 1 u 2).

(3.5) Ilpeanosxkenune-onpenesedne. CootrBeTcTBUe V 061adaem cie-
oyrowumu GHOPMaabHbIMU C80ICMEaMu:

D V() = AL V(A) = O

(i) ICcJ=VIDVUJ);

(i) V(hNk) = V({I)UV(lL);

(iv) V( > IX) = M V).
\eZ \eZ
Takum o6paszom, anzebpauueckue NOOMHOMECMEa 8 Ay ABAAIOMCA

3AMKHYMbIMU MHONECMEAMU 8 HeKOMOPOU MOonoA02UU Ha Ak, Ha3bl8a-
emMoll TOTIONOTHER 3apHCCKOro.

CdhopMynHpoBaHHBIE CBOMCTBA OYEBHOHBI, 33 HCKIIFOYEHHEM BKJIIO-
yenus C B (il)). [ns ero [OokasaTenbcTBa TIPEANONIONKHM, YTO
P¢V(Ih)UV(l); Torna cymecTBylor Takue f€I; u g€ L, uto f(P) # 0
u g(P) = 0. Takxum obpasoM, fg € 1 N1z, HO fg2(P) # 0. CnenoBarenbHo,
Pe¢viNGL). Y.r.4.

Tononorust 3apucckoro Ha Aj HHAYHMPYET TOIOIOIHIO Ha THOOOM
anreOpanueckomM MHOxecTBe X C Ar. 3aMKHYTBHIMH IOIAMHOXECTBAMHU
B X sABNAIOTCA anredpandyeckue MOIMHOXXECTBA.

BaXXHO OTMETHUTBL, 4TO TOMOJIOTHS 3apHCCKOrO Ha ajnredbpaHyeckom
MHOro00pa3un SBIAETCH OYEHbL CJIabOH H CHIBHO OTJIMYAETCA OT IPH-
BBIYHOHM TOMNOJIOTMH METPHUUYECKUX HPOCTPAHCTB, TakHX, Kak R". Hanpu-
Mep, 3aMKHYTOE 10 3apHCCKOMY TOAMHOMKECTBO B A} NMHOGO cOBIagaer
c Ak, b0 KOHEYHO (ONMHCAHME TOMOTOTHH 3apHCCKOrO Ha A2 CM. B
ynp. 3.12). Ecnu k = R unu k = C, To 3aMKHyTbIE 110 3apHCCKOMY MHO-
J)KeCTBA 3aMKHYTBHI U B OOBIYHON TONOJIOTMH, TaK KaK MHOTLOYJIEHBI SIB-
JIAIOTCA HENpPEPBIBHBIMHU (GYHKIUSAMHA, B OefCTBUTENBLHOCTH OHHM SBIISA-
IOTCS OYEHBb CHNELUATIBHBIMH OTKPBLITBIMH HJIH 3aMKHYTBIMH I[IOAMHO-
)KecTBaMH. Tak, HaIpuMep, HENYCTOEe OTKPBITOE MO 3apHUCCKOMY
HOOMHOXECTBO B R”" sBIsieTCa MOMOJIHEHHEM K MOIMHOIOO0Opa3HIo H
TeM caMbIM aBTOMAaTHYeCKH IIOTHO B R”.

Tomonorust 3apUcCKOrO0 MOXKET BBI3BATh 3aTPyOHEHHME Y HEKOTOPBIX
CcTyAeHTOB. Tak Kak OHa ynoTpeO/sercss TOJIbKO KakK yIOOHBIH fA3BIK H
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€e CO}ICD)KaTCHbHLIﬁ aCIEeKT HE3HAUYUTEIIEH, 3TO TPYAHOCTH CKOpEE IICH-
XOJIOTHYECKOr0, 4Ye€M TEXHHUYECKOI0o XapakTepa.

(3.6) Coorsercreue I. OmnpenesuM HEKOTOPBIH BapHaHT COOTBET-
CTBMsl, OOPaTHOrO K COOTBETCTBHIO V|

I
{umeansl J C A} < {noamHO)kecTBa X C AL}

dbopmynon
I(X)= (f € AIf(P) =0 ana Bcex Pe€ X} < X,

T. e. MOAMHOXecTBO X OTOOpaXkaeTcs B uaean QyHKUMH, oOpalarolx-
¢ Ha X B HYJb.

Ipeanoxenue. (a) X C Y = I(X) D I(Y);

(b) 041 moboeo noomuonecmsa X C Ap umeem X C V(I(X)); pa-
BEHCMBO 8BINO/AHACMCA MO20d U MOAbKO moeoa, ko2oa X — anzebpau-
yeckoe MHOXCeCMBO.

(c) oaa moboeo J C A umeem J C I(V(J)) (nocneonee exarouenue
Moxcem Obimb CMpo2UM).

Hoxazameascmeo. TIyHKT (a) TpuBHaseH. BritoueHHs B M. (b) u (c)
ABJIAIOTCH TABTOJOTHSMH. A HMMEHHO, Tak Kak {(X) onpedeNnseTcs Kak
MHOXeCTBO (BPyHKUMIi, oOpailaloniuxcs B HYJIb BO BCEX TOYKaX, MpHHAA-
nexaimx X, To s moboi ToukH M3 X Bce ¢yHkuun U3 I(X) oOparia-
J0TCA B Hell B HyIb. «KOHEYHO, 3TO COBEPIICHHO HEOCNOPHUMO; i H CaM
TaK, IIaTadyok, OymMaro».

OcraBmasica yactb n. (b) mokaseiBaercs jerko. Eciu X = V(I(X)),
T0 X ABNAETCA aNreOpanyeckMM MHOXECTBOM, TaK KaK OHO €CTh MHO-
XECTBO HyJell HekoToporo uaeana. Y1 obpatHo, eciu X = V() aBnseT-
cs anrebpaHueckuM MHOXeCTBOM, To /(X) no KpaiiHel MeEpe COOEPXKUT
I, tak utro V(I (X)) C V() = X.

EcTh 1Be pas/M4YHble TPHYHHBl, N0 KOTOPBIM BKIIOYeHHE J C
C I(V(J)) B nn. (C) MOXET OKa3aTbCsi CTPOrHM. Hx BaXHO pa3obparth,
Tak KaKk OHM TOJACKA3bIBAIOT nNpaBuibHYl0 (GopmymHpoBky Nullstel-
lensatz.

[Ipumep 1. IIpeanonoxuM, 4to nome k He ABIACTCA anrebpaunuecku
3aMKHYTBIM, H MycTh f € k[X] — HeTpUBHaIbHBIA (OTIHUYHBIA OT KOH-
CTAaHTBI) MHOTOUJIEH, HE MMEIOUIMA KOPHEH B MOJC k. PaccMOTpHM nje-
an J = (f) C k[X]. Torna J # k[X], Tak kaK 1 ¢J. Ho

ViJ) = (Pe ALIf(P) =0} = D.
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Cnenosaresipo, /(V(J)) = k[X] (tak kax mrodasa byuxkuus odparia-
€TCs B HYTb BO BCEX TOYKaX MYyCTOTO MHOXECTBA).

3HAYUT, €CAM paccMaTpUBAEMOeE I[0JIe HE NBISETCA anredpamvyecku
3aMKHYTBIM, TO V HAC MOXXET HE OKa3aThCs HYXHOTO KO/IMYECTBA HY-
feil. BOT DOBOJIBHO NMOIXOAAUIMM mpuUMep: MBorouleH X? + Y? p R?
KOTOpbI ONpenenseT eIMHCTBEHHYWw Touky P = (0, 0), T. e
V(X? + Y?) = {P). OaHaKo CyUIeCTBYET MEOIO MHOTOUYNIEHOB, HE KpaT-
Hbix X2 + Y? koTopble Takxke ofpamnatorcs B Hy/lb Ha (P}, H Ha ca-
MomMm zene I(P) = (X, Y).

Mpumep 2. Husa moboro f€ k{Xi, ..., Xy] # a = 2 MHOrousieH
f? omnpenensier Ty e COBOKYIHOCTh TOYE€K, 4YTO M f, T. &
SUP) =0 e f(P) = 0. Hoyromy V(f°) = V(f) u fe I[(V(f9), Ho, Xax
apasuio, f¢(f?). OTo BHOHO yXe Ha MpuMepe R?: B § | ynoMHHanach
«ABOIfHAs Mpsimasy, onpenensieMas ypassendem X° = 0. EnuscTBennbIit
CMBICH, KOTOPBI MOXKHO 3TOMY NMPHAATh, 3aK/JII0YAETCs B TOM, YTO Clle-
ayer cuurtaTh npaMmyro (X = 0) aBykpatHoi. Ho cama npsiMas Kak MHO-
JKECTBO TOUYEK He MOJ03peBaeT HH O KaKOH KpPaTHOCTH.

(3.7) HenpuBoauMble ajarebpanyeckue MHO>KecTBa. AnreOpanueckoe
MHOXecTBO X C A} Ha3bIBACTCH HENpUBOOUMbIM, €CNU HE CYLIECTBYET
€ro IpeacTaB/IeHHUsS

X =X VUX;, X[,Xz‘;X
B BH/I€ OOBEOUHEHHS OBYX COOCTBEHHBIX anredOpaHuecKUx MOIMHOMXKECTB.
HanpuMep, anrebpanueckoe NOAMHOXeCTBO V(xy) C Af COCTOMT H3
OBYX KOOPAMHATHBIX OceH. OUEBUIHO, YTO OHO MPEOCTAB/ISETCS B BHJE
obwreanHenusa V(x) u V(y) u, ciemoBaTtenbHO, NPHBOLUMO.

IMpeanosxkenne. (a) Ecau X C A; — aneebpauyeckoe MHOMECME0, a
I(X) — coomeemcmeayrowuii uoeasn, mo
X Henpusooumo moeda u moabko moeda, koeda udeanr I(X) npocm;

(b) n060e ancebpauyeckoe mMHONECMBO Umeem (€OUHCIMBEHHOE) PA3-

AOKEHUE 8UOA
X=X1U...UX,, (*)

ede X; HenpugoOumvr u X; & X; oaa i #j.

IMoamuoxecTtBa X; B topMyne (*) Ha3bIBAIOTCA HENPUBOOUMbIMU
KOMRnOHeHmamu MHoXecTBa X.

Hokazamenvcmeo. (a) B neHcTBUTENBHOCTH S JOKAXY, UTO
X npusoaumo & I(X) He mpOCT.



60 1. 2. KATEITOPUS AGPHUHHLIX MHOTOOBPA3UN

(=) IIpemnonoxum, uto X = X;UXz, toe X1, X; — cobcrperiinle aj-
reGpanueckie MOIMHOXKECTBa MHOXeCTBA X. YCIOBHE, YTO X1 sBnser-
csi cOBCTBEHHBIM TOIMHOXKECTBOM B X, O3HAyaeT, YTO CYLIECTBYCT
fie I(X)NI(X). ARanoruyHo, U3 TOro, 4To X; — codctoennoe non-
MHOMKECTBO B X, ClIEAyeT CyllecTBoBaHue f2 € [\X2) \{{X). Iipouznene-
uue fif» oOpamaercs B Hylb BO BCEX TOGKAX MHOXECTBA X, T. e
fifs € I(X). CnenoparensHo, [{X} He mpOCT.

(=) Tlpeanomoxum, 4to I{X) He npoOCT, TOTAd CYIiECTBYIOT fr,
f241(X), Taxue, uro fifs € [(X). Nyere [y = (I(X), fi} u V) = Xi;
roraa Xi CTpOro COIEPXHTCA B X U SABJAETCA €ro anredpauuecsy s noa-
MHOXECTBOM. AHajoruuno, nonoxus I = (I(X), f2) 1 V{2) = X3, 10-
JIyYAM, 4TO X; CTPOTO COACPXKUTCA B X. Ho XC X, UX,, ubo nna
Beex P € X w3 fi/>(P) = 0 cnenyer, 4to mubo fi(P) = 0, nubo f2(P) = 0.

() TIpexne Bcero MOKaXKeM CJEAyIOLIee YTBEPKICHUE: anrebpauye-
CKHe TIOJIMHOXeCTBA B AJ YIOBIETBOPSIOT YCIOBHIO 0OphIBa yOBIBaIO-
KX 1erei, T. € IPOU3BOJIbLHAS LEMOYKa

XiDX;D...0X,D ...

craGuIM3MpyeTcs Ha HEKOTOpoM MecTe Xy = Xni1= ... .3TO BBITEKAET
M3 cTaOMIM3aIMH BO3pacTarolled lIemd HAeaoB

IX)CIX2) C...CI(Xn) C....
TakuM 06pa3oM, B TOYHOCTH, KaK B MPEAIOKCHIH (3.1), nonyuaem, uTO

noboe HemycToe MHOXecrBo & anrebpanyeckux MOAMHOXecTB (1)

B A} HMeeT MHHUMA/IbHBIH 3JIEMCHT.

Hns pokasarenscTBa (b) BhIOEpeM Temepb B KaueCTBE $ MHOXeCTBO
anreOpan4yeckux NOIMHOXKECTB B Al He MMEIOIINX PAa3IOKeHus ().
Eciu ® = ¢, to n. (b) nokazan. C apyroff CTOPOHBI, €CH d #~ P,
TO B cany yTBepkaeHus (!) cylecTBYeT MHUHHMAJIBHBIH 3J1EMEHT X € &,
4YTO cpa3y NPUBOIUT K OJHOMY M3 CIICOYIOMIHX ABYX MpOTUBOpPeyHii. Ec-
au X wempuoaumo, To X ¢ — mpoTuBOpEUME. Ecnu X npusoaumo,
T0 X = X1 UX>, roe X1, Xz CTpPOro cOAepxarcs B X, nu X1, X608
cuny MUHMManpHocTH X € ®. MTak, kaxnoe U3 X1, X2 obnanaer pasno-
KeHreM (*) B oOBenMHEHHe HENPUBOAMMBIX KOMIIOHEHT, B3AB obbenn-
HeHHe 3THX 00beOUHEHHI, MOJYUAM Da3I0oKCHUC (*) o X, a 3HaumT,
X ¢®. 3To NIpOTHUBOPEYNE AOKA3bIBACT, yTo ® = {(J; TEM CaMbIM pelua-
eTcsi BOIPOC O CYIIECTBOBAaHMH W3 II. (b). J1oxa3aTeIbCTBO €AHHCTBEH-
HOCTH SIBJIETCS JIErKHM ympaxHedem (cM. ymp. 3.8). Y.T. 1.

TIpuBeneHHOE JOKA3aTebCTBO M. (b) ABAACTCA TUIHYHLIM 06pa3nom
paccyeHns anreGpaucTos. Bymyud JIOTHYECKH 0e3yNpPEeYHbIM, OHO 110-
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YTU NONHOCTBIO 3aTEMHAET CyLIECTBO [€la. B NeHCTBHTENBHOCTH CYTh
COCTOUT B TOM, YTO €CIM X HE ABIIAETCS HEMPUBOAMMBIM, TO OHO pa3-
jaraerca B obbenuHenne X = X;UX>. To ke caMoe uUMeeT MeCTO Ui
X1, X2 ¥ T. A. B KOHIIE KOHLOB MbI TOJDKHBI 106PaThCs IO HENMPHBOIH-
MBIX anrebpauvyeckux MHOXECTB, TAK KAK UHAye BO3HHMKAJIA ObI GecKo-
HeyHad yObIBarolias LENOYKa.

(3.8; Teneps s nmepeitny k hopMynupoBKe U moka3aTenscTy Nullstel-
lensatz. JTrwofoe ee moKa3aTenbeTBO 0643aTENBHO COMEPKUT HEKOTODPYHO
BHYTPEHHIOK TPYOHOCTDb, ¥ S MPEANOUYHTAI0 pa3OUTh ero Ha 2 4acTH.
Cuauana chopMynupyro 6e3 10Ka3aTenbcTBa OOHO YTBEPXKIEHHE H3
KOMMYTaTHBHOH anrebpel, koTopoe GyneT mokasauo B (3.15) uimxe (B
ASHCTRUTESIPHOCTH HEKOTOPBIE HacTH 3TOTO [0Ka3aTelnbCcTBa OYIyT
HMETE SIFHO TEOMETDHYECKHH CMBICT).

Tpyprzii gakr. Iycte k — {(GeckoHeunoe) none u A = kfay, ..., @)
-— KOHEYHO Nope:kacHHas k-anreGpa. Torma
A — mnone » A z;iredpauyHo Han k.

His1 Toro yTo6b1 XoTs Obl NpUCHAK3MTENBHO JATh NPENCTABICHHE O
TOM, TIOYEMY 3TO YTBEDXIEHHE BEPHO, 3aMETHM, UTO €C/id f € A TpaHc-
HUEHAEHTHO Hal k, TO k([t] ABnseTcs KOIMBLUOM MHOTOYJIEHOB M, TAKHM
06pa3oM cooepxum GecKOHEUHO MHO20 APOCMbIX IAEMEHMO8 (COTIIACHO
paccyxnennto EBknupa). CrenoBaTenbHO, paciuupenue k C k(f) He sB-
J19eTCA KOHEYHO MOPOXAEHHBIM Kak k-anrebpa, Tak KakK cpeay 3HaMeHa-
Tejlefi KOHEYHOTO 4YMcla 3JIEMEHTOB p;/qi € k() MOXET Ccomep)KaTbCs
TOJIbKO KOHEYHOE YHUCIIO NPOCThIX.

(3.9) Onpenenenne. Tycts 1 — npean B xonble A; ero paduxaaom

Ha3bIBAETCS B
rad/ = VI = (fe€ Alf" €I nna Hexoroporo 7}.

rad/ saBnsercs uoeanoM, Tak Kak M3 TOro, 4to f ge€radl, BbITekaer,
uto f", g” €1 [uin HekoTopbix # U m. ClenoBaTeIbHO,
r _
(f+g) = Z<a>f"g’ “el,ecra rzn+m-—1.

Vinean I Ha3bIBaeTcsi paduxaabHbim, ecnu I = radl,

3aMmeTHM, YTO IPOCTOH uumean paguxkaned. HerpyaHo mokasarth, 4To
Ay o671acTH ¢ OTHO3HAYHAIM pPa3IOKEHHEM HA MHOXKHTENH, TaKoH, Kak
k[Xi, ..., Xul, panukan rad/ rnasHoro unmeana Buma I = (f), rae
f =11 f{* (p4370XeHe B MpOM3BEAEHHE CTENEHEH DAa3IMYHBIX MPOCThIX
COMHOXKHTENEH) PaBeH (fied), IE frea = 11 fi.
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(3.10) Nulistellensatz (reopema NunbGepra o Hyasx). ITycmb k — aa-
eebpauuecku 3amknymoe none. Toeoa

(@) JToboii makcumanbHblll udean Ko/abya MHO204AeH08 A =
= k[X1, ..., Xu] umeem euo mp = (X1 — ai, ..., Xn — an) 0414 £.2KOINO-
poti mouku P = (a1, ..., an) € Af, m. e. cognaoaem c uoeanom I(Fy scex
Pynkyuii, obpawyarowuxca 8 mouke P 6 Hynb.

(b) Iycmv J C A — nexomopblll udean, omausHvill om A; nieda
V) # .

(¢c) Lnas aroboco J C A

I(V(J)) = rad J.

OCHOBHOe coOlepxaHHe TeopemMbl 3akmoueHo B m. (b), yTBepxaaro-
meM, 4To eciM Hiean J OTIMYeH OT Bcero Konbua k[Xi, ..., Xa], TO
OH uMeeT B A} Hynu. 3amMeTHM, YTO yTBepxKIaeHue 1. (b) abcomnoTHO
HEBEpHO Hal anreOpaHueckH HE3aMKHYTBIM MojleM Kk, TaK Kak €eClld
f€k[X] — MHorowieH, OTIHYHBIH OT KOHCTAHTBI, TO INOPOXKIAEMBIH
UM HJeas He COBMAagaeT Co BCeM KOJBHOM k{X], ONHAKO BIOIIHE MOXET
okazatbes, 4to V(f) = @ C Ai. Haspauue Teopemsl (Nullstelle = nynb
MHoroujieda + Satz = TeopeMa) J0KHO IOMOYbL BaM 3allOMHHUTE €€ CO-
nepxanue. (CoBeTyr0 BaM MPHIEPKUBAaThCA HEMELKOrO0 Ha3BaHUA, €CIIH
BbI He JKelaeTe MPOCTbITH HeBexmamu').)

CaenctBue. Coomsemcmeaua V u I

{uoeanvt 1 C A} 324 {noomuomecrmsa X C Ag)
U U
uHOYyupyrom buexyuu

{ padukanvrvle uoeannvi} <> {ancebpauueckue noomHoxcecmsa )

u U U
HenpugoOumble anzebpauueckue
-
{npocmole uoeasvt] { ROOMHOICECMBA .

CripaBeIMBOCTb JTOTO YTBEPXKAEHHA CrelyeT H3 TOTO, YTO B cumy
(3.6(b)) nma moboro anredbpandeckoro MOAMHOKECTBA X nmeem
V({I(X)) = X, u Toro, uro B cuny (3.10 (¢)) ans m000ro pagnuKaILHOrO
upeana J I(V(J)) = J

D 3T0T coBET aBTOpa OTHOCHTCS, Pa3yMeeTcs, K aHIIOABIMHOMY HUTaTemo, ans ko-
TOPOro Takas TEPMMHOJIOTMS NOYTH TPagHIMOHHA, HO MBI COWIH BO3MOXHBIM nocieno-
BaTh €My A B DYCCKOM NIEPEBOAC. — TIpum. nepes.
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Hokazameascmeo Nullstellensatz (ucnonb3syiomee (3.8)).

(a) Tlycte m C k[Xy, ..., Xn] — MakcHManbHbIA Haean. O603Ha4YHM
yeped K kKomblo k{Xi, ..., Xy]/m, a uepe3 ¢ —— KOMIIO3UIIMIO €CTeCTBEH-
HBbIX oToOpaxeHuii ¢: kK — k[X1, ..., X,] = K. Torna K ABjisercsd nojiem

(Tak Kak HMxean m MaKCHMalsieH) U KOHe4YHO TIOPOXIEHO Kak k-anrebpa
(Tak KaK OHO nopoxkgaercsa obpaszamMu 371eMeHTOB X;). [TosToMy B CHily
(3.8) ¢: k— K sBnsercsa anredOpaudeckaM pacluupeHueM mnoseit. Ho k
anredOpanyecKkd 3aMKHYTO, CJIEAOBATENBHO, ¢ — H3OMOD(H3M.

s Bcex i aneMeHT X; € k[X1, ..., Xa) oTOBpa)kaercs B HEKOTODbIH
snemedT b; € K. TIo3TOMy, €caM MONOXKHTB @ = ¢~ ' (b)), TO MOIYYHM
Xi—aieKer{k[X1,..., Xa)— K} = m. CnenoBaTeilbHO, CYIECTBYIOT
ai, ..., a, € k, Takne, uro (X, — a1,..., Xn ~— a,) C m. C gpyroi cro-
DOHBI, OYEBHAHO, YTO B JIEBOH YaCTH CTOUT MaKCUMAILHbLINA uaean, Tak
yTto (X, — a1, ..., Xo — @) = m, U 3TO OOKa3bIBaer (a).

Wmnnukanua (a) = (b) mokaseiBaercs mnpocro. Eom J# A =
= k[X1,..., Xu], TO cymecTByeT TaKOil MaKCUMaIbHBIHA Maeal M KOJIb-
ua A, uro J C m (cyuieCTBOBaHHE M JIETKO MOJIYYUTh U3 YCIIOBUSA OOpBI-
Ba Bo3pacTaromux neneit). CormacHo (a), Hmeanr m HMeeT BHI

m= (X, - a, ..., Xn — an). Torna ycinosue J C m 03Hauaer NoOmnpocTy,
yto f(P) =0 nns Bcex f€J, rne P = (ai,..., a,). CrnenoBarenpHo,
PeV({J).

Jloka3zarenscTBO HMIUTHKAOHH (b) = (C) OCHOBAHO HA ClIEAYIOUIEM
xuTpoM Tprwke. Ilyerys J C k[Xi,..., X.] — mwoboit umean wu
Sfek[Xy, ..., X,]. BBenem HONOJHHTENBHYIO EPEMEHHYIO Y H PAcCMOT-
PHM HOBBLIH uaean

Ji=W fY-DCkiX, ..., Xa, Y],

nopoxaeHnblit HoeanoM J u fY — 1. I'py6o rosops, V(J1) ssnsercs
MHOroo6pa3ueM, cocrosiuuMm u3 tex Pe V(J), ansa kotopeix f(P) # 0.
Tounee, Touka Q€ V(Ji) C AZ*! sBnserca HaGopoMm u3 n + 1 wmcen
Q= (ai,..., ax, b), Takux, uto

glar, ..., a) =0 ansa Bcex g€l, 1. e. P=(@,..., a,) € V({J),

SPYy-b=1,T. e f(P)#0u b=f(P)"L.

ITpeanonoxum teneps, 4to f(P) = 0 ons Bcex P€ V(J)'. Torma u3
TOJILKO 4YTO CHOEIIAaHHOIO 3aMeuaHus BbITeKaer, uto V(J)) = ¢J. Teneps
u3 (b) cmenyer, 4To 1€ Jy, T. €. cyllecTBYET pa3noKeHHE

1l = Zglﬁ+ gO(fY-_ I)Ek[le---: XIH Y]a (**)
roe fi€J, a go, &G €Ek[Xy, ..., Xa, Y].
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PaccMOTPUM, KakHM 00pa3oM BXOAMT Y B NPaBYIO 4acTh GOPMYIibI
(* *). KpoMe MHOXHUTENA BO BTOPOM 4JIEHE, ABHO COMEPXKAIIETO Y, on
MOXET BXOAHUThL BO BCe g;. IIpenIOmoXKHM, YTO YY — naubonpmas u3
cTeneneil Y, BXOMALIMX B go U BCe &. ECIH yMHOXHTH 00e dacTH op-
MyJbl (* *) Ha fN, TO IMOJIYUYUTCS COOTHOIIEHHE BHIA

= 26Xty s Xuy [V + Go(Xn, ooy Xny, SOIY = 1), (¥ % %)

rae G; — »To npocTo fNgi, 3amucanHHble KAK MHOTOUJIEHbI OT NEPEMeH-
HBIX X1, ..., Xy U fY.

(* * %) ecTh HE YTO HMHOE, KAaK PABEHCTBO IByX MHOTOUY/IEHOB B KOJIb-
ue k[Xi, ..., Xn, Y], mpuBens koTopoe mo moaymo fY — 1 nojryaum

N =Zhi(Xy, .., X)fi€k[X1, ..., Xo, YV/(SY = 1)

Ofe yacTé 3TOr0 ypaBHEHMsl ABJIIOTCA 3NeMeHTaMH Konbua k[Xj, ...
..., Xu]. Tax KaK ecTeCTBEHHbIH romMopdusMm K[Xi, ..., Xa] < k[X1, ...
oy Xn, YI/AJSY — 1) unbekTHBEH (OH SABIAETCS TIPOCTO BKIHOUEHHEM
kiXi, ..., Xal B k[Xa, ..., Xl 11 (kax DoaxonbLa B €ro monie 4act-
HBIX}, TO

Y= Th(X, ..., Xofi€klXy, ..., Xal,

1. e. fNeJ ana nekoroporo N. Y.T.m.

JameuaHHe. B HEKOTOpBIX yueOHHKAX AOKa3aTelbCTBO COKpaiaeTcd
Gaaromapss TOMy, 4To (% *) oOBbsBAAeTCs TOXIECTBOM. TeM caMbIM
OHO OCTAaeTCs COpaBedMBbIM TIPH IOACTAHOBKE Y = f‘l. 3T10, Oe3yc-
JIOBHO, BepHO, HO s Tpeanoues NpuBecTH Oojiee neTanbHOE [0Ka3a-
TEABCTBO.

(3.11) Ipumepsi. (a) TunepnoBepxHocTH. IIPOCTEHIINM NPHMEPOM
MHOT00Opa3us ABgeTcs runeprnosepxHocTh V(f): (f = 0) C Ak. Ecnu k
anreGpandyeckl 3aMKHYTO, TO HMEET MECTO OYEBHIHOE COOTBETCTBHE
MEXKJy HENPHUBOAHMBIMHU 3eMeHTamu f € k[ X1, ..., Xa] ¥ Henpusoam-
MBIMH [HIIEPIOBEPXHOCTAMH. A HMeHHO, 13 Nullstellensatz crenyer, uto
B4 pa3IMYHBIX HENpPMBOAMMBIX MHOTOWIEHa fi U f; (HE KpaTHble Opyr
JpYTy) ONPEAENSIIOT Pa3IHYHbIE MIIEPIIOBEPXHOCTH V(fi) u V(f2). 310
COBCEM HEOYEBHAHO (M, HampuMep, HeBepHO Had [R), XOTSA H MOXKET
6LiTh H0KazaHo Oe3 ucnonb3opanua Nullstellensatz ¢ TOMOLIBIO Meopuu
uckoueHull — HaMHoro 06ojee sIBHOro MeTO[a, B KOTOPOM SIBCTBEHHO
omymaercsi xomopur XIX Beka (cm. ymp. 3.13).

(b) 3a MCKNIOUEHHEM Cilyyas THIepIOBEPXHOCTEH, OOJBIINHCTBO an-
reBpauyeckux MHOroo6pa3mii 3amaioTcs «Kydei» ypaBHEHHH. Bompexn
HHTYHIMK OO0 IJisi 3afanda uaeana 1(X) Tpebyercss MHOTO 00pazy-



§ 3. AGOMHHBIE MHOTOOBPA3USI U NULLSTELLENSATZ 65

IOIMX (HaMHoro Gonbiue kopasMepHocTH X ). S npuseny npuMep Kpu-
Boit C C AR, ans 3amanus uneana 1(C) koTopoi Tpebyercs 3 obpasyro-
umx. ITpeamonoxum, uto k — GeckoHeunoe none. PaccMOTpUM cHaua-
na unean J = (uw — v, u? — vw). OH He NIpPOCT, TAK KaK

I3 wuw — v?) — v’ — vw) = u(w? - u?),
HO u, w® — u’v¢J TlosTomy
V(J) = V{J, W)UV, w? - u?v).

OuesuaHo, uyto V(J, u) — 310 npaMas (u = v = (). YTBepxaaercs, 4To
apyras komnoHeHnta C = V(J, w? — u? V) SBISIETCA HEMPUBOIMMOM KpH-
Bofi. [eiicTButensHo, C 3amaercsi CHCTEMOH
uw =v%,  wd=ovw, w?=utu.

A  yrBepkuaro, uTo C C A ssasercs obpazoM oToOpaxeHus
¢o: Al > C C A 3amammoro dopmynoit ¢ — (£3, t*, 7). Urobnl y6e-
JUTBLCS B 3TOM, CJIEAYET 3aMeTUThb, UTO ecnu U # 0, To v, w # 0. ITomno-
KUM = v/u; Torma t = w/v u t* = (v/u)(w/v) = w/u. CrnenoBaTenbHO,
v=wtr =t u=v/Wuw)y=tt=1u w=1rv="~.

3naunt, C HempuBoauWMa, Tak Kak ecau C = X;UX,, rae X; C C,
u fi(u, v, w)€I(X;), To nna Bcex ¢ oguu u3 fi(£3, t*, °) obs3aTenvuo
obpamaercs B Hynb. Tak Kak HeHYJIeBOM MHOTOY/IEH UMeeT He Golee
KOHEYHOTO YHCIIa Hy/led, TO OOUH U3 f1 U f, HOJIKEH TOXAECTBEHHO PaB-
HATbLCA HYIIO0, a 3Ha4YdT, f; € I(C).

3TOT npuMep ecThb oOOpasel] M3AIHOIO MOHOMHMATLHOTO 3agaHud.
Boofme sxe yragaTh HENpHBOAUMBbIE KOMIIOHEHTHEI MHOrootpasus no-
BOJILHO TPYAHO, 4 €HIe CJIOXKHEe N0Ka3aTh UX HENPHBOAMMOCTL. AHaNo-
THYHBIA NpUMep NPUBOAMTCS B ymp. 3.11.

(3.12) Koneunble anreGpbi. IlepeiineM Tenepb K OOKA3aTeIbCTBY
(3.8). ITyctb A C B — xonwna. Kak o6bl4HO, B Ha3bIBaeTc KOHEUHO
nopoxoennbim Ha0 A (RITA KOHEYHO MOPOXKIEHHEIM Kak A-anre6pa), ec-
U CYIIECTBYET KOHEYHOE YHUCIIO 3JIeMEHTOB by, ..., b,, Takux, 4TO
B = Albi, ..., ba], T. € ecniu B KaK KOJIbIO KOHEYHO MOPOXKIEHO KOJb-
uoM A u 3meMeHTaMH by, ..., b,.

CpaBHHTE 3TO ONpenejieHHE CO CMEAYIOWUM: B — koneunas A-anee-
6pa, ecnu CylIeCTBYET KOHEYHOE YHCIO 3JEMEHTOB by, ..., b,, Takux,
4T0 B = Aby + ... + Ab,, T. e. B — KOHEYHO NOpOXIeHa Kak A-Mo-
Oynb. 31eCh HMEETCA CYIIECTBEHHOE Pa3IHYMe MEXAY MOPOXKIaEMOCTEIO
KaK Kojibla (KOraa OoMycKaroTes ioOble MOJHHOMHATBHbBIE BhIPAKEHUS
OT b;) M NOPOXIAEMOCTBIO KaK MOIYASA (KOraa b; MOTYT BXOOHTL JTHIIb
nuaefino). Hanpumep, K[X] asnserca KOHeYHO NOPOXKIEHHON k-anre6-
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poii (OHA MOPOXAAaeTcss OOHUM 3JEMEHTOM X), HO He fBIISETCA KOHEY-
HOIT k-anrebpoii (Tak Kak ee pa3MepHOCTb KaK K-BEKTOPHOTO NpOCTpaH-
cTBa OecKOHEUHA).

IIpeanoxkenne. (i) ITyemv A C B C C — koavya. Toeoa, ecau B —
xoneunan A-ancebpa u C — KoHeuHaA B-ancebpa, mo C — koneuHas
A-aneebpa.

(ii) Ecau A C B — koHeunas A-aneebpa u x € B, mo x yooseaemesops-
em HOPMUDOBAHHOMY YDA8HeHUr0 Hao A, m. e. cywecmeyem cOOm-
HOuwleHue

1

X"+ a1 X"+ ...+a =0, e0e a;i€ A

(o6pamume eHumaHue, umo cmapuiuil Kosgpuyuenm pasen 1).
(iii) 4 Haobopom, ecau X yO08AEMEOPAEM HOPMUPOBAHHOMY YDPABHE-
Huro Hao A, mo B = A[X] — kowneunaa A-anecebpa.

Hokazamenvcmeo. ITyHkTs! (i) U (iii) ABNSAIOTCS IPOCTBIMHU yNIpaXHe-
HUsIMH (CP. C aHAJIOTHYHBIMH pe3ynbTaTaMH [UIf paclIMpeHHid nosei).
Jna nokasartenbcrBa (il) BOCHOJIB3YEMCS IOBOJIbHO HEOUEBHUAHBIM «J€-
TepMHHAHTHbIM TPIOKOM» (KOTODbIH He fBIAETCS MOHUM H300pETEHH-
em). IIpennonoxum, uto B = 2Ab;. Torna xb; € B nna Bcex I, T. €. Cy-
LIECTBYIOT KOHCTAHThI g;j € A, Takue, YTO

xb; = Zaijbj.
J
IlepenuilieM 3TO YCIOBUE B BHIE
Z(x&,-j - a,-j) bj =0.
J
roe 8; — enuHuuHas Marpuna. [lycTe Tenepp M — MaTpuua Buiaa

Mij = (xby — ay),

a A = detM. U3 cranaapTHBIX yTBEP)KAECHUIN THHEHHON anrebpbl BbITe-
Kaer, 4To

raie b — BexTop-cronben c »nemeHTamu (bi, ..., bn). CnenosarensHo,
0 = (M*Y)MDb = Ab,
(rae M*Y — npucoenuHenHas marpuna). [lostomy Ab; = 0 mas Bcex

i. TIpu 3TOoM, Tax Kak lp € B siBIsieTca NUHEHHOM koMOuHanuei b;, To
A=A-1p =0, yro U paer HaM, HakQHeEl, HCKOMOEC COOTHOILIEHUE
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det(x6;; — ai;) = 0. OueBHAHO, YTO OHO 3a0AETCSA HOPMHPOBAHHBIM MHO-
FOYJIEHOM OTHOCHTETBHO TIEpEMEHHOM X ¢ Ko3bbuumeHTamMu u3s A.
Y. 1. 1.

(3.13) HérepoBa HOpMaJM3aLMs.

Teopema (iemMMa o HopMmanusatuu . Hérep). ITycmo k — beckoreu-
Hoe noae, a A = klay, ..., an] — KOneuno nopoxcOennas k-anzebpa.
Toeda cywecmeyiom m < n U yi, ..., Ym€ A, makue, umo

@) y1, ..., Ym aneebpauvecku Hezagucumbvl HAO k;

(i) A — xoneunaa k[, ..., yml-anzebpa.

(() o3Hauaer, KaK OOBIYHO, YTO HE CYIUECTBYET HETPUBHANBLHOIO MOJMHO-
MHaIbHOTO COOTHOIIEHHS], KOTOPOMY YIOOBJETBODSIU Obl y;. Anrebpa-
HCT BBIPA3UT 3TY MBIC/Ib TaK: eCTECTBEHHOE (CIOPBEKTUBHOE) OTOOpaKe-
vue k[(Yy, ..., Yl = kW1, ..., Ym] C A ABIsAETCA UHBLEKTHBHBIM.)

VTBepKAaeTcs, YTO, KAK 1 MOXKHO OBIITO OKHAATh, PACLIKpPEHHE KO-
7iell MOKeT ObITh MOCTPOEHO B [BA 3Tana: cHauyana noOaBisArOTCsA anre-
OpanyecKy HE3ABUCHMBIE 3JIEMEHTEI, a 3aTe€M «IIPOM3BOIUTCS ajiredpau-
yeckoe paclIupeHue». Bmpouem, (ii) HaMHOro TOYHee, TaK KaK B HEM
yTBEPXKAAETCA, UTO KAKABIN 3JIEMEHT KoJibla A He MpocTo anrebpanyeH
Hald k[y1, ..., Ym], HO VIOBIETBODSET HOPMUPOBAHHOMY (T. €. CO CTap-
UM Ko3(dduureHTOM 1) ypaBHEHHUIO Hald 3THM KOJIBIIOM.

Hoxkazamenscmeo. Tlyctb I — AAPO €CTECTBEHHON CHOPBEKLIHH
I = ker{k[X1,..., Xul = ka1, ..., a) = A}.

IMpennonoxum, uto 0 #= f€1. Wnesd mokaszaTenbCTBa 3aKJIHOYAETCA B
TOM, 4TOObB! 3aMeHHTb X1, ..., Xx_1 Ha HexoTOpble X7, ..., X, _ Tax,
yTOoOBI Npeobpa3oBaTh f B HOPMHUPOBAHHOE YPABHEHHE OTHOCHTEILHO
MEPEMEHHOH @, Hal konpuoM A’ = kla{, ..., a,_1]. 3anumem

dy_1 = QAn-1— On-1dn.
(roe «; ABAAIOTCS HEM3BECTHBIMHU IOKa leMeHTamu nons k). Torna
0=flaj + c1an, ..., @y_1 + Qn-1Gn, an).

Vreepskaenve. IIpu nooxooawem 8vibope 31emeHmos ai, ...
an_1 € k MHoeounen

f(Xll + a1 X, ..., X,:_l + on-1Xn, Xn)

*

ABARENICA HOPMUPDOBAHHBIM OMHOCUMEABHO nepemeuuoﬁ X
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Ucnonb3ys 3TO yTBepxaeHue, OyaeM N0Ka3blBaTh TEOPEMY MHAYKLH-
eit mo n. Ecnu I = 0, TO NOKa3bIBaTh HEYEIO, TaK Kak &i, ..., dn aire-
Gpauyecki HE3aBUCHMBI. B IPOTHBHOM cilydyae BO3bMeM 0 # felI; nyctb
Q1 ..., On_1 YOOBIETBOPAIOT YCIOBHAM CPOPMY/THPOBAaHHOTO YTBEPX-
nenus. Torna f 3agaeT HOPMHPOBAaHHOE COOTHOLUEHHE OTHOCHTEIBHO
nepeMeHHOM @, ¢ KodpduuueHTamu u3 A’ = kla{,..., a,_]. B cuny
OPEONOIOKEHHST HHIYKIHH CYUWIECTBYIOT Y1, ..., ym€A'’, Takue, 4TO

() y1,..., Ym anrebpanuecku He3aBUCHMBI HaI k;

(2) A’ — xoHeuHas k[yi,..., Ym]-anredpa.

Torna A = A’ [as] koHeuHa Hax A’ (8 cuay (3.12(ii1))). CnenoatensHo,
cormacHo (3.12 (1)), A xoHeuHa Haa k{yi, ..., Ym], 4TO M OOKa3bIBAET
TeopeMy.

OcTanock TONbKO JOOKasaTb yTBepxkaeHue. Ilycts d = degf;

3anuineM

f=Fa+ G,

roe F; — omHOpOAHBIA MHorouieH ctenenn d u degG < d — 1. Torna
FX1,yoery Xaot, Xa) = fX + 1 Xny ey Xgo1 ¥ 0tno1Xn, Xn) =

= Fa(ar, ooy Qno1, 1) X0+

+ (wneHsl, cogepxkauie Xn B CTENEeHAX <d-1).
Ecnu tenepwr Fu(ai, ..., aa—1, 1) # 0, TO BCe CAENaHO. Taxk Kak Fy —
HEHYIeBOM MHOTOU/IEH, TO HETPYIHO NPOBEPHTb, YTO HYKHOE YCIOBHE
BBIMIONHSETCS VISl «IIOYTH BCEX» 3HAYEHHH «, ..., otn—1 (HOKA3aTesb-

¢TBO »TOrO0 ObCcyXknaercs B ymp. 3.13). HU.T. .

(3.14) 3ameuanusn. (I) B 1eiCTBUTENLHOCTH U3 I0Ka3aTeIbCTBA (3.13)

C/IEyeT, YTO B KAYECTBE V1, ..., Ym MOXKHO BbIOpaTh m OOLIMX JHHEH-
HBIX GOPM OT a1, ..., Gn. UTOOLI OHEHHTH BAKHOCTL TEOPEMEI (3.13),
nonoxum I = ker {K[Xi, ..., Xu] = kla1,..., ar] = A}, ¥ mpeamosno-

UM /1S TPOCTOTHI, uTo I mpocT. PaccmoTpuMm V = V) C Ag. Iycro
T AR~ Af — JTHHEHHOE NMPOCKTHPOBAaHHE HA NOANPOCTPAHCTBO C KOOP-
JHHATAMH Y1, ..., Ym 1 p = wly: V> AF. MOXHO IIOKa3aTh, 4TO U3 yC-
nosuii (i) u (i) B (3.13) BbITEKAET, 4TO MpoOOpa3 p~ 1 (P) kaxa0# TOuKM
Pe A apnsercsd HENMycTbIM KOHEYHBIM MHOXXECTBOM (cM. yop. 3.16).

(I1) JoxasarenscTBo (3.13) uMeeT Takxe NPOCTYIO FCOMETPHYCCKYIO
HHTEpIpeTalnio. A HMEHHO, Habop u3 n — 1 nuHeilHBIX GOPM OT n ne-
pPEMEHHBIX ONpPEAEIAeT JIMHEHHYIO IIPOECKUHIO 7! AR — AR, Cnou mpo-
exumi T obpasyroT (n — 1)-MepHOe ceMelCTBO NapayIC/IbHbIX NIPAMBIX.
HeTpyaHo noka3aTh, YTO (PUKCHPOBAaHHBIH MHOrOYICH felI 3agaet nop-
MHPOBaHHOE YpaBHEHHE MO NOCTIEAHEH nepeMeHHOH X, TOTAa H TOBKO
TOrHA, KOraa 3TH mapasuienbHbie NpsMble HE ABJIOTCA ACHMITOTaMH
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MHoroobpasus (f = 0). B TepMHHax MPOEKTUBHOM reOMETPUH 3TO 03HA-
4aeT, YTo ToYKa Ha GeckoHeuyHOcTH (0, a1,y ov.y -1, 1) € PR~ ! onpene-
JAIOLIAA NapaljieNbHoe NPOSKTHPOBAHHUE, He JIEKHT B NIPOCKTHBHOM 3a-
MBbIKaHMH mnoBepxHocTH (f = 0).

(II1) T1puBeneHHOE BEIIIE JOKA3ATENbLCTBO HE MPOXOMUT B CIyYae KO-
HeyHOro noss (cM. ymp. 3.14). OgHako cama Teopema BepHa 6e3 KakKHx
6b1 TO HuM ObIIO orpaHmueHuiit Ha k (cM. [Mumford, Introduction,
p. 4] unu [Ates, Maknouansn (7.9)].

(3.15) Jokasarenbcrso (3.8). Ilycte A = ka1, ..., @;] — KOHeuHO
NOpOXJeHHas k-anrebpa. IIpeanonoxuM, 4To yi, ..., Vm € A Takue Xe,
Kak B (3.13), a B=k[y,..., ym]. Torna A — KoHeuHas B-anrebpa,
H TO YCIIOBHIO OHAa SBIsETCA noneM. Eciam Obl ObIJIO H3BECTHO, UTO
B — mone, TO U3 3TOr0 MrHOBEHHO BBITEKano Obvl, uTo m = 0. DTO
03Ha4ano Obl, YTO 4 — KOHeuHas k-anreGpa, T. €. KOHEYHOE pacIlHpe-
HHe noya k, H yTBepxKJeHHe Obino Obl goka3ano. [1o3ToMy HaMm ocTa-
JIOCh J10Ka3aThb Cleaylollee MpeasIoXKeHHUe.

Jlemma. Ecau A — none u BC A — makoe nookoasyo, umo
A — KoHeunaa B-anzebpa, mo B — none.

Hokazamenocmeo. Ins moboro 0 # b€ B B A cyluecTByeT o6par-
HbIA 51eMeHT b~ ' € A. Tanee, B cuny (3.12 (i1)) U3 ycroBus KOHEUHOCTH
crenyer, 4To b~ ' yIOBNIeTBOPSAET HOPMHPOBAHHOMY ypaBHEHUIO Hal B,
T. €. CYLUECTBYET COOTHOLIEHHUE

b™"+an b " V4 4+ ab' +a,=0, roe a;€B.
VMHO%HB ero Ha 5"~ Y, momyunm

b_l = — (an—l + a,,_zb + ...+ aob”_l)eB-

CaenoBaTensHo, B — none. DTo paccyXIeHue NOKA3bIBAET (3.8) u 3a-
BepIiaeT AokasaTenbcTBO Nullstellensatz.

(3.16) Inia TOro YTOOLI Bce HAIIM PACCYXICHHS POXOMUIH B Xapak-
TEPHCTHKE p, TIONE3HO CAenaTh cleayroiiee HebonbnIoe yTouneHne. OHO
HNOHAanoOUTCS HaM B JajibHeiieM TONBKO ONHH pa3, H YATATelb HE 3Ha-
KOMBIH C NOHATHEM cCenapabeNbHOCTH H3 TeopHH laiya, MOXKeT He Te-
pPATL BPEMEHH M NEPeXOOuTh K pasm. (3.17).

Zlo6Gasnenne. Ecnu B npeamonosxenusx (3.13) none k sBnsiercs, Kpo-
Me TOTO, anredpanyecku 3aMKHYTBIM, A KoJbluo A — 001acThiO LENoCT-
HOCTH, II0JIC YaCTHBIX KOTOPO#l obOo3Hauaercs yepes K, TO 3IeMeHTHI
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Y1y ..., Ym € A MOXKHO, KaK M BblILIE, BLIOpATh Tak, 4yTOOBLI IOMHMO YC-
nosuit (i), (ii) BBINOMHSAIOCH
(iii) k1, ..., ym) C K — cenapabenbHOe pacUINPEHHE.

Hoxazamenvcmeo. Ecnu mone k uMeeT XapakTEePUCTHKY 0, To moboe
ero pacuMperse cenapabenbHo. [103ToMy GyneM CUMTaTh, 4TO k MMeeT
xapakTepucTHKy p. Tak kak A — 0OnacTb LENOCTHOCTH, TO Haean [
npoct. CnegosatenbHo, eciu I # 0, TO OH CONEPXKHUT HENPUBOANMBIH
areMeHT f. s KaXI0oro i IMeeT MECTO ClleAyiolias anbTepHaTHBA: JIH-
60 f cemapabenen mo X;, nubo fe€k[Xy,..., XF, ..., Xa].

VreepskaeHue. Ecau f Hecenapabenen no écem Xi, mo f = g? onn
HeKomopo20 g, 4mo npomueopeyum Henpugooumocmu f.

CornacHo MPEONoIOKEHH0, [ UMeeT BH]
f=FX?%, ..., X5, rne Fek[X1,..., Xa].

Ecnu 3TO Tak, TO NycTh g € k[ X1, ..., Xx] — MHOTOUJIEH; MOJIy4aeMbIH
B3STHEM KODHS p-fl CTeleHH U3 Kaxaoro kodbduumenta F. Toraa, mpu-
MEHHB HY)XHOE KOJIIHYeCTBO pa3 Toxaectso (@ + b)? = a” + b” B xapak-
TEPHCTHKE p, MONy4uMm, uto f = g¥.

CrnenosaTelbHO, TH000H HEMpUBOAMMEIN MHOrowieH f cenapabesneH
no kpaiiHeil Mepe OTHOCHTEIBLHO OJHOTO M3 X;, IJIA OMNPEAETIEHHOCTH
OTHOCHUTEILHO X,. Jallee, MPOBOAS B TOMHOCTH TaKHE XK€ PACCYKICHUS,
KaK M BbIIlle, MOJIYYUM, UYTO

SX{ + a1 Xny ooy Xn—1 + An-1Xn, Xn)

Ja€T HOPMHPOBAHHOE cenapalellbHOe COOTHOLLEHHE HA dn Hajl KOJIbLIOM
A’ = kla{, ..., a;_1]. NcKOMBI# PE3YILTAT 0Ka3bIBACTCA C MMOMOIILIO
TAKOro K€ WHOYKTHUBHOI'O PAacCyXJIEHHs, B KOTOPOM Ha 3TOT pa3s HcC-
MOJNB3YeTCt TO OOCTOATENLCTBO, YTO KOMIIO3MLMA —cenapabenbHbIx
pacmupeHuii moned cemapabenbHa. Y.T.A.

(3.17) Penykuusi K cay4aro rumneprnopepxHocTd. HanoMuum creayio-
WK pe3ynsTaT Teopuu Ianya.

TeopeMa o NMPUMHTHBHOM 3JieMenTe. ITycmb K — OeckoHeunoe none
u K C L — kxoHeunoe cenapabenvroe pacuiupenue. Tozoa cywecmeyem
maxoii x€ L, umo L = K(x). Boaee mozo, ecau L nopoxoaemca nao
nosem K 3nemewmamu 2y, ..., Ik, MO X MOXHO 6bibpamb 6 eude

AUHEHOU KOMOuHayuu ZaiZi.
i
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(3TO HeNmoCpeACTBEHHO BBITEKAET M3 OCHOBHOM TeopeMbl TeOpHH [a-
nya. HeicTBuTenbHo, ecnu K C M sABNsieTC HOPMAaJIbHbIM 3aMbIKaHHEM
L Hag K, To K C M — KoHeyHoe pacuigpeHue [anya paccMaTpuBaeMo-
ro nojsi. TakuM o6pa3oM, B CHIYy OCHOBHOH Teopembl Mexay K u M
CYLIECTBYET TOJBKO KOHEYHOE YHCJIO MPOMEXYTOUYHBIX pacIIHpeHHH.
TMpomexyTounbie noanona mexay K u L oOpa3yloT KoHeuHbId Habop
{K;} K-BeKTOpHBIX MOANPOCTPAHCTB B L. 3HAaYyuT, MOXHO BbIGpATH
X € L, KOTOpBIH He JIEKUT HH B oaHOM M3 HuX. Ecinu maue! z, ..., Zk,
He NpUHAMIeKAaIUe HI oqHOMY B3 K; OMHOBPEMEHHO, TO X MOXET ObITh
BbIOpaH B Buae K-muHeiHoit komOunanmu z;. Torma K(x) = L.)

Caencrsue. ITpu svinoanenuu ycaosuii nemmol Heéemep o Hopmanu-
3ayuu (3.13) cywecmsyrom yi, ..., ¥Ym+1 € A, yooaaemeopsawowue 3a-
karouenuro meopemn! (3.13) u, kpome moeo, ycao6uro, Umo noqe wacm-
noix K xonvya A nopoxnaercs Han k asnemenmamu Vi, ..., Vm+1-

Loxazamenscmso. B cuny (3.16) Mbl MOXeM cuMTaTh, uTO K — ce-
napabernbHoe paciimpende nonst K(yi, ..., ¥m). Eciu A = kx1, ..., X,
TO X;, pazymeercs, NopoxaaroT K kak paciiupeHue nois k(yi, ... , Ym),
TaK 4YTO MOAXOAALIAsA JIMHeHHAs KOMOMHAUMS Vm 41 IIEMEHTOB Xi C
KodpdunuentamMu U3 k[y1,..., Ym] NMOpOXKAAET HCKOMOE pacClLIHUpEHHE.
[MpuBens Bce Kk oOuIeMy 3HAMEHATENI0, MOXKHO BBIGDATH Ym+1 B BHAE
nuHefHOH KOMOHWHamMM X; ¢ Koxdduumenramu u3 k[yi,..., Ym), T. €
npuHaaiIexamuM koapny A. Y.t.1.

AnreGpanyeckuil CMbICI AOKa3aHHOTO 3aK/I0YAeTCs B TOM, YTO pac-
mpenre k& C K, koropoe camo no cebe He 0653aHO GbITH YHCTO TpaHC-
LEHAEHTHBIM, MOXET OBITh MTOJIYYEHO KaK KOMIO3HLHSA YHCTO TPAHCLEH-

AeHTHOro pacwmupenus kK C k(yi, ..., Ym) = Ko ¥ IPUMHTHBHOIO ajre-
6panueckoro pacmupends Ko C K = Ko(Vm+1). HpyrdMu ClIOBaMH,
K=k(y,..., Ym+1), a MeXay o6pa3yroIMMH HMeeTcs eIUHCTBEHHOE

anrebpauyeckoe cOOTHOIIEHUE, [ eOMETPHUYECKOE 3HAUEHME ITOTO PE3YIIb-
Tara cra”HeT sAcHbIM B (5.10).

YopaxHenuss k § 3

3.1. OOnacTh HENOCTHOCTH HA3BIBAECTCA 00/4dCMbIO 2AABHbLIX UOCdA06, €CITH KaXKIbIH
unean I u3 A sABnserca rnaBHBIM, T. e uMeer BuO I = (@). Halinure mpamoe nokxa3za-
TEJILCTBO TOrO, YTO HAealbl B OONAcTH [IaBHBIX HOEATOB YOOBJIETBOPAIOT YCIOBHIO
o0peIBa BO3pacCTAIOWIHAX Lemel.

3.2. TlokaxuTe, 4yTO OBIACTH LENOCTHOCTH A ABJIAETCA OGNACTBIO C ONHO3ZHAUHBIM
pa3ioKeHHeM Ha MHOXKHTENH TOTAa H TOJMLKO TOrAa, KOraa Kakaas Bo3pacTarolias Le-
MOYKA TJIABHBIX HIAEAIOB CTAOHIM3HPYETCA H KaXKAbIi HEIIPUBOOMMBIA 3JiIeMeHT Konpla A
HOpPOCT.
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3.3, (i) Joxkaxure cienyromyro gemmy laycca. Ecrim A — obnacte ¢ oQHO3HaYHBIM
pa3/ioKeHHEM HAa MHOXHTEIH H f, g € A[x] — MHorouneHs! ¢ Kodh¢uuneHTaMu u3 A4,
TO NMPOCTOH TEMEHT M3 A, ABIAIOLMIACA OOIMM HenuTeneM k03hGOHIHEHTOB NpPOH3BENE-
BHA fg, ABnOAeTcA oOWMM demuTeneM 6o kosdpduuMeHTOoB f, M1M60 KOIDDHIMEHTOB g.

(ii) B HauaabHOM Kypce obuteii anreBpsl qoka3biBaercs, 4To ecnd K — mnoite, To K[X]
— 06macTh ¢ OJHO3HAYHBLIM Pa3NOKEHHEM HAa MHOXHUTENH. JJOKaKHTe HMHAYKUHEH mo A,
yro k{X1, ..., Xn] aBnsgercsa oOIacTbiO C OJHO3HAYHBIM DPa3JIOKEHHEM HA MHOXKHMTEIH.
Jlns ITOrO CpaBHHMTe pas3noxeHue B K[Xy, .., Xx] ¢ pasmoxesdeM B K(Xi, ...
.oy Xn-1)[X,], UONB3YysiCb ANA NpHBeNeHHA K oOuieMy 3HaMeHaTemo Jemmoi Iaycca.

3.4, Joxaxure npemnoxeuue (3.2 (ii)). Iycrs A — obnacte nenoctroctu. K — ee
none yacTHbIX M 0 ¢S C A — HekoTopoe NoAMHOXKecTBO. Ilonoxum

B=A[S" 1= {a/beKla€A u b =1 unm asnsercs
MpOH3BEOECHHEM 3JIEMEHTOB U3 S}.

Joxaxure, uTo uiean I u3 B NONHOCTBK) ONpenenseTcs CBOMM IlepeceyeHHeM C A, H
YCTAHOBHTE, YTO M3 HETEPOBOCTH A ClIeAyeT HETEPOBOCTH B.

3.5. Tlyers J = (XY, XZ, YZ) C k[X, Y, Z]. Hatinure V[J] C A’. Spnserca nu oHO
HenpuBoAuMbIM? BepHo mu, uto J = [(V(J))? Hokaxure, uTo J He MOXKET OBITH NOPOXK-
IeH OByMs 3eMeHTaMH. [Iycrh Temeph J' = (XY, (X — Y)Z). Haiinute V(J') ¥ BbIuMC-
nute radJ’.

3.6. Myets J = (X* + Y* ~ 1, Y — 1). Haitmure fe I(V())\J.

3.7. Myers J = (X2 + Y* + Z%, XY + XZ + YZ). Hatinutre V(J) u I(V(J)).
3.8. JloxaxXHTe, yTO HENMPHBOAHMBbIE KOMIIOHEHTHI aJIrebpanvyeckoro MHOXECTBA OIpe-
neneHbl OJHO3HAYHO (4TO 6bLITO cthopMynHpoBaHo 6e3 mokasaTenscrsa B (3.7(b))). Oto

O3Ha4aeT, 4To ecnu V = U Vi = UWJ — [IBa HECOKPAaTHMBIX Da3JIOXEHHS MHOXXeCTBa
iel jeJ

V B 0ObenHHEHHe HEPHBOAMMBIX KOMIIOHEHT (T. e. Vi ¢V,., s i # i’), To Vi nonyua-

1oTcs H3 W, nepenymepaunei.

39.Myctb f = X — Y2mg = X> + XY? - ¥} — X*Y — X + Y. HaiiguTe Henpuso-
IMMBbIE KOMITOHEHTB! MHOXecTBa V(f, g) C Aé'

3.10. Tlyets J = (uw — v2, w® — u°). Tlokaxure, uto V(J) UMeeT [Be HENPHBOAUMBIE
KOMIIOHEHTBI, OJIHOH M3 KOTOpBIX sBnsercs kpuBas C u3 (3.11(b)).

JIokakHTe, YTO Ty Xe KPHByI0 C MOMHO 3a1aTh ABYMS YDaBHEHHAMH uw = v’ M
u® — 2u2vw + w' = 0. 310ech meno B TOM, YTO BTOPOE ypaBHEHHE, OTPaHHYEHHOE Ha KBa-
IDATHYHBIA KOHYC (4w = v?), CTAHOBHTCH MOXOXHM Ha NONHBIH KBanpar.

3.1 Tyets f=0v2 —uw, g=u*—vw, h=w — u’v. OnmumTe MHOrOOGpasme
V({f, g k) C A® Tak, xak 3T0 Aenanoch B ayxe (3.11(b)). Boiscuure, umeror nu V(f g),
V(f h) u V(g h) mpyrHe HHTepecHble KOMIIOHEHTbI?

3.12. (i) Jlokaxure, 4To Hajx NoBbIM HoneM k anrebpanueckoe MOIMHOXECTBO B Aj
160 KoHeyHo, NMGO coBmagaer ¢ AL. BbIBeIHTe OTCIOIA, YTO TOMOJIOTHS 3aPHCCKOTO
ABNAETCA KOGUHUTHOM TONONOTHEN.

(ii) IMycts ¥ — npoH3BONBHOE noJe H f, g € K[X, Y] — HeNpUBOAHMBIE 3JIEMEHTBI,
He KpaTHble apyr apyry. Jokaxure, uto V(f, g) xoneuyHo. (Yxasanne. O603HaubTe yepes
K none k(X). JoxaxuTe cHauana, 4To f M g He HMeIOT OoBUX OenHTeNed B obnactu
INIaBHBIX HaeanoB K[Y]. BuiBemuTe OTCIOAA, YTO CYLIECTBYIOT Takue p, q € K[Y], uto
pf + gg = 1. Jdance, npuBofa p U g k obmeMy 3HaMeHATEINlO, MOKAKHMTE, YTO CYIIECT-
BYWOT h€ k[X] u a, b€ k[X, Y], Takue, uto h = af + bg. CnenaiiTe U3 ITOTO BbIBOI,
YTO MMeeTcsA JIHIIb KOHEYHOE YHCIO AOMYCTHMMbIX 3HAYEHHH Ul X-KOODIMHATBI TOYEK
u V(£ g).)
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(ili) Joxakure, uto moboe anrebpanyeckoe MHOXECTBO V C Al sBnserca ob6bennHe-
HHEM KOHEYHOTO YHCIAa TOYEK H KPHBBIX.

3.13. (a) Tycts k — OGeckoHeynoe mone u f€ k[X1, ..., Xy]. Tlpeanonoxum, 4TO
f — He KoHcTaHTa, T. e. f ¢ k. Tlokaxure, uto V(f) # A;. (Vkazanue. TIpeanonoxure,
4TO B f BXONUT nepeMeHHasas X, H paccMOTpHTe pasnoxenue f = Xai(Xi, ..., Xn- )X

Bocnonb3lyiiTeck Teneps HHAYKUHEH no 1.)

(b) TIpenmoTokuM, yTo MONE kK anrebpaHyeckH 3aMKHYTO, a f TakoH XKe, Kak ¥ B II. (a).
TlycTh f HMeeT IO MepeMEHHON X, CTeneHb m H am (X1, ... , X, 1) X} sBnAeTca €ero crap-
LUHM uieHOM. TTOKaXHTe, 4TO €CIH @m # 0, TO CYLIECTBYET KOHEYHOE HEMYCTOE MHOXKeE-
CTBO ToueK M3 V(f), COOTBETCTBYIOLHX KaXIoMy Habopy 3HaueHuil (X1, ..., Xn-1). Bol-
BeMTe OTCIOfA, B YaCTHOCTH, uTO eciu n 2 2, To V(f) GeckoHeuHo.

(c) Obbenuusa pe3yibTarht 1. (b) ¥ ymp. 3.12 (iii), 10kaXHTe, YTO eCIH k — anrebpau-
YecKH 3aMKHYTOE [OJIe, TO Da3jIMyHble HEeMPHBOAHMBIE MHOTouIeHbl f € kK [X, Y] ompene-
JISKOT Da3/IMYHbIE TUIEPIOBEPXHOCTH B Al (cp. ¢ m. (a) pasm. 3.11).

(d) O6obumTe pe3ynbTaT m. (c) Ha caydaid Ag.

3.14. TlpuBeauTe NpuUMeEp, MOKA3bIBAIOWIMH, YTO [10Ka3aTENbCTBO J€MMbI Hémep o
Hopmanusayuu, npuseneHHoe B (3.13), He MPOXOAUT ANA KOHEYHOTO MOJIA k. (Yxaszauue.
Haitaure muorowren f(X, Y), mns xotoporo Fu(e, 1) = o — o, Tak uto Fg(a, 1) =0
I Bcex « € k.)

3.15. Tlyctb A -— komblio U A C B — KoHeuHasa A-anrebpa. [JOKaxuTe, YTO €CIH
m — MakcUMaJbHbId Huean B A, To mB # B. (Vka3anue. Ilpeanonoxum OpOTHBHOE, a
UMeHHO uTo B = mB. Torna ecnu B = L Ab;, To b = Zay;b; nna Bcex i, rae a; € m.
JlokaxuTe Tenepb, YTO

A = det(dy — ai) = 0,

¥ nonyuurte, 4To lp € m. IlporuBopeune. (CM. Takxke [ATbA, MaxnoHanpa, npemt. 2.4
u cnen. 2.5].)

3.16. Tlycts A = klay, ... , @n} YAOBIETBOPSAET MOCBUIKAM JIEMMBbI Hérep o HopManu-
zauuu (3.13). Tlonoxum I = ker {k[X1, ..., Xul = kla1, ..., a,] = A} H pacCMOTpUM
V =Vv{) B A}. TIpeanono)uM s IPOCTOThI, 4TO [ HPOCT.

Iycts Yi, ..., Ym — obume jauHeHHbIE dopmer oT X1, ..., Xin. Obo3HauuM uepes
m: Aj = A} JNTHHEHHYIO NPOEKUHIO, ONPEIeNICHHYIO dopMamu Yy, ..., Ym, H DOJIOKHM
p = 7wl V> AL, JoKaxuTe, 4TO H3 (3.13(1)) "u (3.13(iD)) BbITeKaer, 4TO Mpoobpa3
p~'(P) nioboit Touku P € AL ABNAETCA KOHEYHBIM MHOXECTBOM, KOTODOE HENYCTO, eCid
k anrebpauyecku 3aMkHyToO. (YkazaHue. J COAEPXUT HOPDMHDOBAHHBIC COOTHOIICHHS Hal
k[Y1, ..., Ym] oTHOCHTENbHO BceX X;. M3 3TOro Nerko BBITCKAET YCJIOBHE KOHCUHOCTH.
Jlns A0Ka3aTenbCTBA HEMyCTOTHI BOCHOMB3YHTECH yOp. 3.15, yTOOB! MONMYYHTh, YTO JUIA
no6oi Touxkd P = (by, ..., bm) € A upean J, = I + (Y1 — b1, ..., Y — bm) He coBna-
aaer ¢ k[Xi, ..., Xm]. 3aTeM NIDUMEHHTE YTBEPXKACHHE O HENMYCTOTE M3 Nullstellensatz.)

§ 4. ®yHKIMM HA MHOrooOpasusx

B sTrom maparpade s paboTaro ¢ GUKCHPOBaHHLIM noneM k. Haum-
Has ¢ (4.8(I1)) u nmanee mone k GyneT mpeanonaraThbcs anrebpanuecku
3aMKHYTbIM. YHuTaTenb, KOTOpbIH OymeT cunTaTh, uto k = C, norepser
HEMHOTO, a ICHXOJIOTMUECKHM, BO3MOXHO, Oyner jerde. B HEKOTODBIX
CITyyasx AJis ynpomieHHs 00O3HAueHHil MoJjie kK He yKa3bIBaeTCs.
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(4.1) INoamHomuanbubie ¢yHkumu. [lycty V C A — anreGpanue-
Ckoe MHOXecTBO, a I(V) — ero upean. Torma ¢akTopKoabLO
k{V] = k[X1, ..., Xal/I(V) ecTecTBEHHLIM 00pa30OM OTOKIECTBIIAETCA
¢ xonbuoM ¢ynkuuit Ha V. Tounee, onpenenuM ROAUHOMUAABHYIO BYHK-
yuro Ha V xak orobpaxkenue f: V — k Buga P~ F(P), rne Fe k[X,, ...
..., Xyl. OTO O3HauaeT, yTO f ABNAETCA OrpaHUUEHHEM OTOOpPAKEHHS
F: A" — k, 3apansHoro MHorounenom. Cornaco onpenenenuro I(V),
nBa sementa K G € k[ X1, ..., X} onpenenstoT oany u Ty xe (yHK-
U0 Ha V Torma M Tonbko ToOraa, xorga

F(P) — G(P) =0 nnsa Bcex PeV,

T. € Toraa M TOIbKO Toraa, korna F — G € I(V). OnpenenumM xoopou-
Hamnoe koavyo k[V] caemyrommm oOpaszoMm:

k[V]

{f V- klf — nonunomuaneHas QyHkuusa} =
k[Xi, ..., Xal/I(V).

n

OHO sBNIsleTCA HAUMEHBIIUM K3 KoJylen QGYHKIMA Ha V, comepxaiux Ko-
ODJIUHATHbIE GYHKIMH X; (Hapsay ¢ moieM k), Tak 4TO B 3TOM clTyuae
TPaAgHIMOHHOE Ha3BaHHE [TOCTATOYHO €CTECTBEHHO.

(4.2) k[V] n anredOpanueckre noaMHoxkecTBa B V. Anredpanueckoe
MHOXecTBO X C A" comepxutca B V Torga ¥ Tompko Torma, Koraa

I(X) D I(V). C opyroii cropoHsl, uaeansl konsia k[X, ..., X,], co-
aepxxamue I(V), HaxooATCA B OUEBHOHOM OHEKTUBHOM COOTBETCTBHH C
upeanamu B k[ X1, ..., Xz)/I(V). (IlopasMeiuisiite, He TOPONACH, €CITH
BaM 3TO HE KaXeTcs oueBHAHBIM. JIelcTBUTENbHO, HOean J, Takoi, 4To
(V) CJCk[X1, ..., Xal, coorBercTByer uneany J/I(V). U1 obparHo,
unean Jo B k[X1,..., Xz1/I(V) coorBercrByeT CBOEMY mpooGpa3y B
k[ X1, ..., Xi].)

IMostomy cnenytome coorserctBust I u V:

{upeansr I C k[v]} i {nonMHOXecTBa X C V},

3anaHHoe (opMYIoit
I~ V(I)={PeVIf(P)=0 nna scex fel},

{uneansr J C k[V]}<I— {nonmuoxecrea X C V),

3agaHHoe (opmynoii
I(X) = {fek[V]If(P) =0 ansa Bcex Pe X} < X,

ONPENENAIOTC TaK Ke, Kak B § 3, H MMEIOT aHaJIOTHYHBIE CBOMHCTBa.
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B yacTHOCTH, anredbpanyeckoc MHOXECTBO V cHabOXeHO Tomonoruei 3a-
PHCCKOTO, 3aMKHYTLIMH MHOXECTBAMH KOTODOH #BIAIOTCA anredpau-
YecKHUe TMOAMHOXECTBA (pa3yMeercs, 3Ta TOIOJOTHA MHAYUMPOBAaHA Ha
V kak Ha NOAMPOCTPAHCTBE TONOJIOTHEH 3apHccKoro Ha A™).

Ipeanosxkenue. [Tycmb V C A" — aneebpauueckoe nOOMHOXECMEBO.
Cnedyrowjue yca08uUA 3K6UBANEHMHDL:

(i) V menpusooumo;

(ii) 012 n106bix 08yx omkpbiinblx noomuoxecme & # Uy, U C V
umeem U, NU, #

(iii) at0boe Henycmoe omkpbinmoe noomuoxcecmeo U C V asasemcea
nAOMHbBIM.

Bce 3TH yTBepXKOECHHS BIOJNHE TpPUBHANIbHbI. HenpusoaumocTs V
O3HayaeT, YTO V He MOXKET OLITh NMpPEACTaBJIeHO B BUAE OObEAHHEHHs
JBYX COOCTBEHHBLIX 3aMKHYTBHIX MOJMHOXECTB, a (ii) ABIAeTCA MPOCTO
nepedOopMYJIMPDOBKOH 3TOro 3aMeuyaHHss B TepMMHAax [ONOJHEHWH, Tak

KakK
UNUs =@ e V= (VN U)U\ ).

TTOAMHOMECTBO TOMOJIOTHYECKOTO TPOCTPAHCTBA SABIAETCS IUIOTHBIM
TOTJa H TOJBLKO TOrAA, KOrJa OHO Mmepecekaercs ¢ JHOOBIM OTKPLITHIM
MHOKECTBOM, Tak 4To (iii) — 3TO0 mpocTo mepedopMynHpoBka (ii).

(4.3) IoannoMuaabHble oTobpaxenus. Ilycts V C A" u W C A" —
anrebpanyeckue MHo)kecTBa. QOo3HaukM uepe3 Xi, ..., Xo B Y1, ..., Yo
KoopauHaThl Ha A” U A™ COOTBETCTBEHHO.

Onpeaeaenue. OToOpaxkeHue f: V — W Ha3bIBaeTcsi HOAUHOMUAb-
HbIM, €CIIH CYLLECTBYeT HAOOp W3 M TaKUX MHorowieHos Fi,..., Fiu €
€ k[X1,..., Xu], uto mis Bcex PeV

f(P) = (Fi(P), ..., Fn(P)) € AL.

DTO oOmNpeneieHHe SBIAETCA OYEBHIHBIM OOOOLIeHHEM TNPUBEAECHHOIO
BBIIIE TIOHSITHS TOJMHOMHANBHON (QYHKIIHH.

VYrBepxkaenune. Omobpawenue f. V— W aensemca noAuHOMUAQb-
HbiM mM020a U MOAbKO moz0a, Ko20a 044 ecex | xomnosuyus omobpa-
wenuil fi = Yjof noaunomuanvha:

S

V — w WCAT

J

P l Y, (/-1 xoopaMHaTHas GyHKUHR)
i)

k
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210 oueBHAHO. HdelicTBHUTENBHO, NycTk f 3agaHo HaGopom Fi, ...
..., Fm; TOrOa xomMno3uuusi uMeetT Bua P — F;(P) u sBnsieTcs, OYEBHI-
HO, MOJHHOMHaNIBHON ¢yHKIHeH. O6parHo, ecnu fj € k[ V] mns Bcex J,

TO npH 1rob6oM Beibope Fj € k[ X1, ..., Xa], Takux, uto f; = FymodI(V),
MoJIyuaeTcs NpeacraBlieHHe f B BH/E IMOJMHOMHAIBHOIO OTOOpaXKeHus,
3agaHHoro Habopom (Fi, ..., Fu).

B cBete 3TOr0 yTBEepKIEHHs OTOOpaxkeHHe f MOXKET ObLITH 3alKCcano
B BHIe f= (f1,..., fu).

KoMmo3unus NOMTHHOMHAJIBHBIX OTOOpaKEHMit Ompeaensercs ode-
BHAHBIM o6pazoM. Ecom V C A", W C A™u U C A — anrebpanueckue
MHOXecCTBa, a f: V—> W u g W— U -— NOIHHOMHAIBHbLIE oToGpake-
Husl, TO gof: V' — U Takxke NMOTUHOMHAIILHO; HEHCTBHTENBHO, €CIH f

3agaHo MHorouneHamu Fi, ..., Fn€ k[Xy, ..., Xnl, a g 3a0aHO MHO-
rounedamMu Gi, ..., Gi€k[Y1,..., Ynl, TO gof 3amaercs MHOTO-
YJIeHaMH

Gi(Fi, ..., Fm),..., Gi(Fi, ..., F)ekiXy, ..., Xl

Onpepnenenne. [TonuHoMuanbHoe oToOpaxenne f: V — W anrebpau-
YECKHX MHOJKECTB Ha3bIBAETCH UZ0OMOPEHUIMOM, €CIIU CYLecTBYeT MOJIH-
HOMHaNbHOE OoTOoOpaxenue g: W — V, Takoe, 4to fog = gof = id.

MBI yXe NPHBOAMIM HECKOJIBKO NPHMEDPOB IOJIMHOMHAIBHBIX OTO-
6paxennit. Tak, oToGpaxenus napamerpusamin R' — C C R? u3 (2.1),
3anasaeMble Gopmynamu £ = (¢, £2) umu t— (> — 1, 13 — 1), a Takxe
otobpaxenue k > C C A} u3s (3.11(b)), 3anannoe hopmymnoit 1 — (¢3, ¢4,
£°), ABHO HMeIOT TpeGyeMblii Bua. KpoMme 3TOrO mpH 06CYXIEHUH HOp-
Manuzaund Hérep paccMaTpuBanocks anrebpanyeckoe MHOMKECTBO
V C A% n obmas npoekuus p: V — AF, onpeleleHHas m «I0CTATOYHO
obmumMu» NMuHeWHbIMH GopMaMH Y7, ..., Y. Tak xak Y; sBaswoTcs M-
HEeHHbIMH (OPMaMH OT KOOpIAMHAT X; B Af, TO 3TO 0TOOpaxkeHue nou-
HOMHAJILHO.

C apyroit cTopoHbl, HapaMeTpH3alHs OKPY>KHOCTH U3 pasa. (1.1) za-
laeTcs palMoOHATLHbIMH (GYHKUHAMH, a He HOJIMHOMUAIBHBIMH, TAK KaK
B 3HaMeHaresle cTOMT Bhipaxenne (A2 + 1). [To To#l e IpHuHHEe He ro-
INUTCs Takxke u obpatHoe oTobpaxenne (X, Y) — =1 = Y/X moboit u3
0coBbIX KyGHk C C R? Ha R! (TouHee, He TOOMTCS OQHHAA 3ANUCH).

(4.4) INonunomuanbHbie oTo6paxenuns M k[V]

Teopema. ITycmb, kak u eviwe, V C A; u W C AF — aseebpauve-
CKUE MHONeCmEa.
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() IHoaunomuanvroe omobpaxernue f: V— W unoyyupyem 20mo-
mopguszm koney f* k(W] — k[V], onpeoensembiil e3amuem KOMNO3u-
yuu Pynxyuii. A umenno ecau g € k(W1 — noauHomuanvHas PyHKYus,
mo f*(g) = gof makwe noauHomMuanvHa u g — gof onpedensem 20mo-
MOpPusm Koney U  OelicmeumenbHocmu oaxe 20mMomoppuim k-anzebp
f* k[W]— k[V]. (Bamemum, umo >3mo omobpawmeHue Oeicmeyem &
cmopony, obpamuyro f.)

(I1) H o6pammo, nwboit comomoppusm k-anzebp ®: k[W] — k[V]
umeem 6uo ® = f* 0414 HeKOMOPO20 OOHO3HAYHO ONPEOeNeHHO20 NOAU-
HOMuaneHo20 omobpawenua f:V = W.

Taxum obpazom, (1) u (II) noxaswiearom, umo omobpaxrerue

NOAUHOMUAbHbBIE R 2omomopgusmel k-aneebp
omobpawenua f: V- W & k(W] - k(V] ’

3a0anHoe Ppopmyaol [~ [, aeasemcs 6uexyueil.

(I11) Ecau f: V= W u g: W— U — noauHomuanvbHble omobpaxnce-
Hus, mo 08a Koavyeswvlx comomoppuima(gof)’ = fog” k[U] — k[V]
cosnaoarom.

Ioxazamensvcmeo. (I) B cuny Toro, 4ro roBopuwnoch B (4.3), (@
ABNISETCA TONMHOMHMAIbLHBLIM OTOOpaxkenuem V — k M, cIedoBaTeNBHO,
f"(g) € k[V]. OueBnaHO, 4TO f (@) = a nna Beex a € k (Tak Kak k pac-
CMaTpHBAEeTCS KaK MHOXECTBO TMOCTOAHHBIX QyHKuui Ha V, W). U Ha-
KOHell, TOT (axT, uto f ¥ . KOJIbLICBOI TOMOMODP(®HU3M, TOTY4aeTCA aB-
TOMAaTHUECKH, Tax Kak U K[W] u k[V] apnstorcs Konbluam# QYHKIHH.
(Konbuepasi cTpyKTypa ompenensieTcs NMOTOYEUHO; Tak, HampHMep, IS
g1, 82 € k[W] cymma g; + g2 onpezensiercss kak QyHkuus Ha W, Takas,
uro (g1 + &2)(P) = &1(P) + &(P) nna Bcex P € W. CrnenoparenbHo,
e+ 2)(©Q) = (@ + 2 ((Q) =& (f(Q) + Q) = (@) +/ &(Q)
Haperoch, YTO HHUKTO HE CTaHeT YUTAThb 3TOH epyHAbI?)

(III) mpocTo o©O3HauYaeT, 4YTO KOMIO3HMIMSA OTOODaKEHHH acCOLH-
aTHBHA.

(II) JoxasaTenbCTBO 3TOr0 MyHKTa OoJiee 3aMbICTIOBATOE, XOTS €ro
comepxaTenbHasd HArpy3ka HHYyThb HE BBIIIE, YEM Yy NPOYHX OYHKTOB.

Ins Bcex i = 1,..., m obo3naunm uepe3 y; € k[W] i-10 KOOPAUHATHYIO
dyuxuuio Ha W; 3HauYHT,
k(W] = k[y1, ..., Ym] = k[Y1, .o, Yul/I(W).

Takum o6paszom, 3amano ortobpaxenue ®: k[W]— k[V] u MoxHO
onpenenuTs f; € k[V] dopmynoit fi = ®(yi).
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Paccmorpum orobpakenue f: V- AR, onpenernienHoe HaBopoM (hyHKIM
SPY = (fi(P), ..., fm(P)). OHO nomMHOMHMANBHO, Tak KaK f; € k[V].
Bonee Toro, MOXHO yTBepXnaTh, 4TO f oTtobpaxaer V B W, T. e.
SV) C W. B camom mene, npeanonoxuM, uro G € (W) C k[Y, ..., Yul;

TOrIa .
GO, ooy Ym) = 0€k[W],

rae JieBas 4acTh O3HAYaeT, YTO B NMOJHHOMHAJILHOE BhIpaxeHue G moa-
CTaBJICHBl 3J€MEHThI y; Konbua. CnenoBarenbHo, ®(G(yy, ..., Ym)) =
=0€k[V], u Tak kak ® — romomMopdusm k-anrebp, To

k[V] 30 = 4>(G(y1, vee s ym)) = G(‘i’()ﬁ), cee s 4’(}’,")) = G(fl, “eey fm)

Ji — oynkunu Ha V, u G(f1, ..., fm) € k[V] aBngeTcs no onpenenenuio
oynkuueit Buga P — G(f1(P), ..., fm(P)). DTUM [OKA3aHO, YTO /IS TOY-
kH P€V u npoussonbHoro G € I(W) koopauHatel (fi(P), ..., fin(P))
TOYKH f(P) ymOBNETBOPAIOT COOTHOWEHHIO G(fi(P), ..., fm(P)) = 0.
Tlockonmeky W — mNOOMHOXKECTBO B AY, ompexeasemoe TE€M, UTO
G € I(W) obpamaloTcss Ha HeM B Hyib, mojiyyaeM yto f(P)€ W. D10
JOKa3bIBaET, YTO paccMaTpHBaeMoOe OTOGpakeHHe f ABISAETCA MOJIMHO-
MHAIBHBIM OTOOpaxkeHHeM V — W. UTo6kl y6emuThCs, UTO aBa TOMO-
Moppusma f, &: k[W] — k[V] k-anredp COBNAKAIOT, JIOCTATOYHO IMPOBE-
PHTBb, YTO OHH COBNANAIOT Ha OBpasyIoUX, T. €. f (Vi) = & (y). Hecnox-
HbIH aHanu3 crnocoba nocTpoenusi f (B Hauane Aokaszatenscrsa M. (ii) Bblie)
MOKa3bIBACT, UTO 3TO NEHCTBUTEIBHO TakK. COBEPIIEHHO AHAJIOTHYHOE
Paccy>xICHHE YCTaHABJIMBAET, UTO OTOOpa)keHHe f ONHO3HAYHO OmMpele-
nsiercs ycnosueM f(v) = ®(y). U.T.n.

(4.5) Cnenctue. IToaunomuaavhoe omobpaxcenue f:V — W senn-
emcA  U3OMOpPUIMOM mo20a u moavbko mo2da, ko2da f:k[W] -
= k[V] — uszomopguzm.

Ipumep. Han GeckoHeunblM monmeM Kk mOMMHOMHAIBHOE OTOGpa-
JKEHHe

o Ah = C: (Y: = XY C AZ,

3agaHHoe ¢opmyoi T - (T2, T3), He SBJISIETCA HU30MOPQPH3IMOM, Tak
KaK B 3TOM CjIy4ae TOMOMOD(PH3M

@' k[C] = k[X, YI/(Y* = X°)~> k[T
3amaercst dopmynoit X — T2 Y ~ T°. Obpas ¢ sBasercs k-aiare6poit,
nopoxaenHolt 72 u T3, a k[T? T*] crporo conepkutes B k[T] (Tosxa-

- 2 3
nykicta, ybeaurech, YTO BaM HOHATHO, nouemy 7° u 7° He MOpPOXIaroT
k[T]. TyT s BamM nomoub He 6epych.)
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3aMeTHM, 4TO ¢ OHEKTHBHO M, CII€IOBATENIBHO, UMEET BIIOJIHE XOPO-
mee obpaTHoe oTobpaxeHne . C — AL, 3amaBaeMoe (OPMYIOi
X, ND-0mpu X =Y=0u (X, YY)~ Y/X B octayibHBIX chyyasx. [1o-
yeMy Xe B TaKOM Clyudae ¢ He aABnsieTcs H3omopdusmMom? emo B ToM,
yto Ha C MMeeTcs MeHbIIe MTOIHHOMHAIBHBIX (GYHKIMii, yeM Ha A'. Ha
caMoM fene Bbl Mornud Obl goraaatrbcsi 06 3TOM M CaMH, TaK Kak B
konmbue k[A']l = k[T] ecTh nonuHOMHuATbHAS GYHKHOMA C HEHYJIEBOMH
npou3BoaHoii B Touke (. Co3maercsl OLIYIIEHHE, YTO ¢ «CITIOUIMBAET
KacaTeNnbHblE BEKTOPHI B TOuke O».

(4.6) Adbdunnbie MHoroo6pasusa. Ilycte &k — none. Aggunnbim mMHO-
2006pa3uem s Oyny Ha3bIBaTh HENPUBOAMMOE aaredpanueckoe MOJAMHO-
KectBO V C AR, omnpedeleHHOe ¢ TOYHOCTBIO 10 H3o0MOpdH3Ma.

Teopema (4.4) o3HauaeT, YTO KOOPAMHATHOE KONLLO k[V] sBnsercs
MHBApHAHTOM MHoroo6pasus V ¢ TOYHOCTBLIO OO0 u3oMopduzma. ITo
TO3BOJIIET HAM [IaTh OMNpeaeleHHe MHOrooOpasusi, B KOTOPOM MeHbIIe
HCIONb3yeTCs 00BbeEMITIONIEE TPOCTPAaHCTBO Af. Haire xenanue noOuTh-
Cs TAKOro OIpedesieHHs] BbI3BAHO OOBOJBHO CMYTHBIMH TNPHYHHAMH,
H ¢ MPaKTHYECKOIl CTOPOHBI YHTATEIb HE MHOTO IOTEPSET, €C/IH IIPOMT-
HOpHpYeT ero. B panbHeitmieM adduHHOE MHOroobpasue OyJeT NOHM-
MaTbCs B YKa3aHHOM BbllIe cMbIcie (mepexonute k 1. (4.7)).

Onpenenenne. Agfunnbirm mHo2006pasuem Haa noneM K Ha3biBaeT-
¢l MOAMHOXeCTBO V BMecTe ¢ KoibloM k[V] k-3HauHbIX QyHKIMI
f: V- k, Takue, uTO

(i) k[V] — xoHeuHO moOpoXaeHHas k-anredpa;
(i) IpH HEKOTOPOM BbIOOPE 0Opa3ylIuX Xi, ..., X, B Koible k[V]
oTobpaxeHnue
V- AL,

3amaHHoe dopMyoi
P~ (x1(P), ..., xa(P)),

onpenenseT BIOXeHHE V Kak HECMIPHUBOAUMOT O anre6panqec1<oro MHO-
JKeCTBa.

(4.7) Mone ¢yukumit, Ilycte V — adbdunnoe MHoroobpasue. Toraa
KoopAHHaTHOe Kombuo k[V] MHoroobpasuss V' — 310 00/1aCTh LENOCT-
HOCTH, 3JIEMEHTAaMHM KOTOPOH SABIAIOTCA K-3HauHble GyHKuud Ha V.

Onpenenenue. IToaem @ynxyuii k(V) Muoroobpasust V HasbiBaeTcs
noJie 4acTHLIX k(V) = Quot(k[V]) xonbua k{V]. Dnement f€ k(V) Ha-
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3bIBAETCA payuoHanvHol Pynkyuei Ha V. 3aMeruM, uto f€k(V)
ABJISETCA TO OmpedeNeHH0 oTHomeHHeM f = g/h, roe g he€k[V] u
h #0.

AnpUOpH M3-3a HyNel Gyukuuu # f He ABIseTcA QyHKuMed Ha V.
TeM He MeHee f KOPpEKTHO ompeneseHa B Touke P€ V, ecmu h(P) # 0,
TaK YTO OHA ABJSETCA MO KpaiHedl Mepe «4acTUYHO OmpelesIEHHOH»
¢yukumeii. Ceiiuac MbI BBEIEM TEPMHHOJIOTHIO, MOAKPEIUIAIOLIYIO 3TO
TIOHATHE.

Onpenenenve. Iycts f€ k(V) u P€ V. CkaxeM, 4To f pe2yaspHa B
Touke P Wid 4TO P NpUHAMIEKUT obaacmu onpeodenenus GYHKUMHU f,
ecIH CYIIeCTBYeT IpeacTasiedue f = g/h, roe g h€k[V] u h(P) # 0.

BaxxHoe 06CTOATENLCTBO, KOTOPOE CIeAyeT UMeTh B BHAY, 3aKjioya-
eTcs B TOM, 4TO, Kak mpaBuiio, K[V] He sBnsercs obnacTbiO ¢ OMHO-
3HAUHBIM Da3fIOKEHHEM Ha MHOXHTENM, T. €. A f€ kK(V) MoryT cy-
LIECTBOBATh NPHHLHUMHANLHO pa3Hble MpeacTasieHus f = g/h (cM., Ha-
npuMep, yip. 4.9). Uepes

domf = {P¢€ VIf perynapHa B Touke P}
0603HaunM o06aacme onpeoenerus GYHKUMUA f U 3alUIIEM
Ay p = {f€k(V)If perynapua B Touke P} = k[V][{h~'1h(P) # 0}].

Torna &y, p C k(V) sBnseTcs MOAKOJIBLOM, Ha3bIBAEMBIM /0KA/IbHbIM
kxoabyom MHoroobpaszus V B Touke P

(4.8) Teopema. (I) domf asaaemca omkpbimbiv U NAOMHbBIM 8 MONO-
n02UU 3apucck020 MHOXECmBOM.
IIpednonoxcum, umo k aneebpauuecku 3amKHYMO; mo20a

(1) domf = Ve fek[V];

(m. e. monMHOMHANBHAS GYHKUHSA — 3M0 DeEryjlspHas PanvOHaJIbHas
bynkuus). Bosee mozo, 0aa awbozo h e k[V] noaomum

Vi=V\ V(h) = {PeVIWP) #0};
moeoa
{im domf D Vi e fek[VI[h™ .
Ioxaszamenscmeo. OnpenenuM udean 3HameHameneid  QyHKIUU
f€k[V] cooTHOIEHHEM
De={hek[V]Ihfek[V]) Ck[V] =
= {hek[V]| cymecTByer npencrasneHue f=g/h, rTOe g€ k[viui{oj.
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U3 nepBoit ¢cTpokH oueBHOHO, uTO Dy ABnfercs uaeanoM B k[V]. Toraa
aBTOMATHYECKH MOJIY4aeM, 4YTO

VNdomf= {PeVIh(P)=0 ana scex he€ D} = V(Dy),

Tak uto V Ndomf sBnseTca anrebpanueckuM MHoOXecTBoM B V. Cneno-

patenbHo, domf = V \ V(Dy) — nononHeHHe K 3aMKHYTOMY MHOXe-

CTBY, H, TaKUM 00pa3oM, OHO OTKpBITO B Tomojioruu 3apucckoro. Oue-

BUOHO, uTO domf HemycTo H, 3HAQUHT, B CHIAY ymp. 4.2 IJIOTHO.
Hanee, ucnonb3ys m. (b) u3 Nullstellensatz momyuum

domf=Ve VD)= & 1eDs, 1. e fek[V].
W, naxoner,

domf D Vi ¢ h obpamaerca B Hynp Ha V(Dy)

u B cuiy 1. (¢) u3 Nullstellensatz

& h™ € Dy nns HekoToporo n, T. e. f= g/h"€ k[V][A~']. U.T.A.

(4.9) PaumoHabHbie oToOpaxenus. [Tycts V — addunnoe MHoro-
obpasue.

Onpenenenue. Payuornanvroim omobpaxcenuem f.V — — AL Ha3bl-
BaeTCsl YacTHYHO OlpedelieHHoe OTOOpaKeHHe, 3aJaHHOe palHOHAJILHLI-
MM OYHKUUAMH fi,..., fa, T. €

SP) = (iP), ..., fa(P)) nna Bcex Pe()domf;.

ITo onpenenennto domf = (domf;. Kak M paHee, f Ha3blBaeTcs pe2y-
/IApHbIM B Touke P € V torma u Tonbko toraa, koraa P € domf. Panmo-
HanpHOEe oToOpaxenue V — — W aByx adduuHBEIX MHOroo6pazui
VCcA™ uw WCA™ onpemensercsi Kak palMOHAJIBHOE OTOOpakeHHe
fiV——> A" Ttakoe, uto f(domf) C W.

JlBa npuMepa panMOHAILHBIX OTOOpaKeHHM OBIIM ONMCAaHBI B KOHIIE
pasn. (4.3).

(4.10) KomMmno3uuMs pauMOHAJLHBIX OTO6GpakeHWid. KoMIo3uius
gof pauHOHaNBHBIX oTOoOpaxkeHuit f: V — = W wu g: W — — U MoxeT
ObITH He onpeneneHa. DTa TPYAHOCTh BBHI3BAHA TEM, YTO DALUOHATIBLHOE
oToOpa)keHHE He SBISETCS HACTOSIINM OTOOPAXKEHHEM; B €CTECTBEHHOM
H OUYEBHUHOM CMBICIIE KOMIIO3HLHS OmnpeneneHa Ha MHoxecTBe domfN
Nf~!(domg), KOTOpoe BIOHE MOXET OKa3aThCA nycThIM (CM. yIp.
4.10).
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Dta Ke nNpobnemMa BO3ZHHKAET M NpH anreOpanyecKo TpPaKTOBKE. A
HMEHHO, NMycTh f 3amano HabopoM fi, ..., fm€k(V), Tak 4TO

frV—>WCA™

no dopmyie

P (.fl(P)9 sers fm(P))’

rae P e (N domyf;. Trobas dyukuus g € k[W1 nmeer Bua g = Gmod (W)
i mekoToporo G e k[Yy, ..., Yml, u xoMuosuuus gof = G(fi, ..., fm)
KoppekTHO ompeneneHa B (V). TakuM obpasoM, Tak e Kak B pasl.
(4.4), uMeeT MecTO roMOMOpPGHU3M Kk-anredp

f*: k[W] - k(V)a

cooTBercTBYOmMit dyHkuuu f. OnHako ecnum h € kK[W] nexur B saape
oTobpaxkenys f, TO BbIpaKeHHIO f (g/h) Hemb3s NpHAATH HHKAKOTO
CMBICTA, T. €. f  He MOXeT GbITh NPONOIKEHO IO FOMOMOpPGH3MA MOo-
neit k(W) — k(V).

Onpenenenne. Otobpaxenue f: V — — W nHazbiBaeTcs OOMUHAHM-
rboim, ecnn f(domf) mmorHo B W B Tomosiornd 3apHCCKOTO.

TeoMeTpuyeckH 3TO o03HAYaeT, 4TO M8 mMOGOro paudoHaJIbHOTO
oTobpaxenns g: W— — U npoobpas f~'(domg) C domf sBnsercs or-
KDBITBIM IUIOTHBIM MHOXECTBOM B TOIOJIOTHH 3apHCCKOTO, TaK 4YTO
KOMIIO3HIHS gof OmpedesieHa Ha OTKPBITOM IUIOTHOM MNOAMHOMECTBE
B V W ABRAEeTCS YACTHYHO ONpPEHEIICHHBIM OTOOpakeHuem V — — U.

C anrebpanyeckoil TOYKH 3PEHH:A

f nomunaHTHO & f*: k[W] — k[V] MHBEKTHBHO.

Hna 3apanHoro g€ k[W] monyuaem, uTo
gekerf e f(domf) C V(g),

T. e f  He sBAseTcs WMHBEKTHBHBIM TOrAa H TOMBKO TOTAA, KOTAa
f(domf) comepxkuTcs B COGCTBEHHOM anreGpaHuYecKOM MOAMHOXKECTBE
MHOTroo0Opa3us W,

O4eBHAHO, YTO KOMITO3HLMSA g of pPAlMOHAIBHBIX OTOOpakenuii f u
£ omnpenerneHa, eciH f JOMHHAHTHO. B 3TOM ciiydae gof sABIAeTcs pa-
LHHOHAJIBHBIM OTOOpa)KeHHeM ¢ KOMMOOHEHTaMH f*(g,-). 3aMeTHM, 4TO
obnacTh ompeneneHHs gof, OueBHAHO, coaepkHT f '(domg)Ndomf,
HO BNOJIHE MOXeT ObIThb Oosiblile (cM. ymp. 4.6).
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(4.11) Teopema. (I) Homunanmuoe payuoHaibHoe OMOOGpaxceHue
f:V — = W onpedeasem 2omomopgusm noaeii [ k(W) - k(V).

() Obpamno, k-eomomopgpusm ®: k(W) = k(V) unoyyupyemcsa oo-
HO3HAYHO ONnpedeneHHbIM OOMUHAHMHBIM DAYUOHAAbHBIM OMOBGpaxNce-
Huem f:V — - W.

(I1l) Ecau f u g domunanmusr, mo (gof)’ = frog”.

Hokaszamenbcmao mnonydaeTcs HeOOJIBIIAM H3MEHEHHEM pacCyXie-
HUA u3 (4.4).

(4.12) Mopdu3mMbl M3 OTKPLITOro HOAMHOMXECTBA AQGUHHOIO MHO-
roodpasusi. Ilycte V u W — addunusie muoroobpasust, a UC V —
OTKPBITOE TMOJAMHOYECTRO.

Onpeaenenme. Mopgusmom f: U — W HasbiBaeTcss palMOHAIILHOE
oTtobpaxenue f: V — — W, Takoe, utro U C domf, T. e. f perynspHo BO
Bcex Toykax Pe U,

Ecmu Ui CV u Uy C W — OTKpPBIThIE MHOXECTBA, TO MOpPGH3IM
S+ Ui » Uy — 310 npocto mophusm f: Uy = W, takoit, uto f(Ui) T U,.
H3omopghuzmom HazpiBaeTcsl MOP(H3M, HMEIOWIMH JABYCTOPOHHHMIH 00-
paTHbIA MOpPGHU3IM.

3amMeTuM, uTo ecnud V u W — adoduHHbIe MHOroOOpa3sus, TO IO
n. (II) teopembi (4.8)

{mMopdusmsr f: V- W} = {nonuHoMHaNbHbIE OTOOpPAaKEHHUS
Sr Vo W
JleBasgs yacTh 3TOro0 COOTHOILEHHS CONEPKUT palMOHaIbHbiE OOBEKTHI,

HOAYUHEHHBIE YCIIOBHAM PErYJIsIPHOCTH, B TO BPEMsA Kak IpaBas 4acTb
onpenensaeTca Oornee HENOCPEACTBEHHO 4YEpPE3 MHOTOUYJICHHI.

TIpumep. TlapaMeTpuzauus TONyKyOudeckoir mapabonsr Al —
- C: (Y* = X*) u3 pasa. (2.1) unayuupyer uzomopdmsm A \ {0}
= CN{(, 0)} (neranmu cMm. B yop. 4.5).

i

(4.13) CranaapTHble OTKPbIThIE MOAMHOMKecTBa. I1ycTh V — abdun-
HOe MHOroobOpa3ue. [ns f€ k[V] o0o3Hauum uepe3 Vy OTKPHITOE MHO-
xeetBo Vi= VN V(f) = {PeVIf(P)#0}. Takue V; Ha3zsIBaloTCA
CIaHOGDMHBIMU OMKPLIMbIMU MHOXeCmeamu ¢ V.

INpenanoskenue. Vy usomopgno aggpunnomy mmoeoobpasuro, u

ksl = kIVILF '
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Hokazameascmeo. Wnges 3akmouaeTcs B PACCMOTpPEHUHM rpaduka
¢byHKuMH f~'. AHAnOTWuHBLIA NpPHEM HCIONB30BANICA NpPH NOKa3aTenb-
cree ummaukanuu (b) = (¢) B Nullstellensatz (3.10).

pi (X, ¥Y) - X

g: X = (X, F(X)™"

Mycte J = I(V) C k[X1, ..., Xn]. Boibepem F € k[X1, ..., Xa] Tak,
yro f= FmodI(V). Tlonoxum Ttenepy [ =(J, YF —1)Ck{Xy,...
vy Xny, Yl

v = wc AT

Jlerko NpOBEpUTBh, UYTO OTOOpaKEHMs, HM300DaKEHHBLIE HA IUATPAMME,
SBJSIOTCA B3aMMHO 0OpaTHBIMH MOpduzMaMu MHoroobpaszuit W u Vr.
VTBep)KIEHHE O KOODIMHATHOM KOJIbLE COJAEPXKUTCA B Teopeme (4.8).
Y.,

CTaHJapTHBIE OTKPBITbIE MHOXECTBA Vy BAXKHBI T€M, 4TO OHU 00pa-
3y:0T 6a3uc TOMOJOTUH 3apHCCKOTO Ha V. A MMEHHO, KaXO0€ OTKPBITOE
MHoxecTBo U C V sBnserca oObequHeHHeM MHOXecTB Vy (Tak Kak Jiio-

Goe 3aMKHyTOe TOAMHOXecTBo umeer Bun V(I)= N\V(f) nna
Jel

HekoToporo Huaeana). Takum o6pa3oM, cMBICT CPOPMYIMPOBAHHOTO pe-
3yJBTAaTa COCTOMT B TOM, UYTO KaXJoe OTKpbITOe MHOXecTBO U€ V
ecTh OOGbedHHEeHHE OTKPBITBIX MHOXeECTB Fy, KOTOpble SBNAOTCS ad-
GMHHBIMH MHOTOOOPA3HIMH.

(4.14) Ilpumep. B § 2 a o6cyxnanm rpynnosoii 3akod (4, B) - 4 + B
Ha miockoil Heocoboii  (mpoekTuBHOH) Kybuke C C P2 TlyeTs
Co: 0 = x* + ax + b) — Heocobas abhdunnas kybuka (cM crTp. 85).
S mokaxy ceiyac, 4TO TPYINOBOH 3aKOH OMNpPENENAeT palMOHANIBHOE
otoBpaxenne ¢: Co X Co — = Co U 4TO ¢ sBIAeTCA MOPHU3IMOM TaM,
rae eMy MOJOXKeHO ObITh. XOTd A He Oyny Ha 3TOM OCTaHABIIMBATHCH,
3aMeuy, 4TO TO K€ pAacCy)XIEHHE MOXKeT OBITh HCMOB30BAHO, YTOOB!
MOJIYUUTE OPYroe AOKa3aTelbCTBO «IIO0 HEMPEPBIBHOCTH» aCCOLMATHUB-
HOCTH TDYIOBOTO 3aKOHA, KOTOpOE NPHrOAHO A M6oro moas (cM.
oOcyxnenus B pasa. (2.10)).
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—

Herpynao ybemutbes (cM. ymp. 2.7), uto ecmu A = (x, y), B =
=x’, ¥') u x#x’, To, 00O3HAYUB uyepe3 u OTHOLIeHHE (Y —
— ¥)/(x — x'), MOXHO ONpEIETUTL KOOPAHHATEI TPEThEH TOYKH Iepe-
cedenuss P = (x”, y”) cneayromiuM obpa3om:

x"=f 3 x', y)=ut— (x+x'),
Yy =gx nx,y)=u+xu+y’.

Tax kak x” H y” SBAAIOTCA PANMOHAJIBHBIMU (YHKIUAMH KOOpAUHAT
(% »), (x’, y'), TO 3TO O3HAUaeT, 4TO ¢: Co X Cy — — C, ABIAAETCA pa-
IHOHAILHEIM OTOOpakeHHeM. U3 sBHOro Buaa GOpMYI ClE€AyeT, 4TO
IpH X # X' 0TOOpaXKeHHe ¢ ABIAETCS MOPGH3IMOM, TaK KaK B 3TOM CJIy-
Hyae 3HaMeHaTeNlb ¥ He oOpalaercs B Hynb. IlycThb Tenepp X = x’ H
Yy =-—y’; Torga KOOpPOMHATEI X” M y” MOMXKHBI OOpaILATLCA B OECKO-
HEYHOCTh, U 3TO COOTBETCTBYET TOMY, YTO NpsiMas A B nepecekaeT npo-
€KTHBHYIO KpHBY10 C B Touke O = (0, 1, 0) Ba 6eckoHeunoctu. Ecnu
XKex=x"uy=y" #0, Tou B ITOM ciyyae Touka P = (x”, y”) no-
JKHA OBITH KOPPEKTHO OnpeneneHa. Sl yTBepXK/Iaio, YTO f H g B TAKUX
Toukax Ha Co X Cp ABIAIOTCSA PErYIAPHBIMH QyHKIMAMH. UTo6HI yOe-
JHTBCSI B 3TOM, 3aMETHM, YTO H3

V=x+ax+buy?=x3+ax’ +b

BBITEKAET, 4YTO 2 3
Y

-y ?=x"—x3 +ax-x");

CIIeNOBATENBHO, IJIS PAalMOHANBHBIX DyHKIMI Ha Co X Cp UMeEEeT MECTO
TOXIECTBO

U=y -yVx-x)=x+xx"+x*+a/(y+y).
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W3 Buma 3HaMeHaTeNs CIeAyeT, uTO ¥ (a Taxke f U g) perynspHa IpH
yE-—-y'.

CreacTBUEM HAIUMX BBIKIAAOK SABIAECTCA Taxkoe YTBEPXKICHHE:
rpynnoBoit 3akoH ¢: Co X C — — Cp saBuseTcas MOPPU3IMOM B TOYKE
(A, B)€ Co X Co mpu ycnoeun, 4to A + B # 0.

VnpaxHennsa k § 4

4.1. IIpoBepeTe, uTo yTBepKAeHis § 4 mo (4.8 (1)) BKIIOUMTENbHO BBILOJIHAIOTCS Hal
nobeiM noneM k. TlpoayMaiiTe, B YACTHOCTH, YTO OHH O3HAYAIOT A1 KOHEYHOro NO.Jf.
INpusennte koHTpnpuMep k (4.8(11)), ecny mone k He sABNAETCA anrebpanvecku 3aMk-
HYTBIM.

4.2. Tlyctp ¢: Al = A} — nomuHOMHANBHOE OTOOpaXeHHe, 3amaHHoe (GOPMYyIoit
X = (X, X%, X3). Jokakute, uTo 06pa3 OoTOOpaKeHUs ¢ SBISAETCA aNredpaniecKuM Moz-
Muox)ectBoM C C A* 1 uto ¢: A' = C — uzomopdusm. ITonpobyiiTe mMONy4HTh 060-
GuieHHs.

4.3. Tlyctb @n: A — A2 — mnomMHOMHANBHOE OTOOpakeHHe, 3anaHHoe (opMynoit
X ~ (X%, X"). JoKakHuTe, 4TO €CIH N 4ETHO, TO 06pa3 ¢, H3oMopden Al ¥ o, aBaseTCH
IBYTACTHBIM HakpbiTHeM BHe 0. ITOKakuTe, YTO €CTH N HEUETHO, TO ¢n — OMEKUHS, H

3ajaiiTe pallHOHAbHOE OTOOpakeHHEe, OOpaTHOE K .

4.4, oxaxuTte, 4To MOpdH3M ¢: X — Y mByx abduHHBIX MHOToOoOpa3uii sBIAeTCA
n3oMopduImMoM Mexay X U nmoaMHoroofpasueM ¢(X) C Y Toraa U TONBKO TOIZa, KOraa
HHOyUHApOBaHHOE oTobpaxende ®. k(Y] — K{X] cropbeKTHBHO.

4.5. Tyers C: (Y2 = X% C A% Torma

(a) mapamerpusaumnst /: A' > C, 3amaunas gopmynoin (7% T7), ABIAETCS MOMMHOMI-
anbHBIM OTOOpaXKEHHEM;

(b) f uMeeT pannoHansHoe obpaTHOe oTOOpaxenue g: C — — A, onpenensemoe op-
Mmymoit (X, Y) -~ Y/X;

(c) domg = C N\ {(0, 0)};

(d) f ¥ g 3amaloT B3aUMHO OOpaTHblE H3OMOPHH3IMBI Al N {0} = C \ {0, 0)}.

4.6. (i) TlokaxuTe, 4To obnacTh onpeaeneHus oTOOpakeHHs g o f MOKeET 6bITh CTPOro
Gonpuedt, yem domf N f~ ! (domg). (Ykazanue. DTO MOXKET NPOU3ONTH, ecH g U f ABmA-
JOTCSl B3AHMHO OOpPaTHBLIMH DallMOHANBHBIMH 0TOOpa@xXeHusMH. [TonpobyiiTe paccMOTpeTh
f u g u3 ynp. 4.5).

(ii) BonpIIMHCTBO KYpcoB aHanu3a QYHKIHH HECKOJBKHX NMEPEMEHHBIX COAEPXKAT TakHe
NpHMeEpHI, Kak GOyHKuds f(x, y) = xy/(x* + ¥?). O6BACHUTE, KaK MONyYaeTcs, YTO (QYyHK-
IMs f, orpaHHueHHas Ha MOOYI0 INafKyl KPHBYIO, mpoxoasmyio uepes (0, 0), sBasercs
raagkol, a Kak (QyHKUMS OBYX NEpeMeHHBIX OHA OaXe He HENpepbIBHA.

4.7. Oyets C: (Y2 = X? + X% C A%, VYxe 3HaKkOMas HaM NapaMeTPH3aLus KPHBOM
¢! Al = C 3agaercs NMOMHHOMHANBHBIM oTOOpaxkenuem I — (T* - 1, T* - T), no ona
He sBIseTcs H3oMopdH3MoM (a nodemy?). OnpenenuTe, ABIAETCA JTH H30MOPGH3IMOM
orpanmuenmne ¢': A'\ {1} = C:
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4.8. Tlycte C: (Y? = X* + X% C A% Tlokaxure, uTo oToGpaxenue (X, Y) —~ X/Y
ONpesenseT pauHOHANBHOE oTobpakenue ¢: C — = A’, i ero o6paTHHIM ABNAETCA TOJH-
HOMHanpHOEe oTo6paxeHne ¢: A' = C, mapamerpusyromee C. JoKaxuTe, YTO ¢ OIpaHH-
YHBaETCA A0 M30MOpdH3IMa

AYN{ 3 Toukn} = C\ {(0, 0)}.

4.9. Mycts V:(XT = YZ) C A*. Obwsacaute, nouemy k[V] He sBnsercs o6nacTbio
C ONHO3HAYHBIM Pa3/IO)KEHHEM Ha MHOXHTENU. (YIOBHTH HACHO HETPYOHO, HAMHOIO Tpya-
Hee MOJIYYHThL CTPOroe AokKa3aTenbeTBo.) IycTs f = X/Y € k(V); HaitnuTe domf U moka-
J)KHTE, YTO OHA CTPOro OOomnbille, YeM MHOXecTBO Touek (Y = 0) C V.

4.10. Tlycts f: A > A? 3amaso dopmynoit X — (X, 0), a g: A> — > A' — paumo-
HaJlbHOe OTOOpaxkenue, 3aaannoe GopMynoi (X, Y) — X/Y. IokaxuTte, 4TO KOMITO3HLIHA
gof Hurge He onpeneneHa. BhIACHUTE, HA KaKOM MaKCHMaJIbHOM IOAMHOXECTBE IOJA
oynkumii f(A') onpemenena g'.

4.11. OnpenenuTe 0 U3yYyHTe NOHATHE NIPOM3BEAECHHs IBYX ajireOpanueckKnX MHOXECTB.
A HMEHHO,

(i) mokaxkwute, uTo ecnu ¥V C A U W C AY — anrebpauyeckue MHOXECTBa, TO
Vx W C ART™ takxe anrebpanyto;

(ii) npuBeAMTE NpPHMEpPDI, TOKA3bIBAIOLIHE, YTO TOMOJOrUs 3aprucckoro Ha V X W He
SABISIETCA NPOM3BEACHUEM TOMONOrHHA 3apucckoro Ha V' u Ha W:

(iii) mokaxkute, uTO ecnH V' W W HempuBoaWMBI, TO V X W HenpHBOOUMO;

(iv) moxkaxuTe, yto ecnt V=V'u W= W', to VX W=V X W'

4.12. (a) doxaxute, uto mobas GyHKuns f € k(A?), He peryidpHas B Hauajue KOODIH-
HaT (0, 0), He peryispHa TakKe B TOYKAX HEKOTODPOH KpHBOH, mpoxoxsmei yepes (0, 0);

(b) TokaxuTe, YTO MHOXECTBO AN (0, 0) He siBnAeTca abGHHHBIM MHOroo6pasueM.
(Yxazanue. /Ing Doka3aTenbcTBa 1. (@) HCNOMB3YHTE TOT $akT, 4yTO k(A% = k(X, Y) aB-
NISeTCA MOJIEM YacTHBIX Koibla A [X, Y] ¢ OOHO3HA4HBIM pa3/OXEHHEM Ha MHOXHUTEIH,
u pesynprar ynp. 3.13(b). Jdns moka3zarenbcTBa I. (b) npeanoloxuTe, 4TO AN (O, 0)
addUHHO, W ONMpENENHTe €ro KOOPAMHATHOE KonbLo. Mcnonb3ys cieactBie (4.5), nomyyu-
T¢ NPOTHBODPEYHE.)
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NPUNOXXEHWA

§ 5. IIpoexTBHAsT M OHPALMOHAJIbBHAA TIeOMETPUM

Llenbro mepBoit yacTH § 5 sBnserca oboOlienre pe3ynbpTaTtoB § 3—4
Ha MPOEKTHBHBIN Cyyail. 3a HCKITIOUYEHHEM HECKOJIBKHX colepXaTemnb-
HBIX MOMEHTOB, 3TO Jenaercs BIojHe aBTomaThueckn. OcTaBluascs
yacTh maparpaga mocBsieda OMpallMOHAILHOH T€OMETDHH, T. €. H3yue-
HHIO BBEJIEHHOTO B KOHIIE § 4 mons ¢yukomit kK (V). DTOT MaTepHan oOu-
HAKOBO XOpOINO BIHMCBHIBAETCS H B IIPOGKTHBHBLIA, W B ad@PUHHBIN
KOHTEKCT.

(5.0) ITouemMy ke NMPoeKTHBHbIC MHOrooopasua? Kybuueckass kpuBas

C:(Y?Z = X? + aXZ? + bZ® C P?

ABJISIETCST oOBenuHeHneM OBYyX a(GhHHHBIX KPHBBIX

Co: (" = x* + ax + b) C A? (xycok (Z = 1) xpusoit C)

Cii(z1 = x3 + ax122 + bzd) C A? (xycok (Y = 1)),

CKJIEEHHBIX ¢ IIOMOINBIO naoMop(mea

CGN(y=0->CiN(z1=0),

3aaHHOrO (OpPMYIIOit
x )~ /3 1/y).
B xauecTBe cyuiecTBeHHO Oonee mMpoOCTOro mpHMepa MOXKHO B3AThb
npocrpascTeo P! ¢ ONHOPOJHBIMH KoopaHHaTtamu (X, Y), koTopoe sB-

nsercsa oObeNMHEHHEM OBYX JK3EMIUIPOB A' ¢ KOOpOMHATaMM Xo M y;
COOTBETCTBEHHO, CKJIEEHHBIX APYI € APYTOM ¢ IOMOIIBIO H3oMOpdH3IMa

AN (0 = 0) = AN (1 = 0),
3anaHHoro ¢opmyoit

Xo — l/xo.
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OObluHasg HWIIIOCTpalusA BBITJIAOAUT Tak:

(cTpenku < 0003HAYalOT CKIIEHBaHHE).

Ba)kHO TOHHMATb, YTO 3MU MHO2006paszua cmpoeo boavwe 1106020
afpurro20 mHoecoobpazua. [elicTBUTENBHO, IPH €CTECTBEHHOM ONpe/e-
JIEHUH Mopdu3Ma (KOTOpoe MBI CKOPO BBEIEeM) JIETKO YOedWThbCs, 4TO
HH IS KaKOro n He CYIIECTBYET HEMOCTOSHHBIX MOPGH3MOB Pl — A"
wm C— A" (cM. ynp. 5.1 u 5.12 u obcyxnenns B (8.10)).

OaHUM M3 pelleHuil 3Toil npobjeMbl SIBIISIETCA BBEAEHHE IMOHATHA
«abCcTpakTHOrO MHOroobpasus» V kak obovenunenns V = \JV: apoun-
HBIX MHOTr006pa3Hii 1o MOAYJIIO MOAXOAAIIEro ckierBaHus. B cuny aHa-
JIOTHH ¢ OTNPENESIEHHEM MHOTO0Opa3Hil B TOMOJIOTHM 3Ta MIEA CKJIEHBa-
HHUS MOXET MOKa3aThCd IPUBJIEKATENLHON, OOHAKO OHA IPHBOAHT K
MHOTOUYHUC/IEHHBIM TEXHHYECKMM TPYIHOCTAM. PaboTa ¢ NpOEKTHBHBIMH
MHOroo6pa3usMH YCTPAHSAET 3TH CJIOKHOCTH NMYTEM MCIOJIb30BAHUS TO-
ToBOro ob6BeMTIONIero NpocTpancTea P, Tak 4To (3a HCKIIIOYEHHEM He-
KOTOPOI1 BO3HH ¢ OAHOPOAHBIMH MHOTOUYJICHAMH) HU3y4aTh TaKHe MHOTO-
o0pa3Hus HEHaMHOro CJjoXHee, yeM adduHHBIE. B nefcTBHTENBHOCTH,
XOTS 3TO M HE CTOJIb OYEBHAHO HA 3JIEMEHTApPHOM YPOBHE 3HaHHil, IpO-
eKTHBHBIe MHOTOOOpa3Hs MNpeACTaBIsioT coOOH Ha yOUBJIEHHE €CTECT-
BEHHBIN MOJIMrOH U1 HM3y4YeHHs airebpandeckux MHorooOpasuit (3TO
KpaTKo 0OcyXAaercss ¢ BBICOKOHAYYHOH TOUKH 3penust B (8.11).

(5.1) TpanyuposaHHble KOJbLA ¥ OOHOPOAHBIE Uaeabl

Onpenenenme. f€ k[Xo, ..., Xn] Ha3bIBacTcd OOHOPOOHbBIM MHO20-
Y1eHomM cmeneHu d, ecnu

f=Za, .. ioXe. . Xp,

rae di,...,i, #0, TOIBKO ecnu io + ... + in=d.

JlroGoi mHorouned f€ k[Xo, ..., Xn] oOnagaer oIHO3HAUHBIM pa3-
noxeHHeM Buga f = fo + fi + ... + fn, rae fa — ONHOPOOHEIA MHOTrO-
yned creneun d, d =0, 1,..., N.
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Ipennoxenne. Ecau [ — OOHOPOOHbII MHO20UAEH cmeneHu d, mo
SF(ZNXo, ..., NXn) = N f(Xo, ..., Xn) On 6cex N€ k.

Ecau none k 6ecxkoneuno, mo eepno u obpamHoe.
Hokazameavcmeo. TonpobyihTe U ybenuTecs.

Onpeneaenne. Unean I C k[Xo, ..., X»] Ha3bIBA€TCA OOHOPOOHbIM,
ecnu ams Beex f€ omHopomHoe pasnoxendwe f = fo+ f1+ ...+ SN
YAOBJIETBOPSET YCIOBUIO f; € I ans Bcex I.

DTO 3KBUBAJIEGHTHO TOMY, uTO I mopoxnaercss (KOHEYHLIM YHCIIOM)
OJHOPOJHBIX MHOTOWIEHOB.

(5.2) OnHopoaHbie coorsercersus V u I. [ycte P; — 3TO n-MepHOE
NIPOEKTHBHOE IIPOCTPAHCTBO HAal MMOJieM X ¢ ONHOPOAHBIMH KOOPIHHATA-

MH Xy, ..., Xn. Torna f€ k[Xo, ..., Xu] He asasemcs dyuxunesi va Py,
Tak Kak no onpegencHuio P} = k"7 !\ {0}/ ~, rae ~ OTHOILIEHHE IKBH-
BAJIEeHTHOCTH, 3a4aHHOe yciaoBHeM (Xop, ..., Xn) ~ AXo, ..., AXn),

Nek\ {0}, a f — odyHkuus HA K" 1. TeM He MeHee, eciid f OOHOPOAHA,
A toukd Pé€ P" Bripaxenue f(P) =0 KOpPpeKTHO ompeneneHo. A

HMMEHHO, nycTk P = (Xo:...:Xy), T. e. (Xo, ..., Xn) — NpeacCTaBUTEND
KJTacca JKBHBAIEHTHOCTH TOoukH P B k"*!'\ {0). Torma, mOCKONBKY
FOX) = Mf(X), u3s cooruomenus f(Xo, ..., Xn) = 0 BbITEKaeT, 4TO
fOAXo, ..., NXy) =0, 1. e. yciroBue f(P) = 0 He 3aBHCHT OT BBIOOpa

NPEeACTaBUTENS. YUHUTHIBAsA 3TO, ONPENEIUM, KaK H BBINIE, COOTBETCTBUSA

OAHOpOAHbIe HAeanbi) ¥ { MOAMHOXKeCTBA
JC k[Xo, ..., Xi] X C Py

COOTHOILIEHHUSIMH

V(J) = {PC PZIf(P) = 0 mns BCcex OnHOpOAHBIX f€J)

IX) = {fek[Xo, ..., Xa]If(P) =0 ona Bcex P€ X}.

B xauecTBe ynpaxHeHus ybeauTech, YTO BaM siCHO, noueMy I(X) — on-
HOpOOHBIA HaOean.

Cootsercreus V u I 061aaaroT TeMH Xe (OpMaIbHBIMH CBOHCTBa-
MH, 4TO M HX adpduHHBIE MPOTOTHIBI, BBEAeHHBbIE B § 3 (Hampumep,
V(i + J2) = V(L) NV (J2). TlonmHO)ecTBO Buaa V() Ha3bIBaeTcs as-
2ebpauyeckum noomHoxecmeom B PR, W, Tak Xe Kak ¥ B abdHHHOM
cnydae, P§ cHabxeHO monosao2ueil 3apuccko2o, 3aMKHYTBIMH NMOIMHO-
JKeCTBaMH B KOTOPOH SIBIAIOTCS anreOpanuyeckue NOAMHOXKECTBA,



§ 5. MPOEKTUBHAA W BUPALIMOHAJIbHAS 'EOMETPHUU 91

(5.3) Ipoektusnas Nullstellensatz. Tak ke kak ¥ B abduHHOM Cny-
yae, yucTo opMalbHasi OpoBepka mokasbiBaer, yto [(V(J)) D radJ pns
nboro umeana J u uro V(I (X)) = X ana moboro anrebpanyeckoro
MHOXkecTBa X. YIMeeTcsa pOBHO OOHO MECTO, B KOTOpOM TpedyeTcs npo-
ABUTL OCTODOXHOCTh. A HMEHHO, TPHBHANBHBIN upean (1) = k[Xo, ...
..., Xu] (Bce KONbBIIO) ONpeAeNsieT MyCcTOE MHOXECTBO B k"t a cnemo-
BaTEILHO, W B P, Kak U JO/KHO ObITh; B TO e Bpems uaean (Xo, ...
..., X) onpenensier {0} B k"', KOTOpPBI Takxe COOTBETCTBYET MYCTO-
My MHOXKecTBY B Pip. Wnean (Xo, ..., X») sBlseTCAs BecbMa Heya10OHbBIM
HCKITFOUEHHEM (CBA3aHHBLIM C ITYCTBIM MHOXECTBOM) I HEKOTOPBIX YT-
BEPKAEHMH OOHOPOOHOH TEOPHH, U €ro TPAJUIMOHHO HA3bIBANOT HeCy-
UfeCmBeHHbIM UOeAIOM.

TakuM 06pasoM, omHoponHblit BapuanT Nullstellensatz umeer cie-
AYIOUIUM BHI.

Teopema. ITycme k — aneebpauuecku 3amkuymoe noae. Tozoa
G V()= & radJ D (Xo, ..., Xn);
(ii) ecau V(J) # &, mo I(V(J)) = rad J.

CnenctBue. I u V onpedensiom ezaumuo obpammusle Ouexyuu

00HOPOOHbIe PAOUKA/bHbIE ancebpauueckue

udeanwvt J C k[Xo, ..., Xul, © $ HOOMHOMCECMBA

maxue, umo J # k[Xo, ..., Xu] XcP

U U

OO}IOpOOHble npocmsie Henpueooumble

uoeanvt J C k[ Xy, ..., Xnl, © 3 anzebpauueckue

maxue, umo J # k[Xo, ..., Xxl noommuoxcecmea X C P"

Hokazameabcmso. Ilyets w: A"T1N {0} = P" — oTobpaxenHue,
onpepenstoutee P”. Iycrs J — oanoponHbiit uaean J C k{Xo, ..., Xul.

Bpemenno ob6o3Hauum uepes V(J) C A" ahdunHOe anrebpanyeckoe
MHOJKECTBO, onpenenendoe uaeanom J. Tak kak J omsoponeH, to V*(J)
obnagaer CIEAYIOIIMMHU CBONHCTBAaMH:

(0, ..., an) € V2(J) & Q\cxo, ..., Na) € VE(J),
u V()= V()N [0}/ ~ C P". CnegoBaTenbHO,
V)= @ & Vo(J) C (0} & radJ D (Xo, ..., Xn),

rge B mocielHedl UMmMKauum mcnosnb3yercs abdunnas Nullstellensatz.
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Kpome Ttoro, ecmu V(J) # J, 1O
feI(V(J)) & feI(V*(J)) & feradJ. Y. T. 1.

Hcnons3oBaHHoe Bhimle adhdHHHOE MOOAMHOXKECTBO V°(J) Ha3bpIBaer-
csl apuHHbBIM KOHYCOM HAI MPOEKTHBHEIM ajire0panyeckuM MOAMHOXKe-
ctBoM V' (J).

(5.4) PaumoHanbuple dyukuuu uwa V. Ilycte V C P{ — HenpuBOOH-

Moe anreGpanueckoe MHoxectBO U I(V) C k(Xy, ..., X4] — ero upearn.
ITpamoro crnocofa onpedenuTh peryiasapHble PyHKUMH Ha V uepe3 MHO-
rousieHbl HeT. [IelCTBUTENBHO, XOTA MHOTOuNeH F € k[ Xo, ..., Xa] U 3a-

maer GyHknuoo Ha adbduHHOM KOoHyce Hanm V, Ho (cM. cnyuaii d = 0 B
npeanoxenud (5.1)) ata ¢byHKUHMA NMOCTOAHHA HA KjaccaX 3KBHBaJIEHT-
HOCTH TOJIBKO B TOM Clyuae, xorga F umeer creneHs 0, T. €. ABNsAeTCA
koHcTaHTOi. TakuM obpa3zoM, ¢ caMOro Hayajga HaM Inpuuerca pabo-
TaTh C DPAlMOHANLHBIMH (GYHKLMSMH.

Onpenenenve. Payuonanvuoil @PyHkyuei wua V HasbIiBaeTcs (4ac-
TUYHO omnpeaeneHHas) ¢yukuusa f: V — — k, 3amaHHas COOTHOLIECHUEM
S(P) = g(P)/h(P), tne g he€k[Xo,..., Xn] — OOHOpPOAHBIE MHOTrOYIe-
Hbl OJMHAKOBOH cTeneHu d.

3ameruM, 4To B ciyyae A(P) # 0 uyacTHoe g(P)/h(P) KODpEKTHO
ONPEACNICHO, TaK Kak nis Bcex 0 # N€k

gAX)/E(\X) = M g(X)/N?h(X) = g(X)/h(X).

Hanee, oueBumHo, uTOo g/h W g’/h’ onpemensstoT OOHY H TY
e PpalMoHaIbHYl0 GyHKIMIO Ha V Torga M TONBKO TOrHa, KOTAa
h’g— g’ hel(V), Tak 4TO MHOXECTBO DALMOHATbHBIX (OYHKLHN SABIA-
€TCS OoJIEM

k(V)= (g/hl g, he€k[Xo,..., Xx] OOHOPOAHDI

M OJQUHAKOBOH creneHu, h¢I(V)}/ ~,

rap€¢ ~ — OTHOLICHHE JKBHBAJICHTHOCTH,
g/h~g'/h' & h'g— g hel(V).

k(V) uaspiBaerca (pauMOHANBHBIM) nosem @Gyukyuil MHOroobpaszus V.

Cnenyromye oOIpeneleddss HHYEM HE OTIHYAKOTCA OT adduHHOrO
cnydas. [lycte fek(V) u P€ V; nazoBeM DyHKUMIO [ pe2yaapHoil B
TOuke P, ecnu cymiecTByeT npencrasiedue [ = g/h, roe g ¥ h — onaHo-
POIHbIE MHOTOYJIEHb! OJMHAKOBOM CTeleHH, Takue, 4To A(P) = 0. Bee-
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aeM o0o03HaueHus

domf = {Pe VIf perynapHa B Touke P)

Oy,p = {f€k(V)| f perynspHa B Touke P).

OuepuaHo, uto domf C V sBiseTCcS IIOTHBIM OTKPBITHIM MO 3apuc-
CKOMY MHOXecTBOM B V (noka3zarenncTBO kak B (4.8(1)), a &y, p C k(V)
SIBJISIETCS MTOIKOJIBLOM,

(5.5) AdduuHOoe NOKpPLITHE NPOEKTUBHOrO MHOroobpasus. IlycTh
V C P" — HenpuBoauMoe ajarebpaniyeckoe MHOXKECTBO, H MPEONOI0KHM
I mpocToThl, 4To V ¢(X; = 0) HU anst ogsoro i. Mel 3Haem, uto P”
MOXET OBITH MOKPBEITO /1 + 1 apdUHHBIMHE Kyckamu Af, ¢ abdUHHBIMU
(HeomHoponHbIMH) koopauHaTamu X§, ..., X2, X9, ..., X9, roe

XD = Xi/X; nna j # i

Monoxum Vi = VNAG. Torna Vi C Afy sBasercd, oueBHOHO, ad-
GUHHBIM anrebpauieckiM MHOXECTBOM, TaK Kak

Vo3P =(, x0 ..., x99 e

o f, x, ..., x¥) =0 mwa Bcex omHopoaHbIx f€ I(V),

YTO SABJISIETCA HAOOPOM NOJMHOMHAILHBIX YPABHEHHH OTHOCHUTEIBHO KO-
opouaat (X, ..., ¥9) Toukn P. ns onpeneNeHHOCTH 3/ech W [aliee
TaM, rage 3To Oyaer yao6Ho, MBI OymeM cuMTarhb, uTo i = 0. Ynrarenn
JIOJI’)KeH NOHUMAaThb, YTO BCE 3TO BEPHO M moboro apyroro adhduHHO-
ro Kycka MHoroobpasusi V. Vi, Ha3bIBaIOTCS CHAHOAPMHbIMU afuH-
HbIMU KYcKamu MHorooopazus V.

Ipennoxeune. (i) Coomeemcmeue V- Vi = VNAQ 3a0aem
buexyuro

HenpugoOumble anzebpau- HENpHBOAMMBIE anredpan-
yecKue NOOMHONECTBA V¢ (Xo=0) ¢ < { ueckue NOIMHOXKECTBA ,
VcPpP” Vi C A

a obpammnoe cooOmeemcmaue noAY4Qemca G3AMuUeM 3AMbIKAHUS 6 MOono-
Ao2uu 3apucckoz2o.
(ii) ITycmo v c k[Xo, ..., Xn] — 66e0ennsbili 8 3mom napazpaghe
O00HOPOOHbI  Udean noomuomecmea V C P" a I°(Vy) C k[X1, ...
., Xu] — Ob6biunbil  HeOOHOPOOHbLI uOean NOOMHOMECMEa
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Voy C Ay (kak B § 3). Toeoa I"(V) u I2(Viy) céa3anbl credyouum
obpazom:

I = {fd, Xi,..., X)lfeI"(V)},
"V = ( XX/ Xo, ..., Xa/X0)| f€I'(Vioy), 20e degf < d},

20e Huxcnuil undexc 6 o6o3navenuu I" (V)a o3Hauaem 83amue ecex use-
HO6 cmeneHu d.

(iii) k(V)=k(Vy), u 0aa ecex fek(V) obaacme onpedenenus
gyukyuu [ kax gynkyuu na V) cosnadaem ¢ Vi Ndom f.

Hoxazamenvcmeo. YTrepxaeuus (i) u (i) oueBuaubl. Jokaxem (iii).
Ecnu g hek[Xo,..., Xu] — OOHOPOOHBIE MHOI'OYIEHBI CTENEHH d U
h¢1(V), To orHowenue g/h € k(V), orpannyennoe Ha Vi, cOBNamaer
¢ (yHKIHEeH

g(l, X1/ Xo, ..., Xa/Xo)/h(l, Xi/Xo, ..., Xa/X0);

3to onpenenser orodpaxkenue k(V) — k(V)), U NErko NOHATE, YTO SB-
nsgerca ero oOpalieHueM.

(5.6) PaiMoHa/ibHBIE 0TOOpaxkeHMss U MOpOM3MbI. PaunMoHaILHBIE
0TOOpaXKeHUs NPOEKTHBHBIX (MM ahDHHHBIX) MHOrooOpasuii onpenens-
I0TCS ¢ noMoumbio konbsua k(V). A umenso, ecnu V C P" — uenpuso-
auMoe ajredpanyeckoe MHOXKECTBO, TO PAlMOHAIBLHBIM OTOOpaXKeHHUEM
V — - A™ ua3piBaeTcs (4aCTHYHO ONpEAENEeHHOE) 0TOOpaKeHHe, 3a1aH-
Hoe topmynodn P~ (fi(P), ..., fm(P)), tne fi,..., fm€k(V). Pauno-
HaJlbHOe oToOpaxenune V — — P™ onpepensercas dopmynoit P -
=~ (fo(P): fi(P):...: fm(P)), TOE fo, f1,..., fm€k(V). 3aMeTuM, UTO eciH
0#gek(V), To gfo, &f1,..., &fm ONpPENENAOT TO Xe CaMOE paLHO-
HaJIbHOE oToOpaxenue. CieqoBaTensHO (MIPEANONOXKHE, YTO 006pa3 MHO-
xKecTBa V nipu oToOpakeHHH f He JIGKUT B MEHBIIIEM MPOEKTHBHOM IIO-
npocrpaHcTBe (Xo = 0)), MOXHO CYHTaTh aanee, 4yto fo = 1.

OTcroaa BBITEKAET, YTO UMEET MECTO OMEKUMs MEXIY CIAEAYIOLIMMHU
IBYMS MHOeCTBaMH:

{ paumonanbHble OTOOpaxkeuus f: V — — A" C P™}

{paumonaneueie oTOGpaxenus f: V — — P"| f(V) ¢(Xo = 0)},

Tak Kak 00a 3THX BHaa OoTOOpakeHWii 3amaroTcs HaboOpamMu H3 m 3lle-
MEHTOB f; € k(V).
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Onpexnenenne. PaunonancHoe otoOpakeHue f: V' — — P™ Ha3biBaeT-
ci pezynapHvimM B Touke P€ V, ecnu CyiiecTByeT mnpencTaBlieHUE
f=Uo,..., fm), Takoe, 4uTO

(i) xaxnmaa u3s fo,..., fm pPeryispHa B Touke P;

(ii) fi(P) # 0 nmo kpaifHeli Mepe I/ OOHOro H3 f;.

BTopoe ycioBHe HEOOXOOMMO HJIi TOrO, YTOOB OTHOILIEHHS DPa3jIHy-
HBIX f; Ob11M ompenenednl B Touke P. Ecau f perynapHa B Touke P
(uTO, XaK M pasblie, obo3HayaeTcs BeIpaxeHueM Pedomf), TO
f[iU—» ATy CP"  saBnsercds MOpPGH3MOM MOAXOASMIENH  OTKPHLITOM
okpectHocTH Toukd P € U C V. Jocratouno B3sth U = rj‘]dom( fi/f), roe
Ji(P) # 0; Torna f — MopdusM, 3amaHHblit HabopoM {f; /fi}i=o0,1,....m-

Ecniu U C V — OTKDBITOE MOIMHOXECTBO IPOEKTHBHOIO MHOTO-
obpasusa V, to mopgusmom f: U — W Ha3sbiBaeTCs palUoOHAJILHOE OTO-
Opaxenne f- V — — W, Ttakoe, utro dom f D U. TakuMm obpa3oM, Mop-
PHU3M — 3TO HPOCTO BCrOAY peryiasapHoe Ha U pamuoHanbHOE OTO-
OpakeHue.

(5.7) Ilpumepsl. (1) PamMoHaabHasi HOPM-KpuBasi. DTO OYEHb IIPOC-

TOll mpuMep H3oMopdHOro Bnokenus f:P!> C C P™, o6obmaronuii
napaMeTPH30BAHHYIO KOHUKY M3 pa3d. (1.7), KOTOpEIi 4acTo BCTpeyaeT-
¢ B NPOEKTUBHOH U anrebpamueckoil reoMerpuu. OnpegenHM OTO-

Opaxenue
SiPl > pm

dopmyon
X:) = (X": X" y:..: Y™

(BBINHCAB BCE OOHOUIEHBI CTENEHH M OT NMepeMeHHbIX X U Y). [deicTBys
NOC/IeN0BATENLHO, MOMYYHM, YTO
(i) f — paumoHanBHOE OTOOpaXEHHe, TAaK Kak OHO 3anaercs Habo-
poM (X/V™, (X/N™"1 ..., 1)
(ii) f — Mopdusm npu Y # 0 B CHIY TONBKO 4TO HANHCAHHOR ¢op-
MyJbl, a ecnu Y = 0, To X # 0, u paboraer Takoii xe Tpiok ¢ (Y/X);
(iii) oOpa3zomM oToOpaxeHus f SABIAETCI MHOXECTBO ToOYeK
(Xo:...:Xm) C P™, Takux, 4TO

Xo: X)) =X1:X2) = ... = (Xin-1: Xm),

XoX2 = X2, XoXs = X1 X2, XoXse = X1 X3, u T. 1.
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BceM 3THM YCJIOBHAM MOKHO OJHOBPEMEHHO NpHAATh YAOOHYIO Oerep-
MHHaAHTHYIO (QOopMy

Xo X1 X2 oo Xmoy
<
rank[xl X0 Xs ... Xm ]\1

(3TO ycNnoBHE Ha PaHI O3HAYAeT, YTO PABHBLI HYIK OETEPMHHAHTHI BCEX
2 X 2-MHHOpOB). DTH OAHOPOAHLIE YPaBHEHHUS OMpenesioT anredpau-
yeckoe MHOxecTtBo C C P™,

(iv) HeTpyOHO MOCTPOUTH OOpaTHBIH MopdusMm g: C — PL. Hns 3TO-
ro cueayer oTobpa3uT, TOuKY MHoxectBa € B  OTHOILLEHHE
(Xo:X1) =...=(Xm—1:Xm) € Pl. B KauecTBE YNMpaKHEHUsl BBLIACHHTE,
YTO TYT HYXOAeTCs B MPOBEPKE, U NMPOBEOHUTE 3TY IIPOBEPKY.

(2) JlvneilHas NpoexuMs, napaMerpu3yroulas Keaapuxy. OTobOpakeHue
7: P? — - P2, 3apannoe dopmynoit (Xo, X1, X2, Xa3) =~ (X1, X2, X3),
SABJAETCA DPAUHMOHAIBHBIM OTOOpaKEeHHEM H MOP(DHU3MOM BHE TOYKH
Py=(1, 0, 0, 0). Ilycts Q C P} — KkBajpaTHuYHasi THNEPHIOBEPXHOCTD
1 Touka Py nexuT Ha Q. Torma kaxmas Touka P Ha P? cooTBeTcTByeT
HEKOTOpOii npsiMoit L B P3, mpoxonsiueit uepes P. B ob1eM Nona0XKeHHH
npsiMas L mepecexaer Q B Touke Py 4 B HEKOTOPOH BTOpPOH ToUke ¢ (P).
Hamnpumep, ecnu Q: (Xo X3 = X1 X3), TO oTOOpaxeHue ¢: P2 — - Q, 06-
paTHOe X oTobpaxenuto wlo: Q — — P2, umeer BHI

X1, X2, X3) » (X1 X2/ X3, X1, X2, X3).

30eck MCMONB30BaHa B TOUYHOCTH Ta XK€ Haes, YTO U NpH MapaMerpusa-
UK OKpYy>XHOCTH B pasa. (1.1).

B kxauecTse BO3HArpaxaeHus (cM. yop. 5.2) MoxHO HaiTH dom7 H
dom¢ ¥ IaThb reOMeTPHYECKYIO HHTEpIpeTalno ocobeHHoCcTel oToOpa-

KEHHH T H .
Qc P3
C)

/]

(5.8) BupanMoHaabHble 0TOOpa)keHHUst

P
Fe

Onpeaenenne. [lycte V u W — addunHble UNH NPOEKTHBHLIE MHO-
roo6pazus. Toroa panuoHanbHOe oToOpaxeHue f: V — — W HasbiBaer-
¢ GupayuoHanbHbiM omobpaxcerHuem (WK OUpayuoHANbHOU 3KEUET-
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ACHMHOCMBIO), €ClId OHO MMeeT pauuoHalIbHOe oOpaTHOe, T. €. Cylle-
CTByeT paunMoHaJbHOe oToOpaxkeHue g: W — — V, Takoe, 4TO
fog=idW H gof=idy.

Ipeanoxkenue. Caedyroujue mpu YC/A08UA HA PAYUOHAAbHOE OHIO-
bpawernue .V — — W 3x6ueaneHmHbl.
(i) f — 6upayuonanvHas 3K6UEAAEHMHOCMDb;
(i) f oomunanmuo (cm. (4.10)) u f k(W) = k(V) — uzomopgusm;
(iii) cywecmayrom omxkpwvimvie mHoxecmea Vo C V u Wo C W, ma-
kue, umo f, oepaHuuyenHoe Ha Vo, A8asemcA U30MOpPUIMOM
f: Vo g Wo.

Hoxaszamenvcmeso. OTobpaxenue f * omnpeaenseTcs Tak 'Ke, Kak U s
apduBHBIX MHOroo6pasuii, ¥ 3KBUBAJIEHTHOCTL (i) & (i) ycraHaBnuBa-
ercd Tak e, Kak B pasa. (4.11). Umnnukauus (iii) = (i) oueBunHa, mno-
CKONBKY H3oMopdu3Mm f: Vo = Wo u ero obpaTeblil g = f~ 1 Wo — Vo
ABIIAIOTCH I10 ONPENETEHHIO PALMOHAIBHBIME OTOOpaXXEHHAMH MeXay V
u W

Baxxnas umnnukanusa (i) = (iii) moxaswiBaercsa 6oJsiee 3aMBICIIOBATO,
XOTS M 3TO JOKA3aTENLCTBO HE OCOOCHHO COOEPKATENBHO (eCil XOTHUTE
u3bexaThk rojioBHOM Oomu, mpHcTynaiiTe kK pasa. (5.9)). A HMeEHHO,
COIJIacHO IpedrnosioxeHuro (i), HUMEIOTCA B3aUMHO oOpaTHble pa-
nNHOHANLHBIEe oToOpaxeuus f: V— - W u g: W— — V. Ilonoxum
V' =domfC Vue=fl,: V' > Wu asanornado W’ = domg C W
uy=gl,.: W —V. Ha muarpamme

12

oIV — V’i> w
ﬂ/
W

BCe CTPENKH 00603HaYaroT MopduiMel, U cosnamaende idw! golp = oy
Kak MOP(PHU3MOB BbITeKaeT M3 coBmnageHus idw = fog Kak panvoHasIb-
HBIX OTOGpakenuil. ClleqOBaTeNbHO, Ui Bcex Pey 'V’

e(UP)) = P.

IMonoxuM Temeps Vo=@ Y™ 'V’ u Wo=y¢ e 'W’. Torna
0 MNOCTPOCHHUIO ¢ Vo—wVIV’ sasasercas MopousmoMm. Ilpu 3Tom
Y1V’ C Wo, nockoneky u3z Pe€ Y~ 1V’ BoITekaer, yto ¢(Y(P)) = P
Takum obpasom, Pey~lo 'W’' = W,. CnenosarensHo, ¢: Vo — Wy
ABNsgETCA MOPOH3IMOM; 3TO Xe BepHO M mnA ¢ Wo = Vo, U.T.A4.

(5.9) PaimonanbHble MHOroo6pa3us. Beenernoe B (5.8) nonaTue Ou-
paLMOHANBHON AIKBHBAJIEHTHOCTH MABJIAETCH KIFOYEBBIM B anredpaunue-
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CKOH reoMerpHH. YcioBHe (ili) MPEONOXKEHHSA O3HAYAET, YTO «IIOTHY
MHoroo0pasuii V u W coBnagaer, XOTS OHH MOTYT HEMHOIO OTJIHYaThb-
cs Ha «pebpax». [IpEMepoM HCMOJb30BaHus OHpalHOHATbHBIX Npeobpa-
30BaHUH ABISETC pa3soyTHe ocoboro MHoroodpasus, YToObl MOJIyYHTh
Heocoboe (cM. (6.12) Hike). BaKHBIM 4acTHBIM CIIYYdaeM MPEIIOKCHHUS
(5.8) sBnseTcsa crneayrolIMH pe3ynbTar.

CaeactBue. 114 3a0auH020 hOOMHO2000pa3ua 'V caedyrowue ycio-
8UA IKBUBANCHMHbI:

(a) none gynxyuii k(V) aeasemca wucmo mpancyeOeHmHbIM pacuili-
peruem noqas k, m. e. k(V) = k(t1,..., ln) 044 HEKOMOpO2O N,

(b) cywyecmeyem omxpoimoe naomuoe muowecmgo Vo C V, uso-
MopdHoe omkpeimomy naomuomy noomuoxecmey Up C A

MHoroo6pasue, yIoBJIeTBOPAIOIIEE 3TUM YCIIOBHSAM, Ha3bLIBAETCA pa-
yuonanvubim. Ycnosue (b) aBnsercs TOUHON (QOPMYIUPOBKOH TOro
thakTa, yTo MHOroobpasue ¥V MoxeT ObITb pallHOHAJILHO MapaMeTpU30-
BaHO /1 HE3aBUCHMBIMH TniepeMeHHBbIMH. HedBHO 3TO MOHATHE YXKe He-
CKONILKO pa3 MOABIANIOCHL B 3Toit KHHre (Manpumep, B (1.1), (2.1),
(3.11(b)), (5.7(11))). Bonpuioe 4MCIO NMEMEHTAPHBIX MPHIOXKEHUH anre-
OpanyecKkoil reOMeTpHH B APYTHX 00NACTAX MaTeMAaTHKH TaK WA HHauye
CBf3aHO C palMOHaIbHBIMH MHOTOOOpa3susaMH.

(5.10) Peaykuus Kk cayyaro runeprnioBepxHocTH. [IpocTsIM cnencTBHU-
eM oOcyxaeHuit HopManu3zauud Hétep B xoHlle § 3 sBnsercs TOT ¢bakT,
4TO JI000e MHOrooOpasne OUpalMOHATLHO YKBHBAJIEHTHO THIIEPIOBEPX-
HocTH. [Ipexme Bcero, Tak Kak kjacce OUpaumoHATLHON 3KBHUBAJIEHTHOC-
TH 3aBHCHT TOJIBKO OT OTKPBITOrO IJIOTHOTO MHOXECTBA, a 1r0oboe OT-
KPBITO€ MHOXECTBO COAEPKHUT OTKPBITOE MJIOTHOE MOAMHOXXECTBO, H30-
MopobHoe adhduHHOMY MHoroobpasuw (B cuny (4.13)), To mOCTaTOYHO
pPaccMOTpeTh TONMBKO apduHHBIE MHOTOOOpasus V C A" B paza. (3.17)

ObLIO TIOKA3aHO, YTO CYLIECTBYIOT 3JIEMEHTHI Vi, ..., Ym+1 € K[V], TO-
poxnaroinge paciuupeHue nosei k C k(V) u takue, 4TO Vi, ..., Ym aJl-
rebpanueckd HE3aBUCHMBI, a Vm +1 ajireOpaudeH Hax K(y1, ..., ym). Ta-

KuM 06pa3soM, 3TH 37eMEHThI OnpeneisoT Mopdusm ¥V — A™* 1 xoro-
Dblii 3amaeT OMpPALMOHAIBLHYIO JKBMBATIEHTHOCTh MHOroobpasus V u
runeproBepxHocTy V' C A™*HI

(5.11) Ilpomssenenms. Ecnu V u W — addunanable MHOroobpasus,
TO B HEKOTOPOM €CTECTBEHHOM CMBICIIe V' X W Takxke SIBISETCS MHOTO-
obpa3ueM. A HMeHHO, ecniu VC A" u W C A™ 10 V X W aBnsercs
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MNOAMHOXECTBOM B A"*™  3a0aHHBIM YCIIOBHEM

(s ooy an); Bryoeny Bu)f(@)=0 VfeI(V), g(B)=0 Vgel(W)].

Jlerko mpoBepuTh, YTO npousBeacHue V' X W coxpaHseT CBOMCTBO He-
NPUBOAMMOCTH. 3aMeTHM, BIPOYEM, UYTO TOIOJOrHA 3apHUCCKOrO Ha
NMPOM3BEACHUH HE SBNISICTCA MPOU3BEICHUEM TOMOJIOTHI 3apHCCKOTo co-
MHOXxHUTENEH (cM. ynp. 5.10).

Cnyyall mpOEKTHBHBIX MHOTOOOpa3uil He CTONb OueBHUAEH. YUToObI
ONpeaeNuTh MOHATHE TMPOM3BENEHUS, MbI [JO/KHBI YOEeIUTbCH, YTO
P x P™ caMo sBNIAETCS NPOEKTHBHBIM MHOroo6pasueM. 3aMeTbTe, UTO
OHO HHKOMM ofpa3om He u3oMopdro P"*" (cM. yop. 5.2(ii)). UTo6s!
yOenuTbcs B nNpoekTHBHOCTH P” X P™ Bocnmonmb3yemcs KOHCTDPYKIIHEH,
Onu3koit mo nyxy Kk KoHcTpykuud u3 (5.7(1)). A UMeHHo, 3aJaduM BIIO-
J)KeHue (g8ao0mxceHue Ceepe)

e:P"XP" =S, ,CPY rne N=@n+ D)m+1)—1,
ciaenyomiuM obpaszoM. Ilycts PN — NPOEKTHBHOE MPOCTPAHCTBO C O-
HOPOOHBIMH KOOpAHHaATaMH
(Uij)i=0,...,n;j=0,...,m-

Vno6Ho npeacraBniaTh cebe, uto Uj;; peanu3opaHbl B BHAE MaTPHLBbI

UOO vas UOm

U1()

Unm
OnpenennuMm Teneps ¢ cheayromwuM obpasom: ((Xo, ..., Xn), (Yo, ...
o Yu)) = (XiY)izo,....,n;j=0,...,m. OUYEBHOHO, YTO ¢ -— KOPPEKTHO

onpeneneHHelit Mopdusm, u obpas Sy, .., Kak JEerk0 BHIAETb, SABIISETCH
NIPOEKTHUBHBLIM MHOroo0pasueM, 3aJaHHBIM COOTHOILIEHUEM

U ... Uom Uik Uy vij=0,...,n
rank | Uy ... ... | <1, rT.e det =0
Usm Ux U, VA [=0,...,m.

Omnpenenum obpaTHoe oTOOpaxeHue Sy,m — P" x P™ crenyiomuM o6-
pasom. Jlns xaxaolt TOUKH P € Sy, n CylecTByeT mo KpaifHeil Mepe oaHa
napa (i, j), takas, uyro U;;(P) # 0. 3apukcupyem 3ty napy (i, j) u 3aaa-
JUM oToOpakeHue

Su,m 3P = ((Uyj, ..., Unj), (Ui, ..., Um))€P" x P™,
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3aMeTHM, YTO KOHKDETHBIH BbIOOP Mapswl (i, j) HE MMeeT 3HauyeHHs, TaK
Kax panr Matpuusl Uj(P) paseH ! H, CleJoBaTEIbHO, BCE €€ CTPOKH
H CTOJIOLBI TIPOMOPLUHOHANBLHBI.

OTCIoAa HeTPYAHO 3aKIMIOUHTh, uTo eciid ¥V C P"u W C P™ — mpo-
eKTUBHble MHoroobpasus, To VX WCP"X P" =S, mC PN rakxe
MPOeKTHBHO (cM. ymp. 5.11).

VnpaxHenua k § 5.

5.1. JlokaxuTe, uTO perynspHas Ha P! ¢dyHkuus ssnsgercs koHcTaHTOH. (Ykasamne.
Tonb3yack obo3naueHHsMH pasd. (5.0),npeanonoxuTe, uTo f € k(P! perynaspHa BO Bcex
Toukax P!. TMpumennte npemnoxenne (4.8(11)) x addunHOMY KycKy Aoy, 4TOOBI MOKA3aTh,
uto f = p(xo) € k [xo]. Torna B OpyromM apHHHOM KycCKe Alxy uMeeM f = p(1/y1) € k[yi].
Ho xax xe p(1/y;) MmoxeT 6bITh MHOTOWIeHOM?) BRIBENHTE OTCIOOA, YTO HH 7S KaKOro
m He CyLIECTBYeT HENOCTOAHHOTO MopdH3Ma P! = AM,

5.2. Ksanpuka 8 P3. (i) TTokaxure, uTo BroxenHe Cerpe NpocTpaHCTBa P! x P! (kak
B (5.10)) 3amaer maomopousm P! x P! u xsanpuku

Si1= Q: (XXs = X1 X2) C P

(i) KakoBbl 06pa3sr B Q IBYX ceMeiicTB mpAMEIX {p} X P! u P! x {p} ma P' x P'?
Bocronb3yiiTeck 3THM, YTOGB! IOCTPOUTH Helepecekarouecs npamele Ha P' X P!, u kak
CIIEOCTBHE ITOJYYUTE, YTO P! x P! * P2,

(To 0BCTOATENLCTBO, YTO KBAa/ApaTHYHAsA MOBEPXHOCTh MMeeT ABE CHCTeMBI obpa3yio-
LIMX NpPAMBIX, HAXOAUT NPUMEHEHHe B apxuTekType. Ecnn BaM Heo6XOAMMO HOCTPOHMTH
HCKDMBIIEHHYIO NMOBEPXHOCThL W3 OETOHA, TO BO3IMOXXHOCTBH 3aJaTh e¢ (OpMy, HCTONb3ys
TTHHeHHble pebpa JKECTKOCTH, fABJSeTcS OueBHAHBIM mpeumyriecrBoM. (CM. [Bepike,
14.4.6—7 u 15.3.3], rae npuBeaeHs! OOCYXACHHS H PHUCYHKH.)

7N\
(iii) TlokaxuTe, YTO HMEIOTCS ABE TPAMBIE Ha (J, NMPOXOAsIlME Yepe3 TO4UKy P =
= (1, 0, 0, 0), u uwro nononuerre U k 3Tol mape NpAMBIX ABIAeTCcA 0Opa3oM mpocTpaH-
crBa Al X A! mpu Bnoxenuu Cerpe.
(iv) TlokaxuTe, uTo MpH Npoekwdn wlg: Q — — P? (8 obo3nauenuax (5.7(2)) U uso-
MophHO oToOpaskaeTca Ha 3K3eMIUIAp A a aBe OpsAMbIE, MPOXOAsIME Yepe3 TOUKy P,
oTo6paxaoTcs B TOWKH Ha P2

(v) Brmuucnute dome H domw (B o6o3Hauenuax (5.7(2)) M naiTe TeOMETPHUYECKYIO
HHTEpIpETalui0 OcODEHHOCTEH OTOOpaKeHHi 7 H .
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5.3. Kakie W3 NpHBEIEHHLIX HIXE BBIDAXKCHHI 3aJat0T palHOHANbHbIE OTOOPAKEHHA
»:P" — — P™ NpoeKTUBHBIX MPOCTPAHCTB COOTBETCTBYIOUIMX Pa3MEPHOCTEH (n, m = 1
umn 2)? B kakaoMm ciyuae BeIyMcIHTe dOm ¢, YKOKHTE, ABIACTCH JIH ¢ GHpaLMOHATIbHBIM,
U ecilH HABNSETCA, TO ONHIINTE OOpaTHOe OTOoOpaKeHHe.

@ 6y D~ 0 & -1

© & »=&x 0 dxy)- 1y 1y 1/2);

(© (& » 2) = (& + )2, ¥/, 1)

M & xn )~ + 5 ¥, ).

5.4. PaunoHagbHON HOPM-KDHBOH TpETbell cTeneHH HasbiBaeTcs (cM. 5.7(1)) kpuBas
C C P, onpenencHHas nepecedenHem TpeX kBaapHk C = Q1N QN Qs, roe

O (XZ = Y?), Qs (XT = YZ), Q5: (YT = Z7).

DTa KpuUBas Ha3blBAETCs TAKKe CKPYYeHHOU KYBuKoil, TOe «CKpydYeHHas» O3HayaeT, 4To
paccMatTpHBaeMas KpHBas He ABIsAeTcs miIockoil. IlpoBepbTe, uTo anmst moObIX ABYX KBa-
apuk Q; U Q; nepeceuense Q; N Q; = CU Uy, rae l;; — HekoTopas mpsAMas. 3HAYHT, KPHBASK
C B TpeXMEpPHOM INIPOCTPAHCTBE OT/IHYAETCA OT MEepPEeceYeHHs JIOOBIX ABYX KBAIPHK.

5.5. [ycte Q1: (XZ =YY% u F:(XT*-2YZT + Z> = 0). [lokakute, 4TO
C = Q,NF spnserca ckpyueHHOH Kybuxoif u3 ynp. 5.4. (Vxazauue. Ilocne yMHOKeHHs
F Ha X u BbIYHTAHHA NMOAXOAALIET0 KPaTHOro () momydyaeTcs TOYHBIH KBaapar.)

5.6. Iycte C C P? — HenmpuBoaHMas KpuBas, OINpe/elieHHas COOTHOLLICHHEM
C=0NQ:, tae Q1: (TX = q) u Q: (TY = q2), a g1 ¥ g2 — KBAApPaTHUHbIE HOPMBbI
oT X, Y, Z. TIokaxuTe, 4TO OrpaHHYEHHE MMPOEKLUHUH T & P? — — P2, 3amaHHO# (hopMynoit
X, Y, Z, T) — (X, Y, Z), 3anaer uzomopdusmM kpusoit C u mnockodl kpupoii D C P2,
ONpeneNeHHO ypaBHeHHeM Xq» = Ygi.

5.7. Tlycts w: P! = P! — HexkoTopslit u3oMopdusm. ([TpencrassTe rpaduk ¢ kaxk moa-
Muoroobpasue 8 P! x P! = Q0 C P3. [MponenaiiTe To e camoe ANl ABYJTHCTHOrO HAKpbl-
Tus ¢: P! = P!, saganHoro dopmymoit (X, Y) — (X2, Y?).

5.8. JlokaxuTe, uTO M0bas HempuBOauMas kBaapuka Q C P"*! paunonanpha, T. e.
MOKAXKHUTE, uTO eciiu P € Q — HeocoDas TOYKa, TO JIMHEHHAs NPOEKUHS P**! Ha P" unmy-
uupyer OwpannosanbHoe oToOpaxkenune Q — — P” (kak Ha pucyHke u3 (5.7(2))).

5.9. 3anumMTe ypaBHEHHE KaXKIOH U3 CJIedyOIHX TUIOCKHX KPUBBIX B 3-X CTaHIapTHLIX
adbHHHBIX KyCKax H ONpeOeNnuTe MepecedeHHe 3THX KPHBBIX ¢ KOODAMHATHBIMH OCAMH:

@ 2z = x> + axz® + bz

) xB? + x2z2% + y22 = 2xyz(x + ¥ + 2

© xz* = (* + yHy

5.10. (i) JIOoKa)uTe, uTO TPOH3BENEHHE OBYX HENPHUBORHMBIX anrebpaHuecKHx MHO-
xecTB HernpuBooumo. (Yka3zanue [logMHoxkecTBa BHma V X {w] HenpHBOOMMBI s
we€ W. Jina 3amaHHoro pasnoxeHus V X W = U;U U, paccMOTpDHTE TNOAMHOXECTBA
Wi={weWlVXxiwlcU}, i=1, 2)

(i) OnumMTE 3aMKHYTbl€ NOJMHOXECTBA B TOMNOJIOTHH Ha At = Al x A', xotopas
ABIAETCA TPOHU3BEICHHUEM TOMNONOrHA 3apHcckoro coMHOHTenell. HaiinuTe 3aMkHyTOE
DOOMHOXECTBO B TOMONOTHM 3apHcckoro Ha A?, KOTOpoe He HMeEET Takoro BHAA.

5.11. (a) IMycts Ay ¥ Ay — cTangapTHeie adouHHBIE Kyckd HA P” 1 P™ cooTBer-
cTBedHo. IlpoBepbTe, uTO TPH BioxeHuH Cerpe u3 (5.11) Al X A H3oMopdHO oTobpa-
XKaeTcs Ha ahQHHHBIN KyCOK MHOrooopasus Spm C PY, kOoTOpBIi Mbl 0BO3HAYHM uyepes
Sy C AN, u yto N KOOpOHHAT B AN nepexonsT NpH OrpaHH4eHHH B Xi, ..., Xn, Y1, ...

., Yn ¥ nm npousBeneHuil X;Y;.

(b) Mycte V C P"u W C P™ [lokaxuTe, 4TO npoH3BeneHue V X W sBnsercs npoek-
THBHBIM TIOXMHOrooGpasueMm B P" X P™ = S, ,, C P (Vkasanue. Tlpoussenenne adduu-
HBIX KYCKOB Vo) X Wy C A""™ apnsiercs, xak oBwacHanoch B (5.11), noamuorooGpasu-
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€M, 3aJaHHbIM MHOTousIeHaMH. [TOKaXHTe, YTO KAKIbIH M3 HHX SB/IAETCS OTPAaHHYCHHEM
Ha A"*™ = S ONHOPOMHBIX MHOTOYIEHOB OT mepeMeHHbIX Uij.)

5.12. ITycts C — kybuueckas xpuBas u3 pasn. (5.0). Jokaxure, 4TO mobast peryasp-
nas Qynkuus f Ha C sBAseTca KOHCTaHTOH. [IpoBenuTe IOKa3aTenbCTBO B CEAYIOLLEH
MOC/EN0BATENLHOCTH:

Ilgz 1. Tipumensis (4.8 (II)) x adduHHOMY KYCKY Cy, 3anuwuTe f B BHae f =
= plx, y)€klx y].

Hlge 2. BpluMTasi MOAOXOOsLIEE KPaTHOE BbIPAXEHHS y* - x} — ax — b, nobeiitech,
uTo6Bl p(x, y) UMeno Buag p(x, y) = q(x) + yr(x), roe ¢, re€ k [x].

Hlze 3. Tpumenss (4.8 (ID) k abdunHOMYy KycKYy C(oy, 3aNHLINTE

f= g(x,/z1) + (1/z)r(x1/z1) € Kk [Cieoyl-
TakuMm 00pa3oM, CYLIECTBYET MHOTOUJIEH S(x1, z1), Takoil, 4TO
qa/z) + (/2 ra/z) = S(xa, 21).

Illgz 4. BBINONHHB TIpHBENEHHE K OOLIEMY IJHAMEHATENIO H HCOONB3YA TOT GakT, 4TO
5
k[Cey] = klx1, 21)/8, Tne g = 21 — xi — ax\zi — bz{, MonyuuTe CrenyoOUIee NOTHHOMHK-
alpHOe TOXIECTBO B Konbue k[xi, zi]:

Om{x1, 21) + Rum-1(x1, 21) = S, z)zl'+ Ala, )8,

rae Qm U Rm—1 — OAHOPOJHbIE MHOTOWIEHB! YKa3aHHBIX cTeneHel.

Ilgz 5. Tenepb, ecnu pa3nokuth S = S* +S™ u A=A + A7 B CyMMy ulleHOB
4ETHOH M HeyeTHOIl cTemeHell H 3aMeTUTh, YTO g CONEPKUT TOJNBKO UJIeHb! HEUETHOH CTe-
MEeHW, TO TOXIECTBO TPH YETHOM m pacnaaaercs Ha JBa:

On=S"7'+ A g U Rn-1=S" 2+ A" g.

AHAJTOTHYHOE DAa3jIoKEHHEe MMEET MECTO IJIf HEYETHOro M.

Mgz 6. Qm — OMHOPONHBIH MHOTOUNEH cTeneHd m. CreNoBaTeNnbHO, A “g uMeeT cre-
neHp > m. PaccMmaTpiBast uleH HAHMEHbilelt cTeneHu B A - g. JOK&XHTE, 4TO Qm 1enUTCS
Ha I;. AHAJOTHYHOE CBOHCTBO HMEET MeCTO I Rm 1. B3dAB MUHMMAaNbHOE 3HaueHHe
m B ToxaecTBe wara 4, JOKaKHTE, 4TO q(x) umeeT creneHp 0 u r(x) = 0.

5.13. TMopepxHocTs Beponese. M3yunTe BrOXEHHE ¢! P? - P35, 3ananHoe dopmynon
X, Y, Z) ~ (X}, XY, XZ, Y’ YZ, Z%). HanuwuTe ypaBHEeHHus, onpenensiolwe obpa3
S = ¢(P?), U NOKAKHTE, YTO ¢ — H3IOMOP(GHU3M (BBIMHKCHIBAS YDABHEHHS Lns obpaTtHoro
mopduima). [lokaxxuTe, yTO NpPsAMbIE HA P? nepexodsT B KOHHKH B P>, a xouHKH Ha P?
NEPEXOOAT B CKPYYEHHbIE KBADTHKH B P3 (eM. (5.7)).

s mo6oit npsimoii / C P? o6o3nauum uepes (/) C P> IPOEKTHBHYIO MIIOCKOCTH, Ha-
TSHYTYIO Ha KOHHKY ¢ (/). TTokaxute, uto ofvennueHne = (/) mo scem / C P? asrsercs
KyOUYecKol rumepnoBepxHocTsio ¢ C (=8 (Vkaszanne. Bol MOxere, xak B pa3n. (5.7) u (5.11),
3anHcaTh ypaBHeHHus, 3ajaroiiue S, B BHUAe ycioBuA rank M < 1, rne M — cHMMerpHye-
ckasf 3 X 3-MaTpuua, 1eMEHTbI KOTOPDOH — OIHOPOIHbIE KOODIHHATHI HA P3. TTokaxuTe,
yTo ® 3apmaercs ypasHenuem &: (detM = 0). Janpueiimme nerand cM. B [Semple, Roth,
p- 128].

§ 6. KacaTteibHOe NMPOCTPAHCTBO M HeOCOOOCTh,
pa3MepHOCTb

(6.1) Heocobbie ToukH runepnosepxHoctH. IlycTh f€ k[X1, ..., Xi]
— HenpHBOIMMBIH MHOrouneH, f¢k. Ionoxum V = V() C A" Tlycte
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P=(a,..., a)) € V — Touka u / — mpsMas, mpoxoIsiias Yepe3 TOUKY
P. Tak xak P€V, to P, O4eBHAHO, ABJIAETCA KOpHeM fl;.

Bonpoce. Korita P — kpaTHbiil KopeHb fl;?

OtBer. P sBIAETCA KpaTHBIM KOPHEM TOrJa U TOMLKO TOraa, Koraa
! nexutr B abduHHOM MOANPOCTpPAHCTBE

TpV: (Z(g:(P) (X —a) = 0) C A",

KOTOPO€ Ha3bIBACTCS KACAMeEs/IbHbIM NPOCMPAHCMEOM K V B Touke P.

Jlna moxa3zarTenscTBa mapameTpHiyeM / Tak:

[0 Xi=a + biT;
rae P = (ai, ..., a,), a (b1, ..., by) — HampaBIsAIOUIHA BEKTOp NPAMOM
l. Torma fl; = f(..., ai + biT, ..) = g(T) siBisieTcs MHOTOYNIEHOM 1O 7,
U MbI 3HaeM, uTo T = 0 sBnsercss ooHUM U3 KopHel g. CrenoBaTenbHoO,
, ag
0 — kpaTHBId KOpEeHB g & 3T ) =0,

d

Onpenenenne. P¢ V C A" Ha3sbIBaeTcss Heocob6ol MOYKOU TOBEPX-
Hoctu V, ecnm 470 X;(P) # 0 mna HekoToporo i. B mpoTHBHOM cryuae
P Ha3wiBaeTcsa ocoboii moukou V.

QueBuagHo, uTO ecnu P — Heocobasg Touka, To TpV sBhsercs
(n — 1)-MepHbIM addUHHBIM TOAMpocTpaHcTBOM B A", u TplV = A"
ans ocoboit Touxku P. '

(6.2) 3ameuanus. (a) Mcrnonb3oBaBuiiecs BbILIE YAaCTHbIE NPOH3BOMI-
Hble 0f/0X;(P) B HeHCTBHTEIBHOCTH MOKHO CUMTaTh (GOpMaILHBIMH
anrebpaduecKUMH oOmepalusaMH (a HMMeHHoO, 8/0.X; mnepesomur X] B
nX?" 1. JdnboepeHIHaTLHBIM HCUUCIIEHHEM 3[eCh M He NaxHeT.
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(b) Ipeanonoxum, uto kK =R wia k= C u 0f/0.X:(P) # 0. Jdna
onpenesiecHHOCTH nonoxum { = 1. Toraa orobpaxenue p: A" — A", 3a-
nanHoe ¢dopmynoit (X1, ..., Xu)~ (f Xa2,..., Xn), HMeeT B Touke P
HeHyNeBOll sAkobuaH. TakuMm ob6pa3oMm, Mo TeopemMe 00 obOpaTHOM
GYHKIMM cyllecTByeT okpecTHocTb P€ U C A" Touku P, Takas, 4TO
ply: U p(U) C A" sBasercas audoeoMoppuzmom U M OTKPBITOrO
MHOXectBa p(U) B A" (B oBbluHON Tomojoruu mpocrpaHcTB R” unu
C™. DTo o3HauaeT, 4To ply — Ouexnus, a p U p~ ! ansorca audde-
pEHLUUPYEMBIMH (PYHKIHMAMH (BEIIECTBEHHBIX MM KOMIUJIEKCHBIX) Iepe-
MeHHbIX. JIpyrumu cnosami, (, Xz, ..., X») 3amaroT HOBYIO auddepen-
HUPYEMYIO CHCTeMY KoopauHaT B A" B okpectHocTH Touku P. OTcrona
BBITEKAET, UTO OKPECTHOCTL TOYkH P Ha V: (f = 0) nuddeomopdHa oT-

KPBLITOMY NOJAMHOXECTBY B A"~ ¢ xoopaMHATAMH (X2,..., X»). 3Ha-
4uT, V' B OKDECTHOCTH HeOoCo0O0il TOUKH P ABIAETCA 2/1a0KUM MHO20-
obpaszuem ¢ NOKaMbHBIMH KoopauHaTamu (Xz, ..., Xn).

(6.3) Ipennoxkenne. MHOWecmE0 Viousing = {P € VI P neocoba} as-
JIReMCA NJAOWHbIM OMKPbIMbIM NO 3aPUCCKOMY MHOMCeCmMEomM 6 V.

Hokazamenbcmeo. ononHeHUEM K Vhonsing fABIAETCS MHOXECTBO
Vsing OCOOBIX TOUEK, KOTOpOe onpenensercss cucreMoil df/0.Xi(P) =0
A Bcex I, T. €.

o af af n.
Vsmg - V<f; 3_/\71: wae 5?;) CA ’

OHO 3aMKHYTO MO OIpeNeNieHHIO0 TOMOJOoTHH 3apucckoro. Tak kak V He-
npuBoauMo (cornacHo (3.11)), To mna Toro, 4TodObl O0Ka3aThb, YTO OT-
KDPBITOE MHOXECTBO Vronsing SIBSETCH MIOTHBIM, AOCTAaTOYHO (COTIacHO
TpeaIoXeHuto (4.2)) mokaszaTb, YTO OHO HemycTo. Paccyxpas oT mnpo-
THBHOTO, NMPEANOI0XKHM, YTO OHO NYyCTO, T. e. V = V(f) = Viin,. Torma
KaXABIH H3 MHOrowIeHOB df/d.X; obpailaerca B Hyjb Ha BceM V. Crne-
JoBaTeNbHO (OmsAThL B cuiy (3.11)) monyuyaemM, 4YTO OHH OOJDKHBI AEJIUTh-
cq Ha f B Konble k[Xi, ..., X.]. Ho npoussomnas 4.f/9X:, paccMaTpu-
BaeMas Kak MHOTOWIEH OT TNepeMeHHOii X;, HMeeT CTeneHb, CTPOro
MeEHbIIYI0, 4eM MHorouseH f. CienoBaTenbHO, €CliM d.f/0.X; menmuTcsa Ha
f, To 0f/0X; = 0 xax muorouwied. Han monem C 3TO, OYE€BHAHO, BO3-
MOJKHO, TOJIBKO €CJIH IepeMeHHas X; He BXOOUT B MHorowieH f. Takum
obpa3oM, eClH 3TO BBINOJHAETCA AN BceX i, TO f paBeH KOMIIIEKCHOM
KOHCTaHTe, YTO HEBO3MOXHO. Haa Nmpou3BONBHLIM TNOJIEM K YCIOBHE
df/90X; = 0 BbINOJIHAETCA, TOJILKO €CJIH MHOTOWIEH f HecenapaldeleH Mo
NMepeMeHHOH X;, T. e. ecnu chark = p u X; BxoAuT B f TONBKO B p-if
crenieHd. Ecu 3TO BbINONHAECTCA O BCeX I/, TO, COTJIACHO pPacCyxKie-
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Huro u3 pasa. (3.16), MHorouneH f sBysiercs B Kosbue K[Xi, ..., Xl
p-fi CTENEHpIO, 4TO MPOTHBOPEUHT HempuBomumoctd f. Y. T. o.

(6.4) KacatenabHOe NPOCTPAHCTBO.

Onpeneaenne. Ilycte V C A" — mnommHoroobpasue, a V> P =
= (..., an) € V — ero Ttouka. Ilomoxum mna moboro fé€ k[X, ...
° X"]
af
0y _ X — o
p 13X, (P)- (Xi — ).

3TO NHHEHHBIH HEOOHOPOJHBIH MHOTOUIEH (T. €. JIMHEHHBIA YJIEH TUTHOC
KOHCTAHTA), ABJISIONIMACA THHEHHOM 4acThI0 MHOrowieHa f B Touke P.
OnpenenyuM TeENEPL KacaresabHoe npocmpancmeo K V B Touke P cooT-
HOILLICHUEM

TeV = N2 =0 C A"
rae nepecedenue Oepercs mo BceM f€ I(V).

6.5) IIpeanoxenme. Dyuxyus V — N, 3a0anHaa RNpasuaoM
P — dim TpV, noaynenpepbisna ceepxy (6 monosao2uu 3apuccko20 MHO-
2006pazua V). [dpyeumu caosamu, 0418 A106020 r NOOMHONECIMBO

S(r) = {PeVIdimTpV 2r}jCV
3AMKHYMO,

Hoxazameavcmeo. Tlycts (f1, ..., fm) — HAOOp obpa3yromux uacana
I(V). Jlerko BHUIETb, YTO NHHeliHas yacTb gp’ J060Oro MHOrousieHa
g€ I(V) sBnsiercs nuHedHOM KoMOMHAuwWe# JIMHEHHBIX 4acTell f;, 4To
ynpomiaer omnpeaeienue 7pV ago cienyrounero:

m

TeV= () (% =0)C A"

i=1

Hanee ¢ NMOMOIIBIO 3JIEMEHTAPHON JIMHEHHON anredpu! moiy4yaeM, 4TO

afi
Pe S(r) & maTpuua < J (P)> MMeeT paHnr <n —r &
X i=1,...,m, j=1,..,n
y afi '
& Kaxawlii (n —r + 1) X (n — r + 1)-munop Matpuus! | < (P)
X ij

oOpaiaercs B HYJIb.

Kaxapiil ameMeHT MaTpulbl 4f;/8 X;(P) sBnsiercss MHOrowieHoM mno P.
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CnenoBaTenbHO, KaxAbli MHHOD — 3TO AETEPMHHAHT MOIMHOMHAlb-
HOH MaTpHIbl H TeM caMbiM MHorowieH. Takum o06pa3zom,
S(ryCc VC A" — anrebGpandeckoe moaAMHOXecTBO. Y. T. .

(6.6) CneactBue-onpenenenne. Cywecmeyem uyeaoe Yuciao r u om-
Kpbimoe naomuoe noomuoxcecmeo Vo C V, makue, umo

dim7pV =r 028 ecex Pe€ Vo u dimTpV > r 044 gcex Pe V.

Hazoeem r pasMepHOCTBIO MHO2000pazua V, dimV = r, u ckaxcem, umo
mouka P € V Heocobas, ecau dimTpV = 1, u ocobas, ecau dimTpV > r.
Mnoeoobpazue Hasbidaemica HeOCOOLIM, €CAU KANOAA €20 MOuKad He-
ocoban.

Hokazameabcmgo. IlycTs r paBHsercs MuHAMYMy {dim TpV}, rae
MUHUMYM Oepercs mo BceM Toukam P € V. Torma o4eBHOHO, 4TO

Sr-1D)=0, Sry=V u S(r+ 1) crporo conepxurca B V.

CnenoBartensHo, MHOXecTBO S(r) N\ S(r+ 1) = {Pe VIdimTpV = r)
OTKpLITO U Henycto. Y. T. .

(6.7) U3 (6.3) cneayet, uto ecnu V = V(f) C A" — runepnosepx-
HOCTb, ONpeaenseMass HEeKOTOPhIM MHOTOYIEHOM f, OTJIMYHLIM OT KOH-
cranThl, To dim ¥V = n — 1. C apyroit CTOpoHbI, B cyda€e THIEpNOBEPX-
HOCTH KOOpOHWHATHOE KOMbUO uMeeT BUI A[V] = k[Xy, ..., X.1/()),
T. €., NPEANOJIOXKHUB, 4YTO X| BXOOUT BfHeTpHBHaJ'II:HLIM obpa3oM, mo-
JlyuaeM A7is nojis QyHKUH npencTasrieHHe

k(V) = k(X2, ..., X)[Xil/(),

T. €. OHO MOJIy4aeTcs M3 MoJs k MpUCOedMHeHHeM n — | anrebpaudecku
HE3aBUCHMBIX 3JIEMEHTOB M 3aTeM B3sSTHEM NPUMUTHBHOILO alredpaudye-
CKOTO pacCLIMpPEHHS.

Onpenenenve. Ilycte k& C K — pacuipeHne nomeil. CrieneHvio
mpancyenoenmrocmu nona K Hag k Ha30BeM MaKCHUMajibHOE YHCIIO 3Jie-
MeHTOB U3 K, anrebpanuecku He3aBUCHMbIX Hag k. OHO 0603HauaeTcs
yepe3 trdegi K.

DneMenTapHas TEOPHs CTeNeHH TPAHCUEHAEHTHOCTH pacIIHpeHHit
noneii K/k ¢ GopmanbHON TOUKH 3PEHHs BIIOJIHE AHAIOTHYHA TEOPHH
Pa3MepHOCTH BEKTOPHBIX MPOCTPAHCTB. YUTO O3Hauaer aseebpauueckan
He3aguCUMOCMb NAHHBIX 3JIEMEHTOB «J, ..., om € K Hag k, HAM yXe u3-
BeCTHO (cM. (3.13)). OuH nopoxoarom TpaHCUEHAEHTHYIO 4acTh PaCLIK-
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penus, ecnu K/k(ai, ..., om) anrebpauyHo, U oOpa3yiOT MpaHCyeH-
Oenmmublii 6a3zuc, ecnd OHH alredpavyecKd HE3aBUCHMMBI M MODPOXKIAIOT
TPaHCUEHIEHTHYIO 4YacThb. Jlerko nOKa3bIiBaeTCs YTBEPKIEHHE, 4YTO
TPaHCUEHIEHTHBIN Oa3uc ABMAETCH MaKCUMalbHbIM anredpavdyeckd He-
3aBUCUMBbIM MHOXECTBOM H MHHHMAJIbHBIM MNOPOXIAIOLUIHM MHOMXe-
CTBOM; KpOMe TOro, JiroOble ABa TpaHCUeHAeHTHBIx Oasuca B K/k co-
CTOSAT M3 OAUMHAKOBOIO 4YHCIA 371€MEHTOB (cM. ymp. 6.1).

Takum  oOpa3oM, s rumepuoBepxHoctd V C A" uMeeM
dimV =n — 1 = trdege k (V). OcraBuiasca uyacTh 3TOro maparpada no-
CBAIIEHA 10KA3aTeNbCTBY TOTO, 4TO paBeHCTBO dim V' = trdegi kK (V) BBI-
NOJIHAETCH JUIA NPOU3BOJIBHBIX MHOT0o00pasuif, ¢ NOMOIULIO PEAYKIHH
K clydyalo runepnoBepxHocTeil. Ilpexkiie Bcero MbI JIOKaKeM, 4TO IUIA
moboit Toukn MHOroobpasus P € V kacatenbuoe npocrpaHctso 1p/V,
KOTOPOE 0 HACTOALIETO MOMEHTa OIpPedeAIoch ¢ IOMOIIbI KOHKpET-
HOM CHCTEMBI KOODAMHAT B OOBEMJIIOIIEM TIPOCTPAHCTBE A", B NEHCTBU-
TeJILHOCTH HMeEEeT JIOKAIbHOE HHBAPDUAHTHOE ONpeaeieHne B OKPEeCTHOC-
™ TOYku PE V.

(6.8) MnBapuanTHas npupoaa npoctpanctea 7p V. Hauunas ¢ 3toro
MOMEHTA, Mbl OyaeM CBS3bIBATL C KaXJAO0H TOoukoil P = (ai, ...
., an) € VC A" HOBYIO CHCTEMY KOOpaHMHAT X/ = X; — a;, nepeHocs
TeM caMbIM TOuKy P B Hauasno koopauHat P = (0, ..., 0). Torna 7pV C
C A" — nHHeNHOe MOONMPOCTPAaHCTBO B A”.

O603HaueHun. O0o3HAYHM uepe3 mp uHaean Toukun P B k[V], a ue-
pe3 Mp

uaean (X], ceey X,,) C k[Xl, cee Xn].
Toraa oueBuaHo, 4TO0 Mmp = Mp/I(V) C k[V].
Teopema. Bo 66edennbix 0603HaAUEHUAX

(a) umeem mecmo ecmecmeeHHbIl UOMOPHUIM BEKIMOPHLIX Npo-
CMpancme

(Tp V)" = mp/mp,
20e ()" 0603Hauaem 0BOUCMEEHHOE 8eKMOpOe NPOCIMPAHCMEO.
(b) Ecau @pynxyus f€ k[V] maxoea, umo f(P) #0, u VyC V, kak

u 6 pa3o. (4.13), — cmanoapmnoe agpunrnoe OMKPbLIMOE MHONIECMEO,
mo ecmecmeeHHOe omobpaxcerue

TP(V_[) = TpV

A6/1°eMCA USOMODPUIMOM.
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ITokazamenovcmeo n. (a). O603HaAYUM uepel (k™" BekTOpHOE TpO-
CTPAHCTBO JIHHEHHBIX GOpM Ha k", T. €. BEKTODHOE MPOCTPAHCTBO ¢ Oa-
3ucom Xi, ..., Xn. Tak xaxk P = (0,..., 0), To ana nodoit dynxkuuu
fek[X1, ..., Xx] ee nNuHeHHasa yacTh fL ecTecTBEHHO ABIACTCH JIEMEH-
toM u3 (k")*. OmnpemenuM oToBpaxenue d: Mp — (k")", comocrasass
fe€ Mp aneMenT dr = f5.

Oto6paxenne d CIOPLEKTHBHO, TaK KaK 3MIEMeHTH! X; € Mp otobpa-
JKAlOTCA B €CTECTBEHHBIN 6a3uc npocTpaHcTBRa (k”)*. KpoMe Toro,
kerd = M%, Tak xak

f9=0 & f HaunHaeTCA ¢ KBAAPATHYHBIX MO Xi,..., X UIeHOB & f€ Mp.

CrienosaTensho, Mp/M3% = (k")". DTo u ecTh yTBepxaeHue (a) Wis
yacTHOTO ciy4yas V = A" B obiueM cliyuae UMeeT MECTO OTOOpaxcHHe
orpannuenns (k")" = (Tp V)", nBoiicTBeHHoe BKmOoueHuio TpV C k", me-
peBoAsliee NuHelHyo GopMy A Ha k" B ee orpanuueHue Ha Tp V. BisB
KOMMO3MIMIO PACCMOTPEHHBLIX OTOOpa)KeHUH, MojyyaeM

D: Mp— (k™" = (TpV)".

Komnosnuus D ClOpreKTHBHA, TaK KaK CIOPbEKTHBHO Ka)kA0€ H3 COCTaB-
TISAIOMIUX OTOOpaXKeHUH.
IMokaxeMm, uTo sApo oToOpa)keHusi ) coBmagaeT ¢ M3% + (V) n,

3HAYUT,
mp/mp = Mp/(Mp + I(V)) = (TpV),

4yTO HaM M Tpebyerca. UTobnl O0Ka3aTh 3TO YTBEP)KIEHHE, BOCIONb3Y-
eMcs TeM, YTO

SekerD e flny=0¢e 9 = S ag") p ana mekoropsix g € I(V)
7

(rak kak TpV C k" sABNsieTCs BEKTOPHBIM IOANPOCTPAHCTBOM, OIpeae-

1 .
NeHHbIM yclioBHeM gp’ = 0 ans g € I(V)). Llenouka IKBUBAaJIeHTHOCTeH
NPOAOIIKAETCA:

e f— Y aigi€ Mp nna HekoTopwlx g € [(V) & fe Ms + I(V). Y. 1. 1.
i

HoxazatensctBo 1. (b) TeopeMsl (6.8) ocraercs uMTaTemno (CM.
yop. 6.2).

(6.9) CnencrBue. C mounocmbio 00 uzomopguima TpV 3as8ucum
monabko om okpecmuocmu mouku P e V. Tounee, nycme P Vo C V u
Q€ Wo C W — omkpbimble noomHoxcecmea afipurubix MHO2006pasuil
u ¢: Vo = Wo — usomopgusm, nepegooawuii P ¢ Q; mozda umeem me-
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cmo  ecmecmgennblil  uzomopgusm  TpVo — ToWo. CredosamenvHo,
dim Tp Vo = dim TQ Wo .

B uacmnocmu, ecau V. u W — 6upayuoHanbHo 3K6UBANEHMIHbIE
MHO2006pazusa, mo dimV = dim W,

Hokazamenbcmeo. Tlepexods K MeHbLIEH OKPECTHOCTH TO4YkH P B V,
MBI MOXEM CUMTaTb, 4TO Vo U3oMophHO adtduHHOMY MHOrocobpasuio
(npeanoxxkenue (4.13)). Torma u W, obmagaerT TeMH Ke CBOHCTBaMH, a
oTobpaxkeHue ¢ uHayudpyer uszoMopdusm k[Vo] = k[Ws], nepeBons-
uii mp B mg. Ilocnensee yTBepKieHHe BEPHO, MOCKOJIBKY B CHITY (5.8)
V u W comepxar H30MOpP(HBIE OTKPBITbIE IUIOTHbIE TOJMHOXECTBA.

(6.10) Teopema. dim V = trdegk(V) 011 aroboeo muo2006pasus.

Hokazamenbcmao. IToT GakT yxe YCTAaHOBIEH, eciM ¥V — rumepro-
BepxHOCTb. C Apyroi cropods! (B cury (5.10)) xaxnoe mHorootpasue
OUpaLMOHANbHO SKBHBAJIEHTHO T'MMEPINIOBEPXHOCTH, a 00e 4acTH [OKa-
3BIBAEMOT0 COOTHOIUEHUSA IJI OHPAlMOHANBHO JKBUBAJIEHTHBIX MHOTO-
oOpasmii oauHAKOBBI, Y.T.O.

(6.11) Heoco6GocTL M NMpOeKTUBHBIE MHOr000pasusi. XOTS NPUBENCH-
Hble pe3yNbTAaThl ObIM MONyYeHbl 15 ciaydas addHHHBIX MHOrootpa-
3Mii, TOHATHE HEOCOOOCTH M Pa3MEPHOCTH HEMOCPENCTBEHHO NPUMEHH-
MBI K IPOM3BOJIBLHOMY MHOrooGpasuio V. A umenHo, Touka P € V He-
ocoba, ecnu oHa siBAETCS HeocoOo# B conepxauleil ee aphUHHON yacTu
Vo C V. B cuny crnencteusi (6.9) 3TO NOHATHE He 3aBHCUT OT BbIOOpa
Vo. C nmpyroit CTOpOHBI, Al IPOEKTHBHOrO MHorootopazus V C P"
KacaTelbHOE NPOCTPAaHCTBO K V' B Touke P HHOraa ynoOHO paccMaTpu-
BaTh Kak NPOEKTHBHOE NOANpoCcTpaHcTBOo B [P?. S maM omnpeneneHue

TONMBKO [JI ciydas THIeprnoBepxHocTH. Ilycte V = V(f) — runep-
FIOBEpXHOCTb, oOmnpelaeneHHas ¢opmoit (T. €. OTHOPOIHBIM MHOTOYJIE-
HoM) f€ k[Xo, ..., Xu) crenenn d u V3 P = (@, ..., a,); TOrIa ypasHe-

HUe 23/ X;(P) - X; = 0 3agaeT B [P” runepnaockocTb, KOTOPAsk UTPAET
pONb KacaTeTbHOro mpocTpaHcTBa Kk V B Touke P. Ecnu P € Ay, TO
3Ta NPOEKTUBHAsA T'MIIEPINIOCKOCTL SBJISETCS MPOEKTHBHBIM 3aMbIKaHHEM
adbUHHON KacaTelIbHOH THIEPIUIOCKOCTH K V) B TOUKe P, 4TO J€rko
NpOBepsAETCsl ¢ MOMOLIBIO GOopMynsl Jitnepa: ecnmu f€ k[ Xo, ..., Xa] —
OOHODOIHBIA MHOTOUYJEH CTENEeHH d, TO

> X <Fa/'\f7l) =df.
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B cuny 3Toit dopMybl ang Toro, yToObl ONpeNenuThb, ABASETCSA JIM TOY-
Ka P € P” ocoboil Toukoit Ha MHOTooOpa3us V, HaM JOCTATOYHO MpOBe-
puth n + 1 U3 n + 2 ycloBHid
af .

f(P):O, B*XI(P)ZO, 120,..., n.
Tak Hampumep, B cllyuae, €cjHd CTerneHb MHOTOWICHA f He IEIHUTCSA Ha
chark, uMmeem ‘

of

?Xi(P):O g i=0,..., n= f(P)=0,

H Touka P € V aBnasierca ocoOEHHOCTBIO.

(6.12) Tpumep. Pazaytue. Iycts B = A% — HIOCKOCTD C KOOpIHHA-
TamMu (4, V) M 6: B — A? — otobpaxenue (4, V)~ (x=u y=uv). Oue-
BUJHO, YTO ¢ — OHpalMOHaNbHBIH MopdusM. OH oToOpaxkaeT v-OCh
I: (u=0) B Touky 0 u sBAseTCcs H3IOMOPOH3MOM BHE 3TOrO HCKIIFOUHU-
TENBHOTO MHOXecTBa. IlocTapaeMcs BBISICHUTB, YTO MPOU3OMAET NOI
neiicTBUeM ¢ ¢ kpuBoit C: (f = 0) C A2 Bomnpoc HeTpuBHaNeH TOJBKO
B cnyvae, korma C mpoxoauT uepe3 Touky O.

OueBUaHO, 4To o~ '(C) C B sBnseTcs anreBpaHuyeckuM MNOIMHOXe-
CTBOM, OmpeneneHHBIM dopMynoi (foo)(u, v) = f(u, uv) = 0. Tak Kak
1o npeanonoxenuro Touka 0 npuHaanexur C, To npsaMas /: (u = 0) co-
aepxutca B ¢~ '(C), MM, SKBHBaNEeHTHO, u|f(y, uv). Jlerko NMOHSATD,
4TO HauOombllUas CTelneHb ¥, Ha KOTOPYKO OenuTcd f(u, uv), paBHa Ha-
MMEHbIIeH CTeneHu m = @ + b omHouneHoB x°y°, BcTpewaroumxcs B f,
T. e KkpamHocmu f B Hyme. 3HauuT, o '(C) sBisercs oOBeaMHEHHEM
HCKJTIOUUTENBLHON KpuBoit ¢~ 1(0) = / (B3ATOl ¢ KPaTHOCTBIO ) U HOBOM
Kpusoit Cp, omnpegesieHHON MHorouneHoM fi(u, v) = f(u, uv)/u™. Pac-
CMOTPUM CJIEAYIONIAE MPHMEDDI:

(a)f=ax—y+...; ® f=y*—x*+ ... um (c) f=y*~-x,

rae MHororoune o0o03HavaeT uieHbl 6ojee BBICOKON creneHu. QueBUa-
HO, 4TO B ciyvae (a) QyHKuus f HUMeeT KpaTHOCTh 1 M fi= o — U + ...
(roe MHOroroune 00O3HAuUaeT YJIEHbl, KOTOPBIE OENATCA HA ). Takum
obpazomM, C; TakkKe sBIseTCS HEOCOOO#H U mepecekaer / B Touke (0, )
TPAHCBEPCATILHO. DTO O3HAYAET, YTO ¢ 3aMeHseT TOUYKY 0 € A? ua mps-
MYIO /, TOYKH KOTOpPO#M COOTBETCTBYIOT KacaTeNIbHbIM HaMpaBICHHUAM B
Touke O (332  uCKImIOUEHHMEM 1npamoii  (x = 0)). B  ciydae
b fi=v*—1+.., T e CiuMeer Hag Toukoil 0 € C aBe Heocobble
TOYKH (0, +1). TeM caMbIM pa3oyTHe ¢ «pa3denseT ABe BETBU» 0coboii
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kpuBoii C. B cnyuae (¢) fi = v> —u, T. e. () Heocoba, HO Haa TOYKOM
0 oHa xacaeTcs CTATMBAEMOIl KpHUBOIt /.

B o0boux cnyyasx (b) u (c) oToOpaxkeHue o 3aMeHseT OCODYIO KpH-
By10 C Heocob0oit kpuBoit Cj, KOTOpas GMpanUMOHAIBHO 3KBHBaseHTHA C
(bmaronapsi BBeNEHMIO «HOBBIX KOODOMHAT» 4 =X, U = y/x). D10 H
NPHHATO MOHHUMATh MO pa3peiueHuem ocobenHocmeil. B ciydae mio-
CKMX KDHBBIX pa3pellleHHe MOXXHO CXETaTh ¢ MOMOILUBIO HEMOYKH pa3dy-
TUHA (MpUMepBI CM. B ynp. 6.6, a JaJbHeHIne MOAPOOHOCTH — B KHHUTE
[Fulton, p. 162—171]); B atom ciyyae mpouecc paspellieHHs OCOOeHHO-
cTeill naer 06 0coOeHHOCTAX NOAPOOHYIO MH(OPMALMIO. 3HAMEHHTAs Teo-
pemMa X. XHpPOHaKM TapaHTHPYET BO3MOXHOCTb pa3pelIeHHs] OcOOeH-
HOCTeMH ¢ MMOMOLIBIO pa3nyTHH (B 000 pa3MEPHOCTH Haa MOJIEM HyJle-
BOH XapakTepUCTHKH). DTO — KITIOYEBOH TEOPETHYECKHH Dpe3yNIbTarT,
KOTODPBIA CBOOHUT M3yu€HHEe MHOroodbpasuif ¢ TOYHOCTbIO OO Oupammo-
HaJIbHOM 3KBUBAJICHTHOCTH K HCCJIEJOBAHHIO HEOCOOBIX MHOrooopasuii.
Onnako cam mporecc pa3speilieHusi 0COBEHHOCTER ¢ IIOMOIIBIO pa3ayTHI
SIBIIAIETCSL B OOLLEM ClTyyae OU€Hb CJIIOXKHBIM M HE BCErga CIOCOOCTBYET
NOHMMAHHIO OCOOEHHOCTEH WM MHOroo6pasMii, uX COMmEpKAlLLHX.

VYnpaxkHeHus k § 6

6.1. Tlycte Kk C K — paciuupenue noned, a (w1, ..., u,) u (v, ..., vs) — nBa HaBopa
31eMeHTOB nons K. TIpeAnonoxuM, UTo uy, ... , 4, anreGpandeckd He3aBHCHMBI, a Ui, ...
.., Us anreBpandecku MopoXxaarT paciuupene k C K. JIokaxuTe, 4TO r < §. (Vkaszanue.
llar HHEAYKUHH 3aKJfOMaeTcs B TOM, YTOOB! NPEANONOKHTb, YTO Ui, ..., Ui, Viel, ...
.., Us anrebpanueckd nopoxaalor K/k W paccMOTpers u;.1.) BblBemute OoTCIOZA, 4YTO
mobble Ba TpaHCUEHAEHTHBIX Ga3uca B K/k HMEOT OAHHAKOBOE UHCIO 3JIEMEHTOB.

6.2. Noxaxwure Teopemy (6.8 (b)) (Ykasanue. (V) = (I(V), Yf — 1) C k[X1, ..., Xn, Y],
TaK 4TO ecnu Q = (ai, ..., an, b) € Vs, 10 TV C A" onpenensercs YpDaBHEHHAMH AJIS
KacaTe/qbHOH MockocTH TpV C A" M OOHHM ypaBHEHHEM, BKIIIOYAIOLIHM Y.)

6.3. Haitnute Bce ocobble TOYKH CIeIYIOLIMX KPHBBIX B AZ:

@»y=x-x; 0 y¥=x-6x+9x

© X2y +x2 4+ +2xp(x+y+ 1) = 0;

@ %% =x* + % (0 xy =x° + )5

O x* =y +x* + % (9 ¥y + = x4yt

6.4. Haitnute Bce ocobble TOYKH noBepxHocTelt B A3, 3ajaHHBIX ypaBHEHHAMH

@@=z 0 F+y =25 @+ x>+ =0.

(Bam 6yner mone3Ho HapHCOBATb B Mepy CBOHX BO3MOXHOCTEH BEIIECTBEHHEBIE YACTH 3THX
NOBEPXHOCTeH. AJrebpaudeckne reoMeTpbl, Kak NPaBUIIO, PHCOBATh HE YMEIOT.)

6.5. TloxaxuTe, YTO THNEPNOBEPXHOCTL Vy C P 3anaHHas YPaBHeHHeM
X¢+xi+ . +Xxi=0,

Heocoba (ecnu d He OenuTcsA Ha char k).
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6.6 (@ Ilyerb Gy, C A7 — KpuBas, 3alaHHas MHOTOWIEHOM fp = yi—
o: B - A% — orobpaxenne U3 (6.12),al =0~ 1(0). TTokaxuTe, 4TO 0~ '(C») pa3naraetcs
B obbequnende / W xpuBoii, uzomopdHoit Cn- . JlokaxuTe, 4TO 0co0eHHOCTh KpUBOH C,

MOKeT ObITb pa3pellieHa LemovKoi M3 # Da3ayTHH.

(b) ITokaxxuTe, KaK pa3pelliTh OCOGEHHOCTH CIENYIOWMX KPUBBIX € NOMOLIBIO OOHOTO

WA HeCcKONbKHMX pa3dyTHii: (i) y¥ = x*, (i) 3= x°, (iii) (yl — XZ)O,Z _ x5) = x5

6.7. JOoKaXXHTe, 4TO IEepeceieHHe THIEPIOBEPXHOCTH V' C A" (He sBnsOLIEHCcA THIED-
7I0CKOCTBIO) C KAacaTenbHOH rHnepmiockocteio Tpl ocobo B Touke P.

§7. 27 npsAMbIX Ha KyOM4ecKoi MOBEPXHOCTH

B srom maparpade S C P? GymeT o3HauaTh HeOCOOYIO KyOHYeCKy:ro
NOBEPXHOCTD, 3aJaHHYIO OJHOPOAHOI Kybukoit f = f(X, ¥, Z, T). Pac-
CMOTpHM IIpsiMble [ B P3, nexamme Ha S.

(7.1) CnexncTBHsi HeOCODOCTH.

IMpennoxenue. (a) Yepesz nw0byo mouxy P€S npoxooum He bosee
mpex npamblx, nexwawux Ha S. Ecau smux npamelx 06e uau mpu, mo
OHU sexcam 8 OOHOU naAockocmu (CM. PUCYHKH).

(b) Ipouseoavras naockocmy 11 C P? nepecexaemca ¢ noeepxHoc-
mbio S N0 OOHOU U3 CAeOYIoWUx mpex Kpueblx:

(i) nenpueoduman kybuxa; (i) KOHUKA U NPAMAA; (iii) mpu pa3auy-
Hble npamble.

Hokazamenbcmeo. (a) Ecm [ C S, 10 [ = Tpl C TpS, Tak 4TO BCE
NpsAMBIe HA MOBEPXHOCTH S, NPOXOAMAILME HEPE3 TOUKY P, copepxartcs
8 mnockocTH TpS. B cuny (b) MX 4MCIO He NPEBBINAET 3.

(b) okaxeM, 4YTO KpaTHble MpPSMBbIE HCKIIIOYAOTCA. [Tycts
[:(T=0)ul(Z=0)CII; ecnu npamas / ssiserca KpaTHO# npSIMOH
nepecevenus SNII, To f umeetr BHA

f=2AX Y, Z T+ T-BX, Y, Z, T),

rme A — ndHeitHass, a B — kBaaparHunas (GopMel. Toraa noBepxHoCTb
S: (f = 0) umeer 0coBeHHOCTh BO Beex Toukax, rae Z = T = B = 0. Oto0
MHOYKECTBO HENycTO, TAK KaK OHO SBIIAETCS MHOXKECTBOM HyJIel dhopmbl
B ua npsimoii [ (Z=T=0).
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(7.2) Tpennoxenne. Cywecmeyem no kKpauxeid mepe OOHA NpAMas
I, newmawas na S.

HUMeeTcs HECKONBKO CIOCOO0OB OokazatenbcTBa 3toro dakra. Cran-
JApTHOE paccyXIeHHe OCHOBAHO Ha MOJcYeTe pasMepHocTell. A HMeEH-
HO, npsMble Ha P? mapaMeTpu3yrOTcs YeThIPEXMEPHBIM MHOTO06pa3u-
eM, U /s Toro utoOnl mpsaMas / nexana Ha S, TpeOyeTcsi BBINOJIHEHHE
YETBIPEX YCIOBHI (IIOCKOJILKY orpaHudeHue f Ha / saBnseTcs KyOnuecko
dbopmoii, uerhipe KodbduiuHeHTa KOTOpOiIl HOMKHBI oOpalaTbcs B
Hynb). TpebyeTcs HEKOTOPOE YyCHIIHE, YTOOBI MpPeBpaTUTh ITO paccyXie-
HUe B CTPOTO€ [J0Ka3aTelbCTBO, TaK KaK caMO OHO MOKa3bIBaeT JIMIIb,
4TO MHOXECTBO TaKMX NPAMBIX HMEET pasMepHOCTH >0, a He TO, 4TO
oHo HemycTto (B pasa. (8.15) obcyxmaercss TpaaMLUMOHHOE [OKa3a-
TENbCTBO U TPYIHOCTH, C KOTOPBIMH [IPUXOOUTCS B HEM CTAJIKMBATBLCS).

BrionHe 7OTHYHO CUMTATH NPEAJIOKEHHE BBITIOJIHEHHBIM (T. €. orpa-
HHUYUTLCA PAacCMOTPEHHEM KYOHUECKHX NOBEPXHOCTEH, colepKalliux nps-
Mble). Huxke s NPHBOXKY NPAMOE OOKa3aTeIbCTBO INpeasiockeHus (7.2)
NyTEM SBHBIX KOODAMHATHBIX PAcCMOTPEHHH H HcKmoueHuit. OHO mon-
pasfensieTcss Ha 4YeThbipe Iiara. Ecn¥ Bbl NpeamnouynTaeTe NpPOMycTHTh
ero, mepexoaute k (7.3).

IIae 1 (npenBapuTenbHAass KOHCTPYKUHS).

Ons mroboii Touxku P € S kpuBas, o KOTOpOi S mepecekaeTcs ¢ Kaca-
TeNbHOU MJIOCKOCTHIO TpS, sBnsieTcss INTOCKON kyomkod C = SN TpS,
KOTOpasi, COrJacHo ymnp. 6.7, HMeeT OCOOEHHOCTbL B TOuke P.

MOKHO NpeANnoIOXHUTh, YTO KpHBas C HenpuBoauMa, ubo B Npo-
THBHOM cJly4ae TOYKa P JeXHUT Ha TpsMoil B S U J0Ka3bIBaTh HEYEro.
Takum obpasom, C — KacnHOajbHas WIH HOAAJIBHAA IUIOCKas KyOuka
M B noaxomsmmx KoopamHatax (X, Y, Z, T) B P?

TpS: (T=0), P=(0, 0, 1, 0) u
C:(X*Z =Y nmm (XYZ = X* + Y.

Kakasi u3 3THX BO3MOXHOCTEH peanu3yeTcsa B TOouke P € S, 3aBUCHT
OT MaTpHUbl BTODBIX NpPOH3BOAHBIX (MaTpuubl lecce) bynkuun f B P.
IeranbpHee 3To M3yyaercsa B ynp. 7.3, colepxkameM Habpocok mokasa-
TenbcTBa (B XapaKTEPUCTHKE # 2) TOTO, YTO KACTHIANIBHBIHA ciiyyail 00s-
3aTeIbHO peasu3yeTcss B KaKou-HuOyab Touke P € S.

Jns mpocToThl S OOKa3bIBaKO mIpeanoxeHue (7.2) B KacmUOAJIBHOM
cayyae. B mpHHIHTIE NOKA3aTEIbCTBO TOYHO TaK K€ NMPOXOAUT H B HO-
JaTbHOM cJlydae, HO MCK/IIOUYEHHS CTAHOBATCH JOBOJIBHO HENPHATHBIMH
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(cMm. ynp. 7.10). UrTak, mpeamosoxuMm, 4ToO
f=XZ-Y+gT,

rae g = (X, Y, Z, T) — xBagpatuu"as ¢opma; g(0, O, 1 0)#08s
CHUJTY TJaAKOCTH HOBerHOCTH S B Touke P, Tak 4TO MOXHO MOJIOXUTL
g0, 0, 1, 0) =

g2 2 (bopMynHpPOBKA OCHOBHOIO YTBEDXKIEHHS). PaccMOTpUM me-
peMeHHyro Touky P, = (1, «, o, 0) € S. JTtoGas npsmas B P>, nmpoxons-
mas udepes P,, mepecekaer NONOJHHUTENbHYIO MJIOCKOCThL I1: (X = 0) B
Touke Q = (0, ¥, Z, T). 3anuceiBaeM ycnoBHe, uyTo mpamas P,Q comep-
XKHUTCS B S, B TepMUHaX « U Q; pasznaras f(AP, + pQ) = 0 no creneHsM
A H pu, mojayyaem

P.QCS® A, Z T)=B(Y, Z T)=C(, Z T)=0,

rae A, B u C — tdopmsl crenesu 1, 2 u 3 ot (Y, Z, T), B ko3ddunuen-
Thl KOTODBIX BXOAUT «.

OcHoBHOe yTBepkAeHHE, CyLujecmeyem HOPMUDOBAHHbBIE MHO2OUACH-
«pesynbmanm» Ra7(a) om o cmenenu 27, makoil, umo

R(@)=0% A =B=C=0 umeem obwuii nyav (n:¢:7) 6 P~

OTo yTBepXIeHHe OOKasbiBaeT (7.2), Tak KaKk M3 HETO CIEAyeT YTO
JUIs  KaOKIOTO KOPHA « MHOrouineda R CyulecTByeT  TOYKa
Q= (0:q:{:7) B I, Takas, uyro npsmas P,Q nexut B S. Maea nokasa-
TENbCTBA 3/1ECh — CTAHAAPTHOE BBIYHCIIEHHE, CBSA3aHHOE ¢ HUCKIFOUYEHH-
€M NEPEMEHHBIX, OCHOBaHHOe Ha ynp. 1.10. OcranpHas 4acThb OOKaza-
TEeNbCTBA 3aK/I0YaeTcs B TOYHOM BheINHchbIBaHMU A, B u C

Ila2 3 (nonsipHas dopma). ITosapusayueli OQHOPOAHOTO MHOTOYJIE-
Ha f Ha3wiBaerca (opMa OT ABYX HaBGopoe mepemennnix (X, Y, Z, T)
u (X', Y, Z', T'), sanaBaemas dopMynoii

7 7 7 7 af af af af ,

W3 onpenenenus kacaTenbHOrO NpoctpaHcTBa (cM. (6.4) u (6.10)) scHo,
yto s P=(X, Y, Z TNeSuP#Q=X’', Y', Z', T')eP3

Ji(P; Q) =0 & npsamas PQ xacaercs S B P
HcHo, 4TO

SOP + pQ) = Nf(P) + Npfi(P; Q) + M2fi(Q; P) + i’ f(Q),
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Tak uto ansA P # Q€ P? uerbipe ycnosus

fP)=fiP; Q) =/1(Q; P)=/(Q)=0

SBJIAIOTCS HEOOXOAHMBIMH H JOCTATOYHBIMH I TOTO, YTOOBI mpsiMast
{ = PQ nexana ua S: (f = 0). bonee reomeTpuyecku, OHH YTBEPKAANOT,
yTo mnpsimasi | kacaerca S B oboux Toukax P u Q, T. e. fl; umeer B
9THX TOYKAX [OBA ABOMHBIX KODHS M B cuny npeioxenus (1.8) 7 C S.
Tlonspusaudsi MHorowiena f = X>Z — Y* + gT — »a10

fi=2XZ-X -3Y* Y +X*-Z +gX, ¥, Z T)-T'+T-g.

Bnecb g, =g1(X, Y, Z, T; X', Y', Z’', T') — nonsapusanus KBaapaTuy-

HOH GopMBI g, ompeaenseMas aHaIOTUYHO, H, 3HAUUT, g1 — CHUMMETDH-

yeckasi OusiMHeitHast ¢opma, Takasa, uyto gi1(P; P) = 2g(P).
Moncrasnsis Py = (1, @, ¢ 0) u Q = (0, Y, Z, T), mony4aeM ypas-

HeHuss ans P,Q C S B Bune A =B =C =0, roe

A=2Z-32Y+g(, a &, 0T,
B=-3aY*+ga(, a, «*, 0; 0, ¥, Z DT,
C=-Y +g0, Y Z DT.

Ilaz 4 (uckmouenue). Mckmounm rteneps Y, Z, T U3 Tpex npenslay-
LMX ypaBHEHHMH, Clels 3a CTApIIMMH CTeleHAMH [1epeMEHHON a. 3aMe-
THM, 4TO, Tak Kak g(0, 0, 1, 0) =1,

g, o, &, O)=a+ ... = a®,
rge ... 0603HAYAET WieHbl MEHbIIEH CTENeHH MO «; TakuM obpa3oM,
a® — HOpPMHMpOBaHHBI MHOTO4NEH IuecToi cTemeHu. Torma yciaoBHe

A = 0 BelpaxkaeT Z Kak nuHeiiHyr0 ¢opmy oT Y u T,
Z=730*Y - a®T.

TMoncTapnsis 3TO COOTHOIIEHHE B B M MOMb3ysich OUMHHEHHOCTBLIO g1,
nojayvyaemM

B=-3%Y’+a(, a &3 0;0, Y, 3¢°Y - a®T )T =
=b Y+ b YT + by T4
roe
bo=-3a, bi=a(, o, o*, 0; 0, 1, 3¢% 0) = 6a° + ...,
br=g1(l, o, &, 0; 0, 0, — a®, 1) =-2a° + ...
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AHaNIOTHYHO, TOICTABNIAS BhIpaxkeHHe M Z B C U pasjnaras KBaapa-
THYHYIO GOpMYy g, MojiyyaeM

C=-Y+g@, Y, 3a’Y-a®9T DNT=coY?+c1 Y’ T+ YT+ T3,
rae

co=-1, c=g@, 1, 3a% 0)=9a* + ...,
=80, 1, 3¢%, 0; 0, 0, —a®, 1) =-6a®+ ...,
G = g(o, 0, _a(G), 1) = alZ + ...

Teneps B cunny ynp. 1.10 B u C umeloT oOluHil HyNbL (n.7) B TOM
H TOJIbKO TOM clly4yae, €ciiH

by by b
bo b1 b
det bo b1 b = 0.

Co C1 ¢ (3
o €1 C 3

DTOT JeTEpMHHAHT e€CTh MHOTOUYJIEH OT «, H He TPYIHO BHOEThb, YTO
€r0 CTapIIHi YleH TNOJyd4aeTcsi H3 CTaplIdX 4YJIEHOB 3JIEMEHTOB
MaTpHLb

-3a 6a° —2a°
-3a 6a° -24&°
det -3a  6a’ -20°| =
-1 9a* -—6a® o'
-1 9qa* —6at al?
-3 6 =2
-3 6 =2
= o?" - det -3 6 =2 =%
-1 9 -6 1
-1 9 -6 1

ODTO 3dBeplIaeT AOKA3ATENLCTBO OCHOBHOTO YTBED)KICHHA.

(7.3) Tlpennoxenue. as oannol npamoil | C S cywecmayem namo
nap npamoix (i, l) na S, nepecexarowux | max, umo

(i) IU LV nexum e odnoit naockocmu npu kamcoom i =1,..., 5;

(i) GVIHNGUI) = & ona i+ j.

Hoxaszamenbcmgo (3auMcTBOBaHO u3 [Beauville, p. 51]). ITyers IT —
HEKOTopasi TIockocTh B P2, comepxkaruas /. Toraa IINS = / + koHuKa
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(tak xaxk flp menuTcs Ha ypaBHeHHe NpsAMOH /). DTa KOHHMKA MOXKET
ObITh Kak 0coboii, Tak M HeocoBoil:

I

TpebyeTcs H0Ka3aTh, YTO CYILIECTBYET POBHO NATH Pa3/IMYHBIX IIOCKO-
creit Il; D/, mna KoTopblX KOHHKAa ocobas. Toraa chopMynHpoOBaHHOE
B 1. (ii) yTBepXXAeHHE O TOM, YTO HPSIMElE, JIEXKAIIHUE B PA3IHUYHBIX MIO-
CKOCTAX, HE nepecekarTcs, OymeT BuITekaTh u3 (7.1(a)).

PaccmoTpum npsamyto /: (Z = T = 0). MOXHO pa3ioxuTs f creayio-
UM obpa3zoM:

f=AX*+ BXY + CY* + DX + EY + F, *)

rae A, B, C, D, E, Fek[Z T], A, B u C — nuHeitHble Gopmbl, D
u E — xkBajpatuuHble dopmbr, a F — kybuueckas ¢opma. Ecnu pac-
CMOTPETh 3TO ypaBHEHHE KAaK YpaBHEHHE MepeMEHHOM KOHHKH Ha MJI0C-
KocTH (X, Y), TO 3Ta KOHHKA Oyxer 0co0oif Torma M TOJBKO TOTAA,
Koraa

A(Z, T) = 4ACF + BDE — AE* — B*F — CD* = 0.

(Bnece A paBeH OOBIYHOMY JeTEPMHHAHTY, YMHOXEHHOMY Ha 4, ecjH
XapakTepHCTHKA He paBHA 2; B XapaKTEPUCTHKE 2 3TO YTBEp)KIeHUE SIB-
JIAETCS JIETKUM YOPaKHEHHEM.)

Tounee, nrobas MIOCKOCTh, MPOXOOAIIAA Yepe3 MPAMYIO /, 3amaeTcs
Kak IT: (uZ = \T). Ecnut g # 0, TO MOXHO cuMTaTh, YTO g = 1, TaK 4YTO
Z = \T. B ongHoponubIx koopauHatax (X, Y, T) na mnockoctu I1 nomy-
uM fln=T-Q0X, Y, T), rae

Q=AN DX2+ B0\, HXY +CO\, 1Y +
+ DO\, DTX + E\, DTY + FO\, DT~

Herepmunant A(Z, T) ABNAETCS ONHOPOAHON KBHHTHKOH, MO3TOMY B
cuny (1.8) oH uMeeT NATH HyJEH ¢ yyeToM KpaTHOCTH. YToOHI AOKa3aTh
npenyioxenne (7.3), Hano MOKa3aTh, 4YTO NETEPMHHAHT He UMeeT KpaT-
HbIX KOpHedl. DTo Takke Oyder CleacTBHEM HEOCOOOCTH MOBEPXHOC-
TH S.
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VYreepxaenne., A(Z, T) umeem moavbko hpocmble KODHU.

Tlpeanonoxum, uto Z = 0 — KopeHb MHorouneHa A, a II: (Z = 0)
— COOTBETCTBYIOLIAS TUIOCKOCTb. MHe HYXHO OOKa3aTb, yTO A He Ae-
nuTca Ha Z2. Kak crenyeT M3 IMPUBENECHHOTO BblILE PHCYHKA, Mepecede-
Hue IIN S COCTOUT U3 Tpex NPsAMBIX, H, B 3aBUCHMOCTH OT TOTO, Iepe-
CeKaloTcs JIH OHM B OOHOM TOYKE, MOXHO BLIOpaTh KOODAHHATHI Tak,
4TO

aubo () (T =0), LL: (X =0), {{:(Y=0),

aubo (i) 1:(T=0), Lh: X=0), I[:(X=T).

CneposatensHo, B ciayyae (i) f= XYT + Zg, roe g — KBaIpuKa;
B 0Bo03HaueHHAX (GopMynbl (*) 3To O3HauaeT, uTo B =T+ aZ u ZI|A,
C, D, E, F. CnegoBaTejlbHO, IO MOIYJIO YJIEHOB, KPaTHBIX Zz,

A = — T*F(mod Z?).

KpoMme Ttoro, Touka P = (0, 0, 0, 1) npuHamiexut S, # HeocobOCThb
MOBEPXHOCTH S B Touke P 03Hayaer, YTO 4JieH Z T? Bxoaut B F c HeHy-
JIEBbIM KO3(pPuuuenToM. B yacTHOCTH, F He OenuTCs Ha Z?. Tloatomy
Z = 0 — mnpocToil KopeHb A.

B cinyuae (ii) MOXHO NPOBECTH AHAIIOTHYHYIO BBIKIAAKY (CM. yIp.
7.1).

(7.4) CaencrBue. (a) Cywecmeyrom 08e Hehepecekarowuecs npambple
, mCS.

(b) nosepxmocmv S payuouanvha (m. e. bupayuoHaabHO 3KEUEQA-
aewmna P?; cm. (5.9)).

Hokazamenvcmso. (a) B cuny (7.3 (il)) MOXHO npsaMo B3ATb /1 U /.
(b) PaccMOTpHM [Be HemepeceKkaloluecs npsmele /, m C S U onpene-
JIUM palMOHA/IbHbIe OTOOpaKEHUS

o:S—>Ixmuvy:lxm--S

cienyiomnM obpasom. Ecium Pe P3N\ (/Um), To cyllecTBYeT €IMH-
CTBEHHas HpsAMas n, IpOXOoIsAllas uyepe3 TOUYKYy P U mepecekaiolas H
lum:

PenulnNn#gJ, mNn# .
IIycte ®(p) = (INn, mNn)€l X m. DTuM omnpenensieTcs MOPGHIM
$: PPN (Um)—=1xm,

cioit kotoporo Han (Q, R) €/ X m sBnserca npaMoit QR Ha P3. Onpe-
JenuM ¢: S — -/ X m kak orpasnuyeHue otobpakeHns ® Ha S.
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U B obparuyro cropony, ompeaenuM mis (Q, R) €l x m mnpaMyro
n = QR na P3. B cuny npennoxenns (7.3) cylIecTBYeT TONBKO KOHEY-
HOE YHCJIO MPAMBIX Ha S, nepecekaromux /. TakuM oOpa3om, AJI8 MOYTH
BCcex 3HaueHuit (Q, R) n mepecekaeT S B Tpex Toukax {£ Q, R}, u3
KoTopblXx Q U R — 3anaHHbie Toukd Ha / u m. CreqoBaTenbHO, €CIU
3agaTe otoOpawxenue y:/x m — — S mnpasmioMm (Q, R)~ P, To ¢
SABJIAETCS PAlMOHANLHBIM OTOOpa)keHHeM, TaK KaK OTHOILIEHHE KOODIH-
HAT TOYKH P SIBJISIETCS PAlMOHAIBbHON (GYHKLIHMEH OTHOLIEHUH KOOPIHHAT
Touek Q u R.

OueBHOHO, YTO ¢ U Y SABJIAIOTCS B3aUMHO oOOpaTHbIMH. Y. T. AO.

(7.5) 51 Xouy HaiiTH Bce IMpsAMbIe HA S ¢ IMOMOLILIO KOH(HUrypanuu
U3 npeanoxenus (7.3), cocTosuleii U3 NMpsiMoit / U MATH HemepeceKaro-
wuxcst map (4, /7). JIwobas npyras npsimasi n C S JOMKHa IepecekaThb
B TOYHOCTH OJHY NpsAMYK u3 napwl (4, /) ans Bcex i =1, ..., 5. D10
BBITEKAET M3 TOro, 4ro B P’ mpsiMas n mepecekaer IJIOCKOCTH 11 u
ILNS = IUL U, kpoMe TOro, n He MOXET IIepecekaTh OJHOBPEMEHHO
/i m I{, Tak xak 3T0 mpoTtusopeuusio Obl (7.1(a)). Cnenytomas nemma,
YTBEPXKIaroIlasi, YTO NpsMas # OQHO3HAYHO OIpeNenseTcs TeM, ¢ KaKu-
MH U3 OpaMBIX /; U // OHa mepecekaeTcs, MO3BONAET YIOPAZOUYHTH
OCTaJIbHBIE NMpsMble. MBI iy1eM rOBOPHTEL, YTO HPAMAS 1 UHYUOCHNIHA
npsamMoit /, ecnim [Nn # ().

Jdemmva. Ecau 1, ..., L C PP — nenepecexarowuecs npamsie, mo
mbo ece uemvipe npAmvle ;i newam HaA enaokoit keaopure, I, ...
o, aCQC P3, u moeda onu umerom 6eckOHEYHO MHO20 OBLIUX UHYU-
OEHMHbIX UM NPAMbBLX;

nubo yemvipe npamoie l; He nexmcam Hu Ha Kaxou keaopuxe, I, ...
oy s €Q, u moeda onu umerom oOHY uau 0ee obujue UHYUOEHMHbLE
UM HnpAMBbIE.

[okazameavcmgo. VMeeTcss HECKOIBLKO CIIOCOOOB [0Ka3aTe/IbCTBA
(cMm. ymp. 7.2) cymiecTBOBaHMS Taakoit xBagpukd Q D/, ..., /3.

N
/N
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Ipy nooxodsilieM  BBIOOpEe  KOOpDAMHAT OHAa  HMeeT  BHJA
Q:(XT - YZ) u comepxHT [IBa ceMelcTBa NpsMbIx (oOpasyrommx).
Ipu 3ToM mrobas npsMas, HHIMAEHTHas NpsAMbIM /i, ..., /3, JOJKHA
JexaTh Ha KBagpuke (@, Tak Kak OHa HUMeeT ¢ Q) TpH oOlIMEe TOUKH.
Hanee, ecnu Iy €Q, T0 I4sNQ = {1 numu 2 Touku}, U obpasyromue U3
IDYroro ceMencTBa, NpoXoAslliie Yepe3 3TH TOUYKH, SBISIOTCA OOIWMMH
HHUHAEHTHBIMHA [y, ..., /4 TIpaMbIMH. Y.T.A.

(7.6) 27 mpameix. IlycTs / 1 m — OBe HelepeceKarolUHecs NMpsMbIe
Ha S. Kak yXe yKasbIBaJIOCh, M IEPECeKaeT B TOYHOCTH OOHY NPAMYIO
JUIs Kaxaodt u3 nstu nap (i, //) npAMbIX, nepecekaronuxcs ¢ /. Ilepeny-
MEpOBaB NpsAMbIE B 3THX napax, OyoeM cuuTaThb, YTO M IepeceKaercs
cli,i=1,...,5. O60o3HaunM NpAMBEIE, TIepecekarommecs ¢ / i m, cie-
OYIOUIMM 00pa3oM:

y 2 I Vi
/i f
/ A
A Iy
N 1"’ ~ 1"
\ m \i
) -

3HauMT, MATHIO NapaMH NpPAMBIX, Mepecekaroumx m, asnawTes (i, 1),
i=1,..., 5. Ilpumenus k npsmoil m npemnoxenue (7.3(ii)), NomyuuM,
yT0 /;/ He mepecekaetcs ¢ /; npHu i # j. C apyroil CTOpOHBI, Kaxkaas nps-
Masi Ha S JOJDKHA nepecekaThb OAHY M3 IpsMbIx /,./; unn /. Crnenosa-
TeNnbHO, // mepecekaeT // mpH | # j.

VYreepxaenne. (1) Ecau n C S — Hexomopas npamas, OM/au4HAA om
17 paccmompenrbix, mo n nepecexaem 6 MOYHOCMU MPU U3 NAMU NpPA-
Mmbix Iy, ..., Is.

(I) O6pamno, npu aobom eévibope mpex uucen {i, j, k} uz mHoxuce-
cmea {1, 2, 3, 4, 5} cywyecmayem eouncmeenHas npaman lyjx C S, nepe-
cexarowjaaca ¢ li, lj, I.

okazameavcmeo. (1) Yerbipe 3adaHHBIX HEMNEPECEKAIOILINXCS Mps-
MBIX Ha S, OYEBHOHO, HE JIEXKAT BCEe OJHOBPEMEHHO Ha HeocoOoit kBa-
Ipuke Q, Tak KaKk B NPOTUBHOM Cllydyae mojyyanock Obl, uTo Q C S,
a 3TO HNPOTHBOPEYHT HENPUBOIUMOCTH S.

Ecnu n mepecekaer He MEHeEe YeThIpeX U3 HPAMBIX /;, TO B CHIIY JIEM-
Mbl (7.5) n =/ unu n = m, 9YTO NPOTHBOPEYUT YycioBUKW. Ecnu n mepe-
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cekaeT He OoJiee OBYX M3 MPAMBIX /i, TO OHA OOJDKHA TepecekaTh He
MeHee Tpex U3 npsambix /. [1ycTh oHa mepecekaer, cKaxkem, Wi /5, I3,
I, I wm Ly, I3, I, I{. B CHiy M3JI0)KeHHOTro Bblule [ M /{ ABIAKOTCA
OOLIMMH HHUMIEHTHBIMH 3THM MATH HemepecekaroUUMCs IPSIMBbIM /5,
13, 1, I{ u |, upampiMH. TeM caMbIM, ONATHL B cuily JieMMsl (7.5), momy-
4yaeM, YTO €CJIM A IepecekaeT He MeHee YeThbIpeX U3 HHUX, TO JIHOo n = /
nmubo n = Iy, T. e. TO Xe caMOe IIPOTHBOPEUYHE.

(II) Y13 npennoxenus (7.3) BLITEKAET, YTO CYLIECTBYIOT AECATH INPA-
MBIX, MePeceKaroUIMX /;, U3 KOTOPBIX OO HACTOMAIIEr0O MOMEHTA (DUTypPH-
POBaJIM TOJILKO 4YeThipe (a uMeHHO /, I{, m u [{). IllecTb Apyrux MmpsMBIX
IOJXHBI MEPEeceKaTb B TOYHOCTH [BE W3 OCTABIIHXCA YETBIPEX IIPSIMBIX

4 .
L, ..., Is. I cyuiecTByeT B TOYHOCTH 6 = (2 BO3MOXXHOCTEH, Ka)xaas

H3 KOTOpBIX peanmuiyercsa. Y.T.x.

CnenoBaTenpHO, IpsAMble HA S — 3TO
{11 m, Ii’ Ii’, Ii”; 1ijk}a
a HX oOlllee KOJHYECTBO PaBHO

1+1+5+5+5+10=27.

(7.7) Kondurypauusa npameix. JIpyroi cmocod mnepeyucieHHsa: HA S
nexar npsmsele [, I, ..., Is, 1{,..., Is, a Takxe 16 OpPYyrux NpsMBIX,
fepecekaronIuX HEeYeTHOE YHUCI0 M3 OpsMBIX /i, ..., /s, a HMEHHO

Il nepecekaeTr TONBKO /;;

lijx mepecekaeT TONbKO /i, [, Ik;

m mnepecekaeT Bce /i, ..., Is.

Jlerko y6eauThcsa, YTO BO BBEAEHHBLIX 0003HAUYEHHSAX OTHOLIEHHE HH-
UUOCHTHOCTH Mexay 27 npsMbIMH Ha S uUMeeT cCledyoLlUi BHA:

! mepecexaetr /i, ..., Is, I{,..., I3

I nepecekaert /, m, I{, I{'u lix Ona BCEX MIECTH BO3MOXKHOCTEH BBIOO-
pa {j, k} C {2, 3, 4, 5};

/{ nepecekaer /, /1, [/ (4eTbIpe BO3IMOXHOCTH s j # 1)

U lij (yeTbipe BO3MOXHOCTH ana {i j, k} C {2, 3, 4, 5});

I/{’ mepecekaeT m, /i, I/ (4eThipe BO3IMOXXHOCTH AnA j # 1)

U lijx (4eTbIipe BO3MOXHOCTH mna {i, j, k} C {2, 3, 4, 5});

l123 nepecekacT 11, 12, 13, 1145, 1245, 1345, 14', 15', 14”, 15”.

DTa KOMOHHATOpHasA KoHPUrypauus UMeeT MHOI'O pPa3jIHYHBIX [PEI-
CTaBJICHHH, MU HEKOTOpble H3 HHUX HMMEIOT ropasno Oojiee cCHMMeTpHY-
HBIi BHO, Y€M IMpPHUBEOEHHBLIH BbIllle (CM., Hamnpumep, [Semple, Roth,
p. 122—128 u 151—152]).
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YopaxHenust k § 7

7.1. Joxaxute m. (ii) yrBepknenns u3 npemnoxenus (7.3). (Ykaszanue. Tak ke xak
H B NpHBENEHHOM 0Ka3aTenbcTBe ciyuas (i), f umeer Bun f = X(X — )T + Zg. Ipu
ToM Ko3dduurents! f umeror Bun A = T + aZ, D = - T? + ZI, roe | — nuneiinaa dop-
Ma, Tak uto Z!B, C, E, F, u Z He nenutca Ha D. KpoMme TOro, H3 HeOcoDOCTH NMOBEDX-
Hoctd S B Touke (0, 1, 0, 0) BbiTekaer, uto C = cZ, roe ¢ # 0. BpluncauTe Teneps
A(Z, T) no monymo Z2)

7.2. JoKaxkHTe, YTO IS TPEX HENepeceKaroluxcs npsamMbix /i, h, I3 C P3 cywecTByer
Heocobas kBanpuka Q O /i, f, /3. (Yxazauue. BosbMmuTe no Tpu Touku Pi, P/, P{=;
Ha KKOAOH W3 HHUX M, aHanoruudo (1.11) wnm (2.4), noKaxKuTe, UTO CYLUECTBYET 110 Kpai-
Hell Mepe onHa KBampuka Q, comepxawmas ux. CrenoBartensHo, ; C Q And Kaxnoi /.
MMoxkaxuTe, uTo Q rnaakas, — pa3bepurech, HANPUMED, 4TO MPOHCXOOHT, €CIH ) — mnapa
MJIOCKOCTEH.)

7.3. Tecenan. Iycts f = fa(xo, ... , Xn) — bOpMa cTeneHu d OT Xo, ... , Xn, ONPENENA-
olas runepnosepxocts V: (f = 0) C P"; NpeanonoXxuM Ana NpPOCTOTHI, 4TO XapakTe-
pUCTHKA He paBHa 2 W He genuT d — 1. Ilyets fy, = 8f/0x U fox, = 31f/3x:8x; — mep-
Bas M BTOpas Npou3BodHbIe ByHKUMH f. Pasnoxenue Teiinopa ¢hopmbl f B OKDPECTHOCTH
Touku P € P" uMeeT BHI

f=rP)+ @+ P+ .,
raoe j“) H j‘” — JuHeHHas W KBaApaTH4Has (HOPMBI:
D= SfP) - xi u fP = (1/2)E fap,(P) - xix;.

Ecnu P € V — ocobas Touka, To f(P) u fV obpamaiorcs B P B Hy/b, H NOBENEHHE
V unu f B OKpecTHOCTH P ompenensercs 00 BTOPOTO MOpAIKa KsaapaTuuHod Gopmoii
fz). AHanoruuto, ecnu P € V — Heocobasi Touka, TO NoBeleHugHOPMBI f, OTpPaHHYEHHOH
Ha THIEPILUIOCKOCTD Tp V (Min ocoboe ceueHHe runepnnocxocrb}é VN Tp V), onpenensiercs
dbopmoit f(z’. Onpenenum mampuyy [ecce dpopmbl f (OTHOCHTENBHO KOOPIHHAT Xo, ...
wer s Xn) QopmynoOit H(f) = H(f, X) = {fuu;}ij ¥ 2eccuan h(f) = h(f, X) KaK qeTepMHHaHT
h(f) = detH(f).

(i) Iycts x/= Xaijx; — TNpPOEKTHBHAs 3aMeHa KOOPIMHAT C HEBBIPOXKIECHHOM
(n + 1) x (n + 1)-maTpuueit A = (a;;). Ecnu g(x’) = f(AX), TO n0KaXuTe, 4TO MATPHLIA
Tecce npeoOpa3syercs Tak:

H(g x') = (AYH({, A4,

roe ‘A — TpaHCIOHMpOBaHHAas MarpHua. BbiBemuTe orciona, uto h(g, X') =
= (detA)2h(f X).

(ii) PaccmorpuTe abduHHBIM Kycok Vi) C Aly runepnoBepxHoctH V: (f = 0), kak B
(5.5). Iycts P € Vi — Heocobas Touka, a II = Tp V() — addunnas kacaTenbHas Ioc-
KOCTb; 0603HAYUM Uepe3 ¢ OrpaHMdYeHHe Ha 1 OTIpeNeNsIOLIero MHOToueHa f/x{ s V.
IlposepbTe, UTO pasnoxende Teitnopa GYHKUHH ¢ B TOUKe P HAYMHAETCA C HEBBIPDOXKIEH-
HOM KBanmpaTHuHOH $GOpMbI ©@ (0T n — | NepeMeHHBIX) B TOM H TOJIBLKO TOM Cilyvae,
xorna A(f)(P) # 0.

(Yka3anue. Ucnmonpsys n. (i), cBemuTe Bce k ciayvato P = (1, 0,..., 0) #u
TpV: (x; = 0). Torna ¢¥ — 310 HIXHHUI npaBbill (7 — 1) X (7 — 1)-0110K NpPoeKTHBHOM
MarpHubl Tecce H(f). Bocnonb3yiTech paBeHCTBOM fy,(P) = 0 mna i # 1 u dbopmynoi

Ditnepa Zf,,.,j -xj = (d — 1) fy;, uTOOBI NOKa3aTh, uro MaTpuua H(f) HMeeT B TOYHOCTH
j

no OOHOMY HECHYJIEBOMY 3JIEMCHTY B CTPDOKE H cronbue ¢ HomMepoMm 0.
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(i) Mycts C: (f = 0) C P* — HeBBLIPOKIEHHAs ILUIOCKas KyOHuecKkas KpUBas; BLIBEIH-
Te H3 (iii)), uto P € C sBnsiercs TOUYKOH Tmeperuba TOrga M TOABKO TOIZA, KOraa
H(f)(P) = 0. U3 Teopembl Besy cnenyer, uto (f = H(f) = 0) C P? nenycro (cM. (1.9)
u [Fulton, p. 112]).

(iv) Myets S: (f = 0) C P? — Heocobas KyGHuecKas MOBEPXHOCTh. [lOKKHUTE, YTO ec-
g4 P ¢ S He mpMHAmNeXHT HH ONHOW NpAMOW, nexamed B S, To nepecedenne SN TpS
ABJISETCA KacmuaaabHOW KyOMKoM Torma u Tonsko Toraa, koraa H(f)(P) = 0. BripeauTe
OTCIO/1a CYLIECTBOBAHHE CEMEHHH, HMEIOLMX BHI KACIHIAILHBIX KyOHK, KaK Tpebyercs Ha
ware 1 jgoKasaTenbCcTBa npeanoxedds (7.2).

7.4. (i) Joxaxure, uto ecnu P € § — ocobas Touka KyOMYecKoil MOBEPXHOCTH, TO CY-
LIECTBYET MO KpailiHeH Mepe oaHa npsiMas / C S, mpoxoasiuas uepes P (a «B 0oOLIEM MOIO-
JKEHHH» TaKHX MPAMBIX 6).

(i) Ecniu X C P* — meocobas KybGHueckas IHIEPIIOBEPXHOCTD (TpexmepHas KyOHka)
u P € X, To cymecTByeT no KpaifHeil Mepe oxHa npsMas / C X, npoxoasiuas 4epe3 TOUKY
P (a «B obweM nonoxeHun» 6). (Ykasanue. Boinuniute ypasHende mis X B KOOpDAMHATAX,
B koTopeix P = (1, O,..., 0).)

7.5. TlokaxuTe, 4YTO paUHOHANbHOE OTOOpaxkeHHe ¢: S — — [ X m H3 CIeACTBHSA
(7.4 (b)) B mEHCTBHTENBLHOCTH ABIAETCA MOPOHU3IMOM. TIOKaXKHTe, YTO OHO CTATHBAEcT B
TOYKH TATH MPAMBIX Ha S.

7.6. Haiinute 27 npsAMbIX Ha AMAroHa/JbHON KyOMYeCKOH MOBEPXHOCTH (MMOBEPXHOCTH
®epma)

S X+ +Z22+T=0cCP

¢ TOMOIBIO TUIOCKOCTeH BHOa (X = oY), roe ¢ = 1.
7.7. Mycrs'S C P? — kybuueckas NOBEPXHOCTD, 3a1aHHas ypaBHeHueM S: (f = 0), rae

SX Y, Z D) =2ZX + TV’ + (Z - d*TINZ - &THZ - /*T),

a d, e, f — pa3nuuHble HEHYJIEBbIE 3EMEHTHI NoJis k, [ C S — TNpsMas, 3aJaHHas ypaBHe-
HueM Z = T = 0. PaccMaTpuBas, KaKk H B NPeLIOKeHHH (7.3), NEPEMEHHYIO NIOCKOCTb,
COREpXKaIlylo TpAMYIO /, monyudTe ypasHeHusi 10 npsMeix Ha S, nepecekaromuuxcs c /.

7.8 (mpennoxeno P. Kacnmaribu). PaccMOTpUM kyBuueckyro NOBEpXHOCTh Sy C R3,
3aJaHHYI0 B a®(dUHHBIX KOODAMHATAX ypaBHEHHEM

Xy + 2 —2xvz=1+\, ™)
rae M€ R, A > 0, — xoHcranTa. (i) IlepenucwiBas (*) B BHIE
-y =07 - DE- 1)+ N\,

HOJIy4aeM, 4YTO Sy UMeEET 4 TOJbl, YXOOAILMX B 6€cKOHeyHOCTh. C APYroit CTOPOHBI, CO-
OTBETCTBYIOIAA MPOCKTHBHAA MOBEPXHOCTb S C [P, mepecekaeT OGeCKOHEUHOCTh MO TpeM
npsaMbiM XYZ = 0. Hcnonb3yliTe 3To, 4TOObI ONMHCaTh TOMOIOTHIO TIOBEPXHOCTH S.

(ii) PaccmatpuBas (*) Kak ypaBHEHHe MepeMEHHOH KOHMKH B (X, ¥)-IUNIOCKOCTH C mapa-
METPOM Z, TMOKWKHTE, YTO HETHIPE Maphl NMPAMBIX, jJeXalue B Sgy, KOTOPBIE NMEPECEKAIOT
(Z = 0) Ha OecKOHEYHOCTH, 3aMAlOTCA YPABHEHHAMH Z = p, X = (n £ NY; 2 = — g,
X=(-pxNy;z=1,x—y=xNz=-1,x+y==x\ rmepu’ =1+ N\ Uz06pa3zu-
T€ MOBEPXHOCTHL S B R3 u ee 24 mpAMble Ha AMCIUTEE KoMrmbloTepa HGO cMacTepuTe
€€ THIICOBYID MOHENb.

7.9. Cny4ait, korja Bce MpsMble PALMOHANLHLI. IIpeamonoxum, uto chark # 2, u
nyctb S: (f = 0) — Heocobass KyGHUecKkas NOBEpPXHOCTb, TIe

f=AX Y):T—-B(X, Y)-Z + (uienn crenenu = 2 or Z u 7).
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Toraga S: (f = 0) comepxut /: (Z = T = 0) U KacaTe/NpHas IIOCKOCTb B TOuke P =
= (1, \ 0, 0) — 310 TpS: A(1, \)T = B(l, N)Z.

(i) Vicnionb3yiiTe NHHeRHbIE 3aMeHb!I KOOPIHHAT B MIOCKOCTAX (X, Y) H B (Z, T), uto-
6u1 mpuBecTd A, Bx A = X + AY%, B = XY (tne A € k), a eciH A — TOMHBIH KBAPAT,
To kK A = X%, B=Y>

(ii) TTpennonoxum, uTo S TAKKe CONEPKHT npamyto m: (X = Y = 0) u 1nst ynpouue-
HHs 0603HaueHnd uTo A = X2, B = Y2 Ilyetw i, i = 1, ..., 5, — naTh obLuMX HHUENEHT-
HBIX [/ M 1 NpAMBIX, U obo3nauuM uepes P; = (1, Ni, 0, 0) = iN/ TOUKH nepeceyeHus
| u I;. JJoKaxHTe, UTO

L:(Y=NX, T=NZ)mpa i=1,..., 5
H 4YTO
f=XT - YZ + X(0sZ8 + 32T + o1 T?) = Y(04Z> + 2 ZT + T7),
roe oy, ..., 05 — 3IEMEHTapHble CHMMETDHUYECKHE QYHKLUHH OT Ai, ..., As.
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(ili} HatinuTe ocranbHble npsiMble Ha S. (VKa3anue. /[ m /[ coneparca B MIOCKOCTAX,
KOTOpBIE Bhl YK€ 3Haere. Paccyxnas, kak B (7.6), HETpYOHO MOKa3aTh, YTO KaKaas nps-
Masi, nepecekaromas Bce TpH npamsele /i, L, [3, 3agaerca ycnoBueM (12Z + T): X =
= (nZ + nT):Y = «:f3 ana HEKOTOpPOro «:f3 € P., rae 71,..., T3 — 37M€MeHTapHblE
CHMMETPHYECKHE QYHKLHH OT Ai, ..., A3).

7.10. DTo ynpakHeHHe Ui TeX, KTO NIOOHT JUTMHHBIC BBIMHCIEHHA UJIH HMEET TOCTYN
K MpOrpaMMaM KOMIbIOTepHO# anre6pbi. Ecnu Heocobas kyOHueckas MOBEPXHOCTR S CO-
JIEPKUT B KauecTBE CeYeHHA HONATBHYIO KyOHuecKyto KpuBylo C, ee ypaBHEHHE MOXHO
3anucaTh B BHIE

f=XYZ-X}-Y+ Tg

Mycts Py = (a, a® 1+ o3 0), rne o # 0, © — mnepeMenHass Touka kpuBoi C H
Q = (0, Y, Z T). Torna, npeacranss f(AP, + pQ) uepe3 Neonspu3aUHI0 MHOTOYICHA
/. Kak B mmare 3 JOKa3aTelbCTBE NpEMLTOXeHus (7.2), MOKaxeM, 4To npaMas P, Q nexut
B S TOroa M TONbKO Torga, korma A = B = C =0, roe

A=(-2"+)Y+a’Z+g@ o 1 +a° OT,

B=aYZ-3aY’ +gi(a, ¢, 1 +0% 0,0, Y, Z, DT,
C=-Y +g0, Y Z DT.

JIOKa>KHTE, YTO CYIIECTBYIOT HOPMHPOBAHHBIN «Pe3yNbTaHT»-MHOrouseH Rz7(c) OT o CTe-
nedd 27 co cBOOOAHBIM uleHOM 1, TakoH, uTO
R@=0®A=B=C =0 uMetoT obwuii Hyms (7:¢:7) B P2

(Vxazanue. Paspewas A = 0 oTHOCHTENbHO Z (M MONYYHB TPH 3TOM o’ B 3HameHarene),
nozacraenseM BbipakeHde ana Z B B 1 C, 4ToObI NONYYHTh OHHAPHBIE KBAJPUKY H KyOHKY
oT Y u Z. 3areM, ucnonb3ys nerepMuHanT CunbBecrpa, ucknioyaeM Y u Z. TpyaHocTh
3TOTO Cly4as COCTOHT B TOM, YTO JETEPMHHAHT H3 CTAPLIMX YIEHOB 00OpAIIAETCA B HYINb.
DTO NPOHCXOOUT H3-3@ TOro, 4to A, B, C HMeIOT TpHBHANBHBIA OOmmMH# HyTb
Q=P,=1(0, 0,1, 0), xorna « = 0 u1H . A priory AeTEPMHHAHT HMeEET 4IEHBl C
a'®, .5, a” ' U HYXHO BBLIMHCIHTL YeThIPE MEPBLIX H YeThIPE NMOCNEIHUX KOI(PHLHEHTA,
4TOBbI /IOKA3aTh, YTO HA cAMOM fele OH HmeeT BHa —lo' + ...~ 1-a” %)
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§ 8. 3akmounTesBbHBIE KOMMEHTapPHUH

CtynenT He 00s3aH TOTOBUTH ITOT 3AK/IKOYMTENbHBIH maparpad
3K3aMeHy, HO TeM He MeHee OTIeNbHbIe MECTA MOTYT NMPEACTABASTE IJis
HEro HHTEpeEC.

Hcropua u coumosiormveckuii acnekt COBpPEeMEHHOM
anarebpanveckoil reoMeTpuu

(8.1) BBeneHne. Anrebpaunyeckas reoMeTpus 3a nociaeanue 30 e 3a-
HsIa B MAaTEMATHKE NPUOIH3UTENBHO TAKOE e MOJOXKEeHHe, KAKOe 3aHH-
MaeT caMa MaTeMaTHKa B OKpyXKarouieM Mupe. Ee yBaxaioT U Gositcs
Kyna Oonbile, 4eM NMOHHMAIOT. B TO e BpeMs T€ «IpPaKTHUECKHE» BO-
IPOCBI, KOTOPbIe MHE 3aJal0T aHITIUICKHE KOJUIErH UM CTAapLIeKypPCHH-
KH YODHKCKOTO YHMBEPCHTETAa, OOBIYHO HACTONIBKO 3EMEHTApPHbI, YTO
TIOKPBIBAIOTCS MO0 3TOM KHIDKKOH, TH60 KHUroit [AThbi, MakaoHaNbI].
Hanbueiiliee ONHCaHHE COBPEMEHHOTO DA3BUTHS MpPEOMETA — BCETO
THWb NONBITKA OOBACHATL 3TOT Napaaokc. IIpM 3TOM s HUKAK He mpe-
TEHAYK Ha OOBEKTHBHOCTB.

(8.2) Ilpeapicropusi. Anrebpaunueckyio reoMeTpuro B XIX B. nutanu
HECKONbKO PAa3HBbIX MCTOYHUKOB. IIpexje Bcero 3To — coOCTBEHHO reo-
METpHYECKash TpadMLUMs, T. €. NMPOEKTHBHAS IeOMETPHsl (M HauepTaTellb-
Has TeOMETPHsA, NpeacTaBisBlIas Bo BpeMeHa HanoneoHa GONbIION HH-
Tepec Ons BOCHHBIX), H3YYEHHE KPHMBBIX H NOBEPXHOCTEH KAK TAKOBBIX,
reoMeTpusi KOHGHUrypanuit. 3aTeM 3T0 — TeopHs GYHKIHHA KOMIUIEKCHO-
IO MEPEMEHHOr0, NPEACTAB/IEHHE O KOMIAKTHOM PHMAHOBOI MOBEPXHOC-
TH Kak 00 anrebpanueckoil KpUBOH U ee YHCTO anrebpanyeckoe MocTpoe-
Hue yepe3 nose ¢yHknuid. Hang BceM 3THM — riybokas aHajoOTHS MeEX-
oy anredpanyecKMMH KPMBBIMH M KOJIBIOM LETBIX YHCEl YMCIOBOTO
N0JIsA, & TakXXe MOTPeOHOCTD B anredpanueckoM U IeOMeTPHUYECKOM SI3bl-
k€ U1 TEOPHH MHBAPHAHTOB, ChITPABUICH BAXKHYIO POJIb B PA3BHTHH a0-
CTpakTHON anreOpbl B Hauane XX CTOmETHA.

IepBrbie necatunerus XX B. 03HAMEHOBAMHUCH TIYGOKHM pPacKoJIOM.
C onHOH CTOPOHBI, reOMeTPHYECKAS TPANHLHSA M3YUEHHS! KDHBBIX M IO-
BEPXHOCTEH TMUJIOAOTBOPHO pa3BHBajgack paboTaMd OMHCTATENbHOM
HUTaNbsSHCKOH WLIKOMBI (HAPAAY CO CBOMMH COOCTBEHHBIMM BIIOJIHE BIIC-
HYaTAAOIIMMHE JOCTH)XEHUAMH OHA ChITPalia 3HAYMTENLHYIO POJb B Pa3-
BUTHH TOMONOTWM M aubdepeHuHanbHON reoMeTpHH), OIHAKO AOKAa3a-
TeNbCTBA BCe §OJIee HACTONYHMBO ANMENHPOBAIM K «T€OMETPHUECKOH HH-
TYHUHW», M Jaxe Maestri He ObIIM B COCTOSHMH TNPOBOIHTH
PacCy>XI€HHs1 HA OJKHOM YPOBHE cTporoctd. C Apyroil CTOpPOHBI, He-
AaBHO CHOPMHPOBABLIMECS MOJIKH KOMMYTATHBHON ayireOpbl 3aKkmambl-
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Banu GyHIAMEHT U HOBYIO TEXHHKY [0Ka3aTeNbCcTB. IIpuMepoM pasnu-
udsl MEXAYy ITHMH OBYMS IIOAXOJaMH SBIAETCA CIIOp Mexay Uxoy u
BaH Jep BapaeHOM, ¢ OHON CTOPOHBI (MM YIa/I0Ch 0Ka3aTh CYIIECTBO-
BaHHE a/iredpaudeckoro MHOrooopasusi, napaMeTpusyIoLIero NpocTpaH-
CTBO KPHUBBIX 3aJaHHOTO poda W CTeneHu), U CeBepH, ¢ OAPyroit cropo-
HbI, KOTOPBIl BCIO CBOK JXH3Hb TBOPYECKH HCIOJB30Bajl TAKHE IPO-
CTPAaHCTBA H B INPEKJIOHHBIX TOJAaX TOPBKO CETOBAl HAa BTODPXKEHHE
anreOpancToB (ma eule U He UTadbAHUEB!) B ¢BOO 00macte. OcobeHHO
€ro 3a/JeBaJld HesABHbIE HAMEKH HAa TO, YTO paboTaM ero coOCTBEHHOI
ILIKOJIbI HE XBAaTaeT CTPOrOCTH.

(8.3) Ctporoctb, nepsasi BoJHA. Beyen 3a BBedeHMEM aOCTPakTHOIM
anredps! [unpbeproM 1 IMmmu HéTep cTporue ocHoBauus anrebpamnue-
CKO#f reoMeTpur Owljin 3anmoxkeHbl B 20-e u 30-e rogsl BaH aep Bapae-
HOM, 3apucckuM u BeitneM (0ObIYHO 3acnyrd BaH Aep Bapaena 3amai-
YHUBAIOT, NO-BUAUMOMY, M3-3a TOTrO, YTO OONbIIOE YHCIIO MaTEMAaTHKOB
[IOCTIEBOEHHOH MOpBI, BKJIIOYMAS HEKOTOPBLIX BeaylIuX anredpanueckux
FeOMETPOB, CUMTAIO €ro KoJ1abopanHOHHCTOM).

LlenTpanbHOM 3amaueii UX MPOrpaMMbl OBIIO MOCTPOEHHE ayrebpau-
4ECKOHN reoMeTpuu Haa no0biM moneM. KimroueBas TpydHOCTh 31eCh 3a-
KJIFOYAETCSl B TOM, YTO MHOroo0Opa3ue Helb3sl OMpPEeaeuTh MPOCTO Kak
MHOXECTBO TOYEK. A HUMEHHO, KOrAa Bbl HAUHHAETE C pPacCMOTPEHHS
MHOroo6pasus V C A} Han 3adaHHbIM NOJEM K, TO OHO SABISETCH HE
MPOCTO MOAMHOXECTBOM B k”. BaM NpuaeTCd TakKe pacCMOTpEeTh BCE
K-3HauyHbIe TOUKM MHOTOOOpasus V, rae kK C K — pacludpeHue NoJiel
(cM. obcyxnenus B (8.13 (¢)). DTo OHA U3 NPHYUH HUCNIOJIb30BAHUS CHM-
Bona Af ans 0603HaueHMs k-3HAYHBIX TO4eK MHOroodpasus A", KOTO-
poe XOTenoch Obl CUUTATH CYUIECTBYIOIIMM HE3ABHCHMO OT KOHKPETHO-
ro nois k.

HeobxonuMocTh ¢cMeHbl OCHOBHOTO MOJISL B XOA€ PACCYXIEHUH CHIIb-
HO YBEJIMUUBAET TEXHUUYECKHUE M KOHIENTYAJbHbIE TPYAHOCTH (HE TOBOPS
yk 00 ob0o3nauennsnx). Tem He MeHee okoy10 1950 T. BejineBckas cucTeMa
OCHOBAHMI TeOMETPHH BOIIJIa B ynoTpebfieHHe HACTOJBKO, YTO TpaiH-
LHMOHHBIE reoMeTps! (HanpuMep Xomx U ITuao) ObIIH BLIHYXKOEHBI HC-
[I0JIb30BAaThb €€ B CBOMX KHHUIaX, YTO CYLIECTBEHHO 3aTPYAHHIIO (IO Moe-
My MHEHHIO) BOCNPHATHE JITHX KHHUT.

(8.4) Opa I'porenauka. B nepuon npuMepHo mexay 1955 u 1970 rr.
B airedpanyeckoil reOMETPHH TOCMOACTBOBANHM MAPHXKCKHE MaTeMaTH-
KM, BHayasie Cepp, a 3aTeM IIaBHBIM 00pa3oM I'DOTEHAMK H €ro IIKOIa.
BaykHO He BnacTh B HEMOOLIEHKY BIHAHHSA nmoaxoaa I poreHauka, ocobeH-
HO TeMepb, KOraa OH yXe N0 HEKOTOPOU CTENeHH BhIIea U3 MOAbl. DTO
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ObLn mepuoA, Koraa ObLIM COelaHbl OTPOMHBIE HICHHbIE H TeXHHYECKHE
NpOABHXeHUs, U Onmaromaps CHCTEMATHUYECKOMY HCIIOJIb30BAHHUIO MOHS-
THsi cxeMbl (DoJiee oOluero, yem mMHOrooGpasue, cM. (8.12)—(8.14) Hu-
Ke) anredpanueckas reOMeTpHs MOIYYHSIAd BO3MOXXHOCTb BIIMTATDL B Ce-
051 NMpakTHYeCKH BCE OOCTHXKEHUS TOINOJOTHH, T'OMOJIOTHYECKOM anre-
Opbl, TEOpPHM umcer H T. A. M AaXe ChI'PaTh BAXKHYIO POJb B HX
passuTud. CaMm I'poTeHAMK yaanuicsa cO cueHbl okomo 1970 r., korma
eMy ObITIO enBa 3a COPOK, 4TO ClleAyeT PAcHEHHMBAThL KAK TParHYecKyro
yTpaTy (Bce HAYAJIOCH C TOTO, YTO OH HNOKHHYT MHCTUTYT BBICIIHNX HC-
cnenosannit (IHES), nporectys npoTus (MHAHCUPOBAHHSA HAYKH BOEH-
HbIMH.) JIloOoii paboTaromuit anrebpavyeckuii reoMeTrp XOpOLLUO 3HA-
KOM ¢ O0NbIIMMH (PparMeHTaMH CO30aHHOH B TOT*IIEPHOA MOILIHON Tex-
HUKH, MHOTHE M3 KOTODBIX €LIe HYXIAIOTCH B JOCTYIIHOM H3JOXKEHHH.

C Opyroit cTOPOHBI, KYNbT JIMYHOCTH I POTEHIMKA HMeEN cepbe3Hble
nobounsle 3heKThl. A WMEHHO, MHOTHE MaTeMaTHKH, MOCBATHBILHE
O0JIBIIYIO YaCTh CBOEHl XU3HH OCBOEGHHIO BEHJIEBCKHX OCHOBaHHUii, ObIIH
BBITECHEHB! M3 anrebpauyeckoidl reoMeTpud MM MOABEPIIIMCh HacMelll-
kam. Hackonbko MHe H3BECTHO, JIMIUL OAMH MIIH [IBAa H3 HHUX CYMeENH
ananTHPOBAThCA K HOBOMY s3bIKY. KpoMe TOro, menoe mokojeHue CTy-
JEHTOB (IIPEMMYILECTBEHHO (PPaHIy3CKHX) NpeObIBaiO B [JIYMOH yBepeH-
HOCTH, 4YTO €ClIH 3ada4yy Henb3s O00JauuTh B padHMHHPOBAHHLINA ab-
CTPaKTHBIH (opManus3M, TO €0 He CTOUT 3aHMMATLCHA, H TEM CAMBbIM
JHIIMIA CeDsl eCTECTBEHHOTO IJIsi MaTeMaTHKa NyTH pa3BHUTHUSA, KOTraa
OH HAQYHHAET C MAJICHBKUX 3a7a4, KOTOPbIe €My IO CHJIaM, H, ONHpPasCh
Ha HHX, pPa3BHBAaeT CBOK JEATENBHOCTb. (S 3HAIO peasbHBLIA clyuai,
KOTJa AMCcepTauus 1o apudMeTHKe KyOMUYECKHX MOBEPXHOCTEl BHauae
He Oblna MPHHSATA, IMOCKOJIBKY «ECTECTBEHHO CTPOHTBH KOHCTDYKHHIO HAN
OOILIUMH JIOKAJTbHO HETEPOBBIMH OKOJIbLOBAHHBIMU TOMOCAMHY. DTO He
myTKa.) MHOTHe U3 TOTAAlIHUX CTYAEHTOB HE NMpeACTaBiIsIu cebe Goltee
OOCTOMHOIO 3aHATHSA, YeM «éfudier les EGAs». Hauano usyueHus rteo-
PHH KaTeropHil Kak TakOBOH (SIBISAIOIIEECS, COTJIACHTECh, OJHUM M3 Ha-
ubosee OeCIUIONHBIX MHTEIEKTYATBHBIX 3aHATHI) TaKKe OTHOCHTCH K
3TOMY nepHoay. Brpodem, He cliempyeT CBajiMBaTh BCIO BHHY Ha IpoTeH-
AHKa, TaK KaK CaM OH NPHMEHSI TEOPHIO KATETOPHH K pEIleHHIo 3amady
BIIOJTHE YCIIELIHO.

C To#t mopel Moza nepeMenunack. Ha HemaBHeil KOH(epeHUHH BO
DpaHuMH 5, KOMMEHTUDYS H3MEHEeHHe CUTYalHH, IOMY4YHI B OTBET cap-
KacTH4eckoe 3amevaHue: «OAHaKO CKpyueHHas KyOMKa SIBIsieTCs Ipe-
KPAacHBIM NMPHUMEPOM MPO-NPeACTaBUMOro ¢dyHKTOpa». S moHuMaro, uto
HEKOTODBIE U3 MAaTEMATUKOB, HMEIOIIHE B HACTOANIEE BPEMS OTHOILIEHHE
K (UHAHCHPOBAHHIO HAYKH, NOCTPANaId B TOT NEPHOI HHTEIIIEKTYallb-
HOrO TeppopH3Ma, U B PE3YyNIbTATe 3asiBKMU AJIA CO3OAHHS HAYYHBIX MPO-
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€KTOB COCTaB/IAKOTCA TaK, YTOOBI MakKCHMAaJIbHO YMEHBUIUTH HX CBA3b
¢ anredpavyecKoil reoMeTpHeil. ,

IToMHMO oOYeHL HeDOJIBILIOrO0 YHC/IA €ro COOCTBEHHBIX CTYAEHTOB,
KOTODBIM YHAJIOCh BBIAEPXaTh FOHKY M BBDKHTB, JIIOJH, KOTODbIE H3-
BJIEKIH HAauOONBIIYIO MONB3Y M3 HAel I'poTeHaMKa M pa3BHBAJIM HX Ha-
uboree yCneuHo, HCOBITHIBAIN €ro BJIHAHHE HAa pacCcTOsHUUA. K HUM OT-
HOCATCA rapBapiackas mkosna (uepes 3apucckoro, Mamdopna u M. Ap-
THHA), MOCKOBckas wkona IlladapeBmya ©u, MOXeT OBITH, TakXe
ATIOHCKAasA INKOIA KOMMYTATHBHBIX anrebpancTos.

(8.5) Boaewuoit B3peIiB. McTOpHs He 3akoHYMNIachk B Hauane 70-x IT.,
H anrebpandeckas reOMeTpHs He cTana ¢ TOH Mopbl MeHee TOIBEPKEH-
HO1 KonebanusgM Moabl. B 70-e rr., XOTS psAd KPYIHBIX LIKOJ HMeN CBOH
COOCTBeHHBIE crienMaabHbIe HHTEpechl (Mamdopa B koMnakTHGHKAIMA
MIPOCTPAHCTBA MoOy/ei, rpudPUTCOBCKHE IIKOILI TeOpHH XOaXKa H ajl-
reOpanueckux KpHMBBIX, JlenMHL H «Beca» B KOTOMOJIOTHSIX MHOroo0dpa-
3mit, IllagapeBny U K3-mmoBepxHOCTH, MHTaka ¢ MOCNenoBaTENIsIMH H
KJIAaCCH(PHKALIAA MHOTOMEPHBIX MHOrooOpasdii H T. 1I.), MHE Ka3aJoch,
YTO BCE Mbl B OCHOBHOM BEDHJIH, YTO 3aHHMMAaeMCS OOHHM IIpeaIMeTOM
A 4YTO anreOpanyeckas reOMeTpHA OCTAETCA MOHOIHTHBIM 3JaHHeM (U
B OCACTBHTEILHOCTH 3aBOEBBIBACT CMEXHBbIE TEPPHTOpPHH). Moxer
OBLITh, 3TO OOBACHAIOCHL HAITHYMEM OJHOTO MM OBYX CHEIHATHCTOB,
BIAJEIONINX BCEM KPYTOM BOIIPOCOB.

B cepemune 80-x rr. cuTyauMs HM3MeEHHIIacb, H B HACTOsIIEE BpeMs
KakeTcsl, YTO anreOpanveckas reOMeTpHs pacrnanach Ha OI0OKHHY HIIH
Oomee IIKON, KOTOPbIE APYr C APYrOM MAajio B3aUMOOCHCTBYIOT: KPHUBBIE
1 abenesbl MHOroo0pasus, anreOpanyeckue NOBEPXHOCTH H Teopusa [lo-
HabJICOHA, TpeXMepHble MHOTOO0Opa3us M KIAaCCH(PHUKAIMA B BBLICHIHAX
pa3sMepHOCTSX, K-Teopus H anrebpanyeckue LHKIbI, TEOpHA IMepecede-
HHIf ¥ HCYHCITHTENbHAA FreoMeTpHs, 0000ImeHHbIe TEOPHH KOrOMOJIOTHIA,
Teopus XOIKa, XapakTepHCTHKA p, apHdMeTHYecKas anredOpanueckas
reOMETPHs, TeopHs OCOOEHHOCTeH, ypaBHEHHS MaTeMaTHYecKOH (H3H-
KM, TEOPHS CTDYH, NMpHMEHEHHS KOMILIOTEpPHOM anrebpsl H T. I.

IIOI'IOJ'IHPlTeﬂbele 3aMe€YaHHA U «BBICOKOHAaYYHbLIC» KOMMEHTaApUU

B 3ToM maparpade nepeMemiadbl 3JEMEHTAPHBIE M CJIOKHBIE TEMBI.
Tak KaK OH OTYACTH SABJIACTCS HANMYTCTBHEM [JI YHHBEPCHTETCKHX IIpe-
MOJIaBaTeNe, HCMOJB3YIOMHNX 3TY KHHTY KaK YUeOHMK, a TakKe HOJKEH
3aBjieyb 3aHHTEPECOBAHHBIX CTYAEHTOB B aeOpH anrebpanueckoi reo-
METPHH, TO Kakas-TO YacTh MaTepHalla MOXET IOKAa3aThCs TPYIHOM.
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(8.6) Bbi6op Tem. TeMbl M npuMepnl, PACCMOTPEHHBIE B 3TOH KHUTE,
YacTHYHO MOAGHpaIMCh U3 NparMaTHYeCKUX cOOOpakeHHi, YTOOBI CTe-
HeHH 6bLUTH TOMEHbIe, a BBIYMCIIEHHMS MOMpPOoIle, a Takxke YTOOBI NaTh
npeacTasiieHHe O «knaccubukanun MHoroodOpasuit». Tak, maTepHan o
KOHHKAX TNPHUMEHHM [0 H3BECTHOH cTemeHH K mro00H panuOHaNBHOM
KpHBO#i, a KyOHUeCKUE TIOBEPXHOCTH SBJISIOTCH HaubOnee BaXKHbBIMH [IPH-
MepaM# palMOHaIBHBIX ToBepxHOcTel nenb Ilenuno. KyGuueckue Kpu-
Bble C TIDYINOBBIM 3aKOHOM SBJIAIOTCH NpuMepamH abeneBblX MHOTO-
o6pazuii. YTBepxaeHue B pasa. (2.2) o ToM, uTO Heocobas KyOuka He
ABNAETCS PALMOHANBHOM KPUBOM — 3TO caMblil IEpBBIN 1Iar Kiaccudu-
kamuu. IlepeceyeHue ABYX INIOCKHX KOHUK B pa3a. (1.12)—(1.14) u nepe-
CeyeHHe IBYX KBaApHK B P}, ucmonblyeMoe B ynp. 5.6, Takxe YKJIajabl-
BalOTCH B MOXOXKYIO CXE€MY, IPUUEM MepeceueHre ABYX KBaJApHK B P$ 3a-
JaeT APYroi Kiacc moBepxHOcTed menb Ilenio, a CeMEACTBO MPAMBIX
Ha NepeceyeHHH IBYX KBaJApUK B P; sBNsileTcs OBYMEPHBEIM abenneBhiM
MHOT000pa3ueM.

Pox kpuBOil M IOenmeHue Ha 3 kjiacca, NpHBeNeHHbIE B Tadbiuue Ha
c. 50—51, ABNISAFOTCA 3CKM30M KjiaccHguMKanui MHoroobpasuii. MHe xore-
J10Ch OBI BKJIIOYUTH MOOOBIIE MaTepyala O poje KpUBOii, B YaCTHOCTH,
KaK ero BBIYHCISTL uYepe3 TOMOJOTHYECKYIO 3HIIEpOBY XapaKTEPHCTHKY
WIH uepe3 MHIEKC NepecedeHHit B anrebpauveckoil reoMeTpun. 910 —
Ba)XHbIC YIPAKHEHHUS IS MOJIOABIX reoMeTpoB. OOHAKO 3TOT MATEPH-
aJ1 BIOJIHE COCTABWI OBl OTHENbHBIM JTEKHUOHHBIA Kypc WUl HauyMHAIO-
HIUX, TAK K€ KaK U KOMIIIEKCHO-aHATHTHYECKAasA TEeOpUs 3IIIMITHYECKUX
KPHBBIX.

(8.7) Boruvciaenus U Teopusi. IpyruM oO6CTOATENBCTBOM, HA KOTOPOE
crnenyeT o0OpaTUTL BHUMAHHME, SBJISETCS TO, YTO B 3TOH KHHUI€ OCHOBHOH
YIOp IenaeTcs Ha Cllydad, KOTOpbIE MOXHO pa3obpaThk ¢ MOMOIUBIO SB-
HbIX BbluMcieHH. Korma u3 obuielf TeOpuH BBITEKAeT CYIIECTBOBAHME
HEKOTOpOH KOHCTPYKIMH, TO IOJyYeHHe /sl Hee ABHBIX KOOPOWHATHBIX
BBID@XEHMI SIBIISIETCA MOJIE3HLIM YIPaXHEHHEM, TO3BOJISIOIMIMM COXpa-
HUTBL OILYIIEHHE pEeaJbHOCTH, YTO BIOJHE YMECTHO IJI HAyalbHOIO
kypca. OOHAKO 3TO HEe JOJIXKHO CKPBIBAThb TOT ¢akT, YTO B HEHCTBH-
TeNbHOCTH TEOPUS NpeaHa3HaueHa i U3YyYeHUs TPYOHBIX CIIYYaeB, KOI-
Ia BBINUCBIBAHHE ABHBIX (OPMYJI, KaK MpaBW/IO, HHYETO HE MaeT.

(8.8) R u C. UuraTenb, KOTOPOTO HHTEpecyeT BellECTBEHHBIN CITy-
qajl, BO3MOXXHO, OYAeT pa3ouapoBaH TeM, YTO MOCJE pacCMOTPEHUR Hal
R B § 1—2 MuI nmepexoduM B § 3 X pacCCMOTPEHUSM Haj NPOM3BOJIEHBIM
nojieM k, KOTOpOe cpa3ly e Ipeamnonaraercs anredOpauueckH 3aMKHY-
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TBhIM. S pEKOMEHOYIO TaKMM UYHUTATENSAM INPOSBUTH HACTOMYHUBOCTH, TAK
KaK MMEETCsl MHOTO B3aHUMOCBSA3€l MeXIy BeIeCTBEHHOM M KOMIUIEKC-
HOH reoMeTpHell M HEKOTOpPbIE M3 HHUX BeCbMa YIMBHTENBHBI. Bomnpoc
O BELIECTBEHHBIX TOYKAX BEIIECTBEHHOr0 MHOTroo0pasusd ABIsSeTCs O4YeHb
TPYOHBIM U B OCHOBHOM IIPEACTAaBJISeT OONBIION HHTEPEC IJI HEMHOTHUX
CIELHaIUCTOB N0 BEIIEeCTBEHHOH anredOpanueckoil reoMerpud. B nmobom
cly4ae mnoJiyuyeHHe Bcedl HHGOpMAIHH O MHOXECTBE KOMIIIEKCHBIX TO-
Y€K, KaK NPaBHUIIO, SBISETCS BAXKHON MOATOTOBUTENBHON uacThio. [py-
rofi O4eBHOHOH B3aUMOCBSI3bIO reoMeTpud Haa R u C sgBiusercs TO, 4TO
n-MepHoe Heoco0oe KOMILIEKCHOE MHOroofpasHe sBseTcs 2A-MEePHBIM
BellecTBEHHBIM A depeHnupyemMpiM MHOroobpasueM. Hanpumep, an-
rebpanyeckie NOBEPXHOCTH — 3TO TJIABHBIH HCTOYHMK TNOCTPOEHHS
IMaJKuX 4YeThIpeXMEPHBIX MHOroo0OpasHii.

Hapsiny ¢ 3THMU ODOBOJIBHO OYEBHAHBIMM CBSI3SIMH HMEETCSL psi[i He
CTOJIb OYEBHIHBIX: (a) M3 ocoGeHHOCTeH Miockux kpupbix C C C? mpu
nepeceyeHHH ¢ rPaHULEel ManeHpKOro apa BO3HUKAIOT y3Iel B S° u (b)
B KOHCTDYKUMHM TBHUCTOpPOB [leHpoy3a ueThIpexMepHOE€ MHOroobpasue
(c pUMaHOBOI METPHUKOM CMNELUMalbHOIO THIA) PACCMATPHUBAETCS Kak
MHOXECTBO BEILECTBEHHBIX TOUYEK YETBIPEXMEPHOIO KOMIIJIEKCHOTO
MHOroo0pasus, NapaMeTpHU3YIOIIEr0 pPalMOHAIBHEIE KPUBbIE Hd KOM-
IJIEKCHOM TpeXMEPHOM MHOTroo0pa3uu (Tak, BeIUECTBEHHAs YETblpeX-
MepHas chepa S*, HA KOTOPOH MBI CYLIECTBYEM, OTOXIECTBIAETCH C
COBOKYITHOCTBIO BEIECTBEHHBIX TOYEK KOMIJIEKCHOIO TrpaccMaHuana
Gr(2, 4) npsmeix B PY).

(8.9) Perynsipuble ¢dyHKUMM M nyukd. HdTarenb, KOTOPBIH NpaBHITb-
HO YCBOHJI MOHATHE palMOHANbHON QyHKIuM f € k(X) Ha MHOroobpasuu
X U NOHATHE PErymspHOCTH ¢QyHkuud f B Touke P€ X (pasa. (4.7) u
(5.4)), yxe uUMeeT JOCTATOYHO XOpOIllee UHTYHTHBHOE IIPEACTABIIEHHE O
nyuke Zx. s ka)aoro OTKpBITOrO MOAMHOXecTBa U C X MHOXECTBO
BCeX peryJsipHbix ¢yukmun U — k

x(U) = {f€ k(X)|f perynapHa Bo Bcex Toukax P€ U} = (\/x p
pel

SIBJIAETCS MOAKONBLIOM B Mone K (X). Ilyuok Zx ecTh NpocTo ceMeiRcTBO
koney Zx(U), rae U mpoberaer Bce OTKpPBITblE NOAMHOXeECTBA B X.
OueBuaHoO, YTO NIOOOH TEMEHT JIOKANBHOIO KONbHa Fy, p (CM. oImpe/ie-
JieHus B pasd. (4.7) u (5.4)) saBnseTcs peryispHbBIM B HEKOTOPOH OKpeCT-

Hoctd U Ttouku P, Tak 4TO Zx,p = [)%x(U). BoT U Bce: HMeeTcs
PeU

¢$MKCHPOBaHHAsI COBOKYIHOCTH PAlMOHANIBLHBIX CEYEHHH, M CEUEHUS Myu-
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Ka Hag OTKPBITHIM MHOXeCTBOM U MPOCTO ABJIAIOTCSA PALMOHATLHBIMH
CEUEHUAMH, PETYJIADHBIMH BO BCceX Toukax P e U.

DTOT #A3bIK aAE€KBATHO OMUCHIBAET JIFOOOM MydoK O€3 KpydyeHHs Ha
HEIPUBOINMOM MHOroo0pa3uu ¢ Tonojorueii 3apucckoro. KoneuHo, ec-
1 MHOroodpasue X OPUBOAUMO HJIH €CJIH Bbl 3aXOTHTE paboTaTh ¢
OoJiee CIOKHBIMH MyYKaMH JTHOO BOCIOJIB30BAThLCSA KOMILIEKCHOM TOIO-
smorueft, To moTpedyercs HacToslliee OINpeaeieHHe IMYYKOB.

(8.10) I'moGaneHO onpeaelieHHbie peryaspHble ¢ynkumu., Ecmu X —
NPOEKTHBHOE MHOroodpasude, TO €NHHCTBEHHBIMH palMOHATbLHLIMU
byukuusamu f € k(X), KOTOpble PeryiaspHbl BO Bcex TOYkKax P € X, aBis-
IOTCSI KOHCTAHTBI. DTO 00lliee CBONMCTBO NMPOEKTUBHBIX MHOroobpasuii,
aHaJIOrH4YHOe Teopeme JluyBWiuia i GYHKUME OAHOTO KOMILIEKCHOIO
nepeMeHHoro. [ns muoroo6pasuit Hang C OHO BbITEKaeT H3 KOMIIAKT-
HOCTH M NpPUHLOMNA Makcumyma (MHOroobpasue X C P KOMIAKTHO B
KOMIIJIEKCHOI TOMOJIOrHH, MO3TOMY MOIY/IL IJI0OaIbHO TOJIOMOPGHOIA
¢yskuur Ha X ANOMKEH ODOCTHTaTh MAaKCHMyMa), HO HENOCPEACTBEHHOE
J10Ka3aTebCTBO B aireOpanvyeckoil reOMeTPUH OKa3bIBAETCSA HA yAUBIIe-
HHUE TPYAHBLIM (CM., Hamnpumep, {XaptcxopH 1. 3. 4]). TTocToSHCTBO pe-
TyJIApHOH GYHKIUMH HAa NPOEKTHUBHOM MHOrood6pasuH B JeHCTBUTEND-
HOCTH — TeOpeMa KOHEUHOCTH, CBSI3aHHAsl ¢ KOHEUHOMEPHOCTBIO KOTO-
MOJIOTHIT KOTEPEHTHBHIX IMYYKOB).

(8.11) YauBuTeJbHAR YHHUBEPCAJLHOCTH MNPOEKTUBHON ajredbpanue-
ckoil reomerpum. B pasn. (0.4) kpaTko yNOMHMHAJIOCh O BEHJIEBCKOM
ornpexaeneHuy abcTpakTHOrO MHOTroobpa3sus (adgobnuHble anredbpanyeckue
MHOXXE€CTBa CKJIEMBAIOTCS MO H30MOPOHBIM OTKPBLITBIM MOJIMHOXKECT-
BaM). C HUM Jierko paboTaTh B TepMHHax My4ykoB. EcIM HUCXOOUTHL M3
3TOrO, TO XejlaHUue padoTaTh ¢ MHOTO0Opa3usAMH, BIOXXCHHBIMH B (DHK-
CHPOBaHHOE MPOCTPAHCTBO Pr, MOXET MOKa3aThCsl ¢ IEPBOro B3IIfaa
CJIMLIIKOM OTpaHHUYHUTEIbHbIM. S X04y KpaTKO HM3JIOKUTh COBPEMEHHYIO
TOYKY 3peHHs Ha 3T0 06CTOATENLCTBO.

(a) TMonspu3zauMs M NOJIOKUTEJbHOCTh. Ilpexae Bcero MHOrooopa-
34sl, KaK MpaBWIO, pacCMaTPUBAIOTCS ¢ TOYHOCTHIO A0 U30MOpPGhH3MA,
T. €. TOBOp#A, UTO MHOTO00pasue X npoekmusHo, Mbl NOAPA3YMEBAEM,
uTo X MOXeT OBbITh BIOKEHO B HekoTopoe PV, T. e wusomopdHO
3aMKHYTOMY noamMHoroobpasuio X C PV, xak B (5.1)—(5.7). Keasunpoex-
mugrHocmb 03HaYaeT U30MOPGU3M ¢ JTOKATBHO 3aMKHYTBIM IOJMHOIO-
o6pazueM B PV T. e. ¢ OTKDPBITHIM IUTOTHBIM MOIMHOKECTBOM MPOEK-
THBHOTO MHOroo0Opasusi. [IpOeKTHBHOCTEL BKIIIO4aeT B cebsA CBOMCTBO
noavomsl, T. €. X He MOXET OBITL BJIOXKEHO B KAUeCTBE OTKPLITOTO
MIOTHOTO MHOKECTBA HH B Kakoe Oosplliee MHOroobpasue.
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CoBCTBEHHO BBLIGOD HacTosLIero BroxeHus X — PV (umu oueHs
OOMJIBHOTO paccnoeHus 7k (1), ceueHus KOTOPOro OyayT OOHOPOAHBIMH
KoopauHaTtaMu B [P) 4acTO Ha3bIBAWOT noAApusayued v nuiayT (X,
7x(1)) mns ykazaHus TOrO, 4TO 3TOT BbIOOp caenaH. Kpome ycrnoBHs
[OJIHOThI TPOEKTHUBHbIE MHOroo6pasus X C PV ynoBneTBOPSIOT yciio-
BHIO «IOJIOKHTENLHOCTH CTENeHN». A UHMEHHO, eclii V' C X ecTh k-Mep-
HOe MHOroooOpasue, To V mnepecekaercs ¢ OOLIMM JIMHEHHBIM NOANPO-
crpanctBoM PV ¥ B mon0KUTETHLHOM KOHEYHOM uHcie Todek. Y Hao6o-
poT, Kputepuit KieiiMana yTBep)KIOaeT, 4YTO HEKOTOpas CTeleHb
JIMHERHOTO pacCIOeHHs Ha TNOJIHOM MHOroo6pasud X MOXKET 3amaTth
NIPOEKTUBHOE BJIOXKEHHE MHOTO00pa3us X, €Clii ero CTeneHb Ha KakaoH
kpuBoit C C X HenpeMeHHO Oojbiie HyNsA (T. €. > € - (;rrobas pasymMHas
Mepa kpupoit C)). [Ton0KHTETBPHOCTh TAKOTO THIIA TECHO CBA3aHA ¢ BbI-
O0OpOM KelepOBOil METPHKH Ha KOMILJIEKCHOM MHOTroo0pa3su (pHMaHo-
BOH METPHKH C MPABHJIBHBIM YCIOBHEM COIJIaCOBAHUA C KOMIUJIEKCHOI
CTPYKTYpoit). IT03TOMY MBI TOHUMAeM NMPOEKTHBHOCTH KaK YCIIOBHE TH-
na «IOJIOKHTEIBHOM OINPENeIEHHOCTHY .

(b) YHuBepcaJbHOCTL. YIHBHTEIBHBIM OOCTOSTEILCTBOM SIBJIAETCSH
TO, YTO MHOTHe MNpobnemMbl anredpanueckoil reOMeTPHH DPEINAIOTCS B
paMKax MpPOEKTHBHBIX MHoOroo0Opasuit. KoHCTpykius MHOrooOpa3suit
Usxoy, ymoMHHaBLIAACA B pa3a. (8.2), ABJAAETCS OOHUM U3 TaKHX IIPHMeE-
poB. Hpyrum cnyxut pabora Mamdopna 60-x IT., B KOTOPO#H OH IO-
CcTpouNn MHorooOpasus ITukapa H MHOTHE NMPOCTPaAHCTBA MOAYyJed Kak
KBa3UNPOEKTUBHLIE MHOTo06Opasus (cxemnl). Teopuss Mopu (6naromaps
KOTOPOH ObUIH AOCTUTHYTHLI BaXKHbIE IPHHIHIHAILHBIE IPOABHXEHUS B
knaccuduKaniMi MHOroo0Opasuii, MMeIOIHMX OTHOILIEHHE K PpalHMOHaJIb-
HocTH, ¢M. [Kollar]) ssnsercs Haubonee cBexuM npumMepom. Ee umeu
H TEeXHUKA SBJIAIOTCA MO CYTH CBOeil NMPOEKTHBHLIMH.

(c) Y3ocTh abGeTpakTHBLIX MHOroo6Gpasuii. Kpusbie u HeocoOble IO-
BEPDXHOCTH aBTOMATHUYECKH SIBJIIIOTCS KBa3HIPOeKTHBHbIMH, Ho cyuue-
CTBYIOT aOCTpakTHbIe MHOTOOOpa3us, He sBJIAOIIHECS KBA3HIPOECKTHB-
HbIMHU (0COObIE MOBEPXHOCTH HJIH HEOCOOble MHOrooOpasus pa3MepHOC-
TH 23). OnHako ecjiM BaM MOTPeOYIOTCS 3TH KOHCTPYKLMH, TO MOUYTH
HaBepHsAKA 3aX04yeTcs TaKKe PAacCMOTPETh MHOrooOpasus Moillesona
(anrebpanueckne mpocTpaHcTBa M. ApTHHA), KOTOpbIe SABASIOTCA OOb-
eKkTaMH ajrebpanueckoit reoMeTpun, Oojiee oOIMMH, ueM aOCTpaKkTHLIE
MHOroo0pa3sus; OHM MNOJYYAIOTCA MNpH OoJiee CBOOOAHON TPAaKTOBKE
«CKJIEHBAHHUSA JIOKAJILHBIX KYCKOB».

TeopeMbl 00 aOCTPAaKTHBIX MHOTOOOpPA3HsAX YACTO AOKAa3BIBAIOTCSH
CBEAEHHEM K KBa3UINPOEKTHBHOMY cnydaro. Tak uTo OyayT nu gokasa-
TENbCTBA B TE€PMHHAX KBA3WUNPOCKTHBHLIX MHOrooOpa3uit MMM noapoo-
HOCTH IpoLecca PEOyKIUH K KBa3sHUIIPOEKTHBHOMY CJIYYal NONE3HBIMH,
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BaXHBIMH M HHTEDECHBIMH HJIA OKa)KyTCH TOJILKO CPEACTBOM JIEKO IO-
JAYYUTh OPHUTOAHYIO IS myOnMKauud paboTy, 3aBUCHT OT KOHKPETHOH
3ajauy, MHANBHIOYAIBLHBIX MHTEpEcOB M NOTpeGHOCcTel cTyaeHTa. He-
JaBHO OBIJIO J0Ka3aHO, YTO HEKBA3HIIPOEKTHBHOE Heocoboe abCTpakT-
Hoe MHOroobpasue, unu MHoroodpasue Moiime3oHa, o6s3aTenbHO CO-
JEpXHUT DALMOHAILHYIO KpuByto. OQHAKO A0Ka3aTeNbCTBO (IpHHAdJIE-
xauee Jx. Komnapy) npoBemeHO ¢ INOMOLIBIO Teopun Mopu n
ABIISETCA «MaxXpOBOIl» IMPOEKTUBHOM anrebpanyeckol reoMeTpHEH.

(8.12) AdduHHbIe MHOroo6pa3usi U cxembl. KoopauHaTHOE KONBLO
k[V] abduunoro muoroobpasust V' Han anrebpanvyeckd 3aMKHYTBIM IIO-
neM k (omnpenenenue (4.1)) ynoBneTBOpsieT IBYM YCIOBHAM:

(i) oHO sABIAETCH KOHEYHO MOPOXKIAEHHOH K-anrebpoi;

(i1) oHO aBnsAeTCA OONACTBIO LIEJIOCTHOCTH.

Konpuo, yAOBIETBOPSIOLIEE 3TUM ABYM YCIIOBHSAM, OUEBHUAHO, UMEET
Bua k[ V] nis HexoTOpOro MHOroo6pasus ¥ U Ha3bIBaeTca 2eomempuye-
ckumM Koabyom (WK 2eomempuyeckoll k-anzebpoil).

B rn. 2 comepXkarcda. ABa KJIHUYEBBIX TEOPETHUYECKHX pe3ysbTaTa.
OngHUM W3 HHX sBhsieTcs TeopeMma (4.4), yTBepkaawomas B TOYHOCTH,
yTo oToOpaxenue V — k[V] = A ecTb 3KBUBAJIEHTHOCTb MEXAY KaTero-
pueii apdUHHBIX anredpanuecKix MHOroobpasuii n KaTEropuei, IBOUCT-
BEHHOM K KaTeropuH reoMeTpHuyeckux k-anrebp (xoTs A BbIMapan Bce
VIOMHHAHHS O KAaTeropusX KaK HEMPUTONHbIE IS HOHBIX YMTATENEH).
HOpyrum senserca Nullstellensatz (3.10), yTBepxmaroias, 4YTO NPOCTBIE
uneansl B k[V] naxoaarcsi B OMEKTHUBHOM COOTBETCTBHH C HENPHBOIH-
MBIMH OIMHOroo6pasusamu B V. Touku MHOroobpasus ¥ COOTBETCTBY-
FOT MaKCHMAaJIbHBIM HJieajlaM.

DTH pe3ylabTaTbl B COBOKYMHOCTH OTOXIECTBIAIOT adduHHbIE MHO-
roobpazus V ¢ abGUHHBIMEH CXEMaMH reOMeTPHYECKHX KOJell (Cp. TaKkxke
¢ ompeneneuueM (4.6)).

ITpocmoti cnekmp Spec A ompeleneH A/l NPOU3BOJIBHOTO KOJbLA
(KOMMYTATHBHOTO M C €IUHHLEH) M SBISETCA MHOXECTBOM BCEX IPOC-
TBIX HOEUIOB Kojbua A. OH cHaGXeH TomoJioruel 3apucCKOro U CTPYK-
TYpHBIM NIY4YKOM. DTO H €CTb agffunnana cxema, COOTBETCTBYOIIAS
xonbuy A (cM. geramu B [Mumford, Introduction} umm [XapTcxopH, r11.
11]). MMeeTca HeCKOJIBLKO DPa3IMYHBIX MPUYUH, BCJIEACTBHE KOTOPBIX ad-
(bUHHBIE CXEMBI SBIAIOTCA OOnee OOIIMM MNOHATHEM, 4eM ab(UHHBIE
MHOrooOpaszus. Kaxknas U3 HHUX BaXKHA, H MBI KPaTKO OCTAHOBHMCS Ha
HUX B pasn. (8.14).

BaXHO NOHMMATB, 4TO JUIS TreoMeTpuyYeckoro koieua A = k[V]
IpPOCTOi cIeKTp Spec A COOEPXKHT B TOYHOCTH TY K€ MHGOPMALHIO,
4TO M MHOTOOOpa3ue A, u i rpaHoM Gonbuie. Nullstellensatz o6ecnieun-
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BaeT Hac DONBUIMM 3aMacoM MaKCHMaJbHBIX HIEATOB (M, IS BCEX TO-
ek v € V), a moboit apyroii npocrtoif unean P C A sBisercs nepeceve-
HHEM MAaKCHMajibHBbIX HAEATOB MO BCEM TOYKAM HEMPHBOAHMMOrO MOI-
MHoroobpasust Y C V:
P=I(Y=Nm,.
veY

HonesHo u (no kpaiinei Mepe, rpy6o roBopsi) AONYCTHMO MTHOPHPOBATH
pasnuyne MEeXAy MHOrooOpasusiMH H cXeMaMd M mucaTh V = SpecA,
U BMECTO ', H NPEACTaBIIATh cebe npocToit umean P = I(Y) («obluyio
TOYKY») KaK CBOEr0 poAa METKY IS NpayeyHoi, MPULIMTYIO BCIOAY
IJIOTHO Ha MaTepuH NOAMHOroodOpasus Y.

(8.13) Yto Takoe Touka? BONBIIMHCTBY CTYNEHTOB HHKOTAA HE IO-
HaJloOMTCA HUKAKUX CBEIEHHI O CXeMax, BBIXOMALLMX 3a Mpenesibl MaTe-
puana u3 pasn. (8.9) u (8.12). CneayeT TONBLKO MOMHHTD, YTO MOHATHE
«061Iast TOYKa» UCTOJIL3YETCS B PA3IHYHBIX TEXHHUECKMX CMbIC/IAX U 4a-
CTO O3HAYaeT HEeYTO COBCEM HMHOE, YEM BBIPAXKEHUE «AOCTATOUYHO OOILAs
TOYKA».

OTOT paszen NpenHa3sHa4yeH OIS YHTATENS, MEPed KOTOPbIM CTOUT
npofieMa YTeHHs COBPEMEHHOM JTHTepaTyphl; 31eCh AarOTCH HEKOTOPbIE
NOACHEHUSA K PA3/IHYHbIM MOHATUAM TOYKH B TEOPHH CXEM, YTO, BEPOSIT-
HO, fBJISICTCSI ONHMM U3 OCHOBHBIX KaMHeH INPETKHOBEHHS I HauU-
HaIOILUX.

(a) TeopeTHKkO-cXeMHbIE TOUKH MHoroo6pa3sus. Ilpennonoxum, uTo
k — mone (He obs3aTenbHO anrebGpaHvyecku 3aMKHyToe), I C k[X}, ...
ceey Xp] — upean u A = k[X, ..., X,]/1. Honoxum V = Vi) c K",
rae k C K — BoiGpanHoe anrebpanyeckoe 3ambikanne. Touku u3 Spec A
HEHAMHOTIO CIIOKHEe, YeM B CITy4a¢ TeOMETPHYECKOro KOJIbIa M3 pa3jl.
(8.12). CornacHO OYEBHIHOMY YCHJIEHHIO Nullstellensatz, Makcumanb-

HbI Haean B A ompenensercs TOYKOH v = (ay, ..., an)€EVCK" T e
HUMeeT BHUJ
my, = {f€Alf(P) =0} = (x1 —ai,..., xn — an) NA.

Jlerko mokasaTs, 4To pasnuuHble TOYKH v € V C K™ COOTBETCTBYIOT OJI-
HOMY U TOMY >XKe MaKCUMaJIbHOMY Uiealy m, B KOJblle A Toraa u TO/b-
KO TOraa, Korja OHM CONPsKEHBI Hal K B cMbiciie Teopud Iamya (Tak
KaK A COCTOMT M3 MHOTOWIEHOB ¢ KO3hduuesTamu u3 k). Takum obpa-
30M, MakCUMalbHBIM CIEKTPOM Specm A sBnsieTcs MHoOroobpasue V
«C TOYHOCTBIO 10 CONPSDKEHHA» (T. €. GakTOPIpOCTPaHCTBO MO ACHCTBHUIO
rpymne! Gal K/k Ha V). Kaxnblit npocroii ugean P B A COOTBETCTBYET,
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Kak B pa3n. (8.12), HempuBogUMOMY NOAMHOroooOpasuwo Y = V(P) C V
(c TouHOCTBIO A0 compsikeHus Haa k). Mpean P € Spec 4 HasbiBaercs
TEOPETHKO-CXEMHOR 06weli mouykoii MHorooopasus Y H K HeMy IIO-
NIpeKHEMY MOXHO OTHOCHTLCA Kak k MeTke Ha Y. Tonmosmorus 3apuccko-
ro Ha Spec A opranusyercs TakuM oOpa3oM, 4To P BCIOAY IJIOTHA B
Y. MakcuManeHble Haeaisl B A HA3bIBAKOTCA I OTJIMUHS 3AMKHYMbI-
mu moykamu. Ecnu C: (f=0) C /Aé — HenpuBOOHMMAs KpHBAsA, TO Y
HEEe HMeeTCs POBHO O/IHA TeOPEeTHKO-CXeMHasi oOmas TOYKa, COOTBET-
creyromas ugeany (0) B C[X, Y1/(f), B To BpeMs Kak y NMOBEPXHOCTH
S Hapany ¢ coOCTBeHHOM obmreil TOYKOM, IIIOTHOH B S, MMeETcsl 110 Of-
HOH oOmieli Touke oM KakOod HempuBoauMo# kpusoit C C S.

TeopeTHKO-CXeMHbIE TOYKH BaXXHbI IIpH OmNpeleiieHHH Spec A Kak
MHOXECTBA C TOMOJIOTHEH U MYYKOM KOJIell (2 TAKXKe B KOMMYTAaTHBHOM
anrebpe U MPH U3YYEeHHH B aireOpaHuecKOil reOMETPHH TAaKMX TOHATHIA,
KaK OKPECTHOCTL 0OOliel TOYKH HEMPHBOAHMOIO MOOMHOr006pa3us; CM.
n. (i) pasa. 8.14). OgHako TOYKH MHOroo6pasus V C K" co 3HaUeHHSIMH
B anrebpanyeckoM 3aMbIKaHHH k C K 6ojblile COOTBETCTBYIOT I'€OMET-
PHUECKOMY MPEACTABJIEHHIO O TOYKE M HA3LIBAIOTCH 2eOMEMPUUECKUMU
moukamu. ITO HAMOMHHAET CHUTYALUHIO C TOIOJIOTHEH 3apHCCKOro MHO-
roobpasusi ¥, xoTopas CiIyXHUT cKopee «cthepoil OGHTaHHA» CTPYKTYD-
HOTO mydyka 7y, 4eM MOJHONPABHBIM T€OMETPHUYECKHMM OOBEKTOM.

(b) Toukn co 3HaueHUsIMH B MOJie B TeOpHH cxeM. Ecnu P — mpoc-
TOH Maean konbua A (a 3HauuT, P € Spec A — TOHYKA), TO IOJIE BbIYe-
TOB B TOYKE P aBIsieTCs MOJeM 4YacTHBIX 06acTH LenocTHOCTH A/P
u obo3Hayaercs yeped k(P). OHO sBnsiercs anrebpaHyecKuM pacllHpe-
HHEM OCHOBHOTO MOJA K TOTAa M TOJILKO TOTAA, KOrga uaean P Makcu-
MasieH. Touka MHoroo6pasus V ¢ kO3hGhHUHEHTAMH M3 DpacLIMpPEHHS
k C L (Ttouka (ai, ..., an) € V(I) C L™), O4EBHAHO, COOTBETCTBYET F'OMO-
MmopbusmMy A — L (3aganHoMy Gopmynoit X; — a;), AAPOM KOTOpPO-
ro sABJSETCH NpOCTOR uaean P B A, WAH, UTO JKBHUBAJICHTHO, BJIOXeE-
HUWO k(P) - A. Ecniu P = m, — MakCUMaJIbHBIA Hoean H L = K — an-
rebpanyeckoe 3aMbIKaHHE MOJIA K, TO WMEHHO BBIOOD BIIOXKEHHS
A/my = k(v) - K onpenensier KOOPAHHATHI COOTBETCTBYIOIEH TOYKH
MHoroo6pasust V C K", und, OPYTMMH CJIOBAMH, BBIAEISET ITY TOUKY
u3 Habopa compsokeHHBIX MO lanmya. DTO — reOMETPHYECKHE TOYKU
MHOroo0pa3us V.

Hns moboro pacummpenus K C L romomopdusm k-amrebp 4 — L,
COOTBETCTBYIOIIHIT L-3HaYHOH TOYKE MHOrooGpasusi V, MOXHO NpHYKpa-
CHTBb Tak, 4yTOOBbI OH BhIrIAAen Ooniee ompaBaaHHbiM. HamoMHHM mpe-
JKJE BCEro, YTo MHOroo6pasne — 3T0 Gosblile, YeM MHOXECTBO TOYEK.
Haxe ecnn OHO COCTOMT M3 OJHOM €IMHCTBEHHOH TOYKH, HEOGXOIHMO



136 I'J1. 3. HPUJIOXEHHA

yKazaTh, HaJ KakuM IIOJIEM OHO ompeneieHo. Tak,

L
Spec L = - = ptr

ABJIIETCA MHOroobpasueM, COCTOSILUHUM M3 €IHHCTBEHHON TOYKH, OIpe-
neneHHol Han L. B cuny >KBHBalIeHTHOCTH KaTeropuii (4.4) MopopusMm
SpecL — V (BKIIOY€HHE TOUKH, ONpeneleHHOH Haa L) A0keH OBITEH ro-
MoMopthusMoM k-anrebp A = k[V] — L = k[ptL].

IMonBoas UTOr CBA3M MEXAY TEOPETHKO-CXEMHBIMH TOYKAMH H TOY-
KaMH €O 3HAuYeHHAIMH B T10JIe, MOXHO CKa3aTb, 4YTO TOYKa
PeSpecA = V saBnsercs NMPOCTBIM HNEAIOM Konbla A U TeM caMbIM CO-
OTBeTCcTBYeT romMomopdusmy dakropuszammmn A = A/P C Quot(A/P) = k(P)
B nosie. Ecnin L — npou3BojbHOE moje, TO [-3HayHass Toyka B V —
3T0 roMoMopthusM 4 — L. TeopeTHKO-CXeMHass To4yka P COOTBETCTBYET
TaBTOJIOTHYECKUM 00pa3zoM TOYKe CO 3HAYECHHSMH B II0JI€, HO 3TO IIOJIE
Kk (P) MeHsieTcs OT TOYKH K Touke. Eciu K — anrebpanyeckoe 3ambIKa-
HUE nond k, To K-3HauHble TOYKH MHOroo6pasus V C K" gaBnsroTcad B
TOYHOCTH T'E€OMETPHYECKMMH TOYKaMH; K-3HAuyHas TOYKA U «CHOMT» B
3aMKHYTOH TEOPETHKO-CXEMHOM TOYKe 71, H UMEET 3aJaHHOE BKIIIOUEHHE
A/m, = k() = K.

(¢) O6wme ToukM B ocHOoBaHusX Beitna. B pasn. (8.3) ynoMuHaoch
06 0coOBIX CBOMCTBAaxX TOYEK B OCHOBAaHMAX Bekns. A MMEHHO, MHOTO-
obpazuio V, onpeneneHHOMy Han MojeM k, paspeluaercs UMeTh L-3Had-
Hble TOYKHM IS TIoOoro pacmupenuss K C L. DTo CBOMCTBO, OYEBHIHO,
MIPOMCTEKAET U3 TEOPHH YHCEJI, HO UMEET CIIEACTBHSA TAKXE H B reOMeET-
puu. Hampumep, eciu C — OKpYXHOCTb X2 + y* = 1, ompeneneHHas
Haja moneM kK = , TO ToOuka

P, = Qu/(x* + 1), (x2 - 1)/(x* + 1))

sansercs C-3HauHoit Toukoit C. Tak kak 7 TpaHcueHneHTHO Hag ©Q, To
nroboit MHorounen f€ Q[x, y], oOpamaromuiics B HyIb B Touke Pr,
kpaten x> + y* — 1. Takum obpasom, P, sBusiercs Q-06ujeil TOUKOH
KkpuBoif C, T. €. OHA He JIEKUT HH B KAKOM MEHLILEM NOAMHOrooopas3uu
B C, onpeneneHdom Han ©Q. JIpyruMH ClIOBaMH, CONpPsDKEHHbIE K Pr OT-
HOCUTeNBHO AeiicTBus rpynnbl Aut C( = «Gal(C/Q)») TOYKH IUIOTHBI B
C. Tak kax P, — 310 Q-06111as1 TOYKA, TO, €CJIU O TOYKE P, NOKA3bIBAET-
Csl yTBEPXIEHHE, B KOTOPOM HMCIOJB3YIOTCA TOJBKO pPalHOHAILHLIE
MHOTOYJIEHBI, TO 3TO YTBep)KJeHHE OyNeT CIpaBelIMBO U OIS BCEX TO-
yek kpupoi C.

B neAcTBUTENBHOCTH 3TO YK€ YYHTBIBAETCS IOHATHEM L-3HA4HOIL
TOYKH, ONMUCAHHBIM B 0. (b), H reoMeTpuueckuii cMbIC/I OBIIHUX TOYEK
Hauboree sicHO MOxeT ObITh BhIpaXXeH Ha 3TOM s3eike. Hanpumep, mnosne
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Q(7) OpocTO sABNAETCS YUCTO TPAHCUHEHAEHTHBIM paCOIHPEHHEM, TaK
uto Q(7) = Q(A), u MopdusM SpecQ(\) » C — paumoHannpHas napa-
Merpu3anusa kpuBoil C, obcyxnasmasca B pasa. (1.1). I'py6o rosops,
pasperuaeTcsi BMECTO TPAHCUEHAEHTHOrO WM HEH3BECTHOrO T MOACTAB-
JATH J1H00BbIE «IOCTATOYHO OOIHEe» 3HayeHHss. BooOuie, KOHEYHO MO-
pPOXIeHHOe pacumuupeHue k C L sBiserca mosieM GYHKUHHA MHOroo6pa-
3ust W Han k. Ilpennonoxum, uto ¢: SpecLl — V = SpecA — Touxa,
COOTBETCTBYIOWAsA roMoMopdusmy k-anreép A — L ¢ sapom P. Torma
¢ MpOJOIKaeTCcs A0 paluOHAIBLHOTO oToOpaxeuus f: W — — ¥V, obpa3s
KOTOPOTO IJIOTeH B moaMHorood6paszuu Y = V(P) C V, Tak 4T0o ¢ HIH
¢(SpecL) aBngeTca obwel TOYKOil B Y cO 3HAYECHUSIMH B IIOJIE.

(d) Touku kak MopdusMbl B Teopuu cxem. O6cyxaenns m. (¢) moka-
3BIBAlOT, YTO L-3HayHas TOYKa MHOroobpasus V HESBHO CONEpPXHUT pa-
nHMoHanpHOEe O0TOOpaxenne W — — ¥V, rne W — muoroo0pasue, 6upanu-
OHanbHO JKBHUBaleHTHoe SpecL (T. e. L = k(W)). T'eomerp Moxer
NpeacTaBisaTh cebe ITO Kak MHOXECTBO TOUYEK, INapaMeTPU30BAHHOE
MHOTrooOpa3uem W.

BooOmie, S-3HayHas Touka (rae S — NPOM3BOJLHAS cXeMa) MHTEpe-
CYIOILLIEr0 HAac MHOroo6pasus X (WIH cXeMbI) MOXET ObIThL OIpeaesieHa
npocto kak MopdpusMm S — X. Ecnu X = V({I) C A} — abduHHOe moa-
MHOroo0pasue ¢ KOOPAHHATHBIM KojabuOoM Kk[X] u S = SpecA, ToO
S-3HayHas TOYKA COOTBETCTBYET, cornacHo (4.4), romomopdusMy k-ai-
reébp k[X]— A, T. e. n-uabopy (ai,..., an) = a IMEMEHTOB U3 A,
YAOBIIETBOPSIIOLIEMY ANsl Bcex f€ I cooTHomenuio f(a) = 0.

C BBICOKOHAYYHOH TOYKH 3peHHs I3TO — anodeo3 ompeneieHuit MHO-
roobpasusi. A UIMeHHO, eCJTd TOYKOH MHOroo6pasus X Ha3bIBA€TCS IPO-
CTO MOpGH3M, TO caMO X SABJISETCS NPOCTO (PYHKTOPOM

§ = X(S) = {mopdusmer S — X}

Ha kaTeropuu cxeM. (CyeTa, KOTODYIO A pa3Beql BOKPYr 0003HaueHHs
A" B NpUMeyYaHHH Ha C. 56, yxe oTpaxaeT 3TO OOCTOATETbLCTBO.
M xoTs 3TO MOXET MoKa3aThCA CTPAHHBIM, NPUBEIEHHLIE MeTapH3HUeC-
KHe 3aKJIMHAHUA OYeHb MOJE3HbI B TEXHUYECKOM OTHOLIEHUM, U MHOTO-
obpa3sme, ompenensaeMoe Kak (YHKTOp, SIBISIETCA OCHOBHBIM MOHATHEM
TIpY COBPEeMEHHOM MOAXO0l€e K MpocTpaHcTBaM Monyinei. Ecnd pacemart-
PUBAETCSI TeOMETPHUECKHH OOBEKT, KOTODBIA MOXET «anredpandyecku
3aBUCETh OT MapaMeTPOB» (TaKOM, KaK NPOCTPAHCTBEHHbIC KPHUBbIEC aH-
HOM CTENmeHH M poJa), TO €CTECTBEHHO BO3HUKAET jKelaHHe HANETUTh
MHOXECTBO BCeX [IONYCTHMBIX OOBEKTOB CTPYKTYDOH ajire6paudeckoro
MHOroobpa3us. bonee TOro, Bac MOXeT 3aMHTEPECOBAThL IOMCK cemeii-
CTBa OOBEKTOB HaA IPOCTPAaHCTBOM MApaMETPOB, KOTODOE SBIIAETCH
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«YHHUBEPCATBHBIM» HIM «CONEPKHT BCE AONYCTHMbIE OOBEKTHI». MHO-
roobpasse MapaMeTpOB 3TOr0 YHHBEPCATILHOTO CeMEHCTBA OOBIYHO
nHanbosee HEMOCPEACTBEHHO ONpenenseTcs Kak QyHKTop (OJHAKO MOTpe-
ByeTcs ellle AOKa3aTh, YTO 3TO MHOroobpasue cyuiecTByeT). Hampumep,
yrnoMmuHaBmieecs B pasa. (8.2) Muoroobpaszue UYUxoy mnpencTabiseT
dyHkTOD

S — {cemMelicTBO KpHBBIX, NapaMeTPH30BaHHBIX MHOroobpasuem S}.

(8.14) Kak cxeMnl 0600war0oT MHorooopasua? Tenepb st OTAENBHO
06Cy)Ky TpH IIPHYHHBI, IO KOTOPbIM addHHHBIE CXEMBI ABJIAIOTCA Oonee
obmuMH oOGBbekTaMHu, ueM ad@uHHble MHOroo6pasus. B naTomoruye-
CKHX CITy4Yasix 3TH OOCTOATENbCTBA MOTYT BCTPEYAThCA B MOObIX KOMOHU-
HAaUMAX, a TAKKe BMECTE C rIO0aIbHBIMH TPYIHOCTSAMHM, OOCYXIABLLUH-
MHucH B pasa. (8.11) unu gaxe BMeCTe ¢ TAKHMH HOBBIMH ABJICHMAMH,
KaK p-agMuecKass CXOOMMOCTh MIIM 3PMHUTOBA METPHKa Apakesosa.
K cyacTbio, COOOpaxkeHHe 00beMa chacaer MeHs OT HeoOXOMMMOCTH
yrayOnsaThCA Oanbliie B 3TH [JICHUTENLHBIE CIOXKETBI.

(i) AnreGpbl He MCHYEPNBIBAIOTCH KOHEYHO MOPOXKAeHHBIMH. ITpenmo-
noxuM, uto C C S — KpuBas Ha HeocoOoll adOUHHOH MOBEPXHOCTH
(mag C, ecnu yroano). Kombuo

Fs.c= (fCk(S)f=g/h toe hé¢lc) C k(S),

Ha3bIBAETCHA JIOKAJTIBHBIM KOIBLOM IMOBEPXHOCTH S OTHOCHUTENLHO KDH-
Boii C. DreMeHThl f € s, c PerylsapHbl Ha OTKPBITOM MHOJKECTBE B S,
COIEpKALIEM OTKPBITOE IIOTHOE MOAMHOXeCTBO KpuBoH C. Teopus ne-
JIMMOCTH B 3TOM KOJIbLE NPOCTO BEJIMKOJNIENHA U CBA3aHa ¢ reOMeTpHye-
CKUM TIOHATHEM HyJell U MOMIOCOB MepOMOPGHBIX GYHKLUMHA. A MMEHHO,
C NoKaNnsHO ompenenseTcs oAHMM ypasHenueM (¥ = 0), rae y € Ic — 110-
KanpHas oOpasyiouias, U 1:060# HeHyneBOH 31eMeHT f € 7, c UMeET BUI
f=y"fo, e n€Z, a fo — oOpaTHMBIN 31EMEHT KoJbua ~s, c. KonpLo
C TaKHUM CBOMNCTBOM HA3bIBAETCH KO/bYOM OUCKDEMHO20 HODMUDOBAHUA
B Y€CTb JUCKPETHOTO HOPMHMPOBaHHMA f +— 7, KOTOPOE BBIYHUCIIACT NOpH-
ook Hyns ¢yHkimd f Baonb kpuBoit C  (n < 0 COOTBETCTBYET HOJIO-
caMm). DIeMeHT Y Ha3bIBAETCA /10KAAbHbIM NApamempom Koavya s,c.

Teopus cxeM MO3BOJIAET HaM TeNepb HENOCPEICTBEHHO paccMaTpH-
BaTb Spec 7, c KaK TeOMeTpUYeCcKUil OOBEKT, 8 MMEHHO KaK TOIONIOruye-
CKOE IPOCTPAHCTBO (- —), COCTOsALLIEe TONBKO M3 JABYX TOYEK: 3aMKHY-
TOM TOYKH — MaKCHUManpHOTo Maeana (¥) (T. e. oOlleil TOYKH KpHUBOH
C) ¥ He3aMKHYTOM TOYKM — HYJIEBOro uaeana (T. €. oOuleit TOYKH TO-
BepxHocTH S). TTonyyaeMoe NMpPeMMYILIECTBO HMEET He TOJILKO TEXHM4E-
CKMil XapakTep, TaK KaK HECJIO)KHAas KOMMYyTaTHBHas anrebpa KoJew
JUCKPETHOTO HOPMHMPOBAHMS, KOHEYHO, HCIONb30BANIACH /IS MOJIyYEeHHUA
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anredbpo-reOMETPUUYECKUX PE3YNbTATOB M PE3yIbTaTOB TEOPHH (DYHKIHIA
KOMIIJICKCHOTO TIEPEMEHHOTO (Hampumep, o6 upeasnax GYHKOUE WM O
JIOKanbHOM MOBeAEHUH Han KpuBod C pa3BeTBIEHHOIO HAKpbITU T — S
B TepMMHAaX pacluMpeHui moselt k(S) C k(7)) 3agonro no uzobpereHHs
cxeM. bonee BaXHO, uTO Teopus CXEM AaeT HaM 34ech TOYHBI reoMer-
PHYECKHH f3BIK M IPOCTYH0 KapTHHY B JIOKanbLHON anrebpe.

OTO JHUIIL OAHH NMPUMEDP, OTHOCAIIMACH K MOKAMM3ALUMH WM K TIOHS-
THIO «OKPECTHOCTH 0O1iell TOYKH MOAMHOrooGpasHa», HIUTFOCTPUDYIO-
LIMA OPEMMYLIECTBA AU OOBIYHOM reOMeTpPHH, BO3HHKAIOILHE H3-3a pac-
CMOTpeHus Golee oOLIEro cnekTpa KOJbia, YeM KOHEYHO MOPOXKIIeHHast
anredpa Haa MONEM. AHAJIOTHYHBIM NPUMEPOM SBJIAETCS PACCMOTPEHUE
o0wielt Touku Spec k(W) MHOroo6pasus W kak MHOroo6pasHs, mnojy-
YEHHOTO MEPECEYeHHEeM BCEX HEMYCTBIX OTKPBITHIX MOAMHOXECTB B W
(cp. ¢ (8.13(c)), moOOOHO yBIOKE YEMHPCKOTO KOTA, KOTOpAsh OCTaercs
MOC/IE MCYE3HOBEHUS CaMoOM Komiauyei MOpPIOYKH.

(i) Hunbnotentnl, Kombumo A MOXeT COHEP AaTh HHILIOTEHTHbIE
aneMenTnl. Hanpumep, 4 = k[x, y]/(y2 = 0) COOTBETCTBYET «BOLHOMN
npsimoit» 2/ C A2, xortopas paccMaTpUBAETCA KaK UHOHHUTE3IUMATbHAS
noJj10co0bpa3Hasl OKPECTHOCThL NPAMOMH. DiIeMeHT Koybua A MMeeT BHI
fX) + efi(x) (rne €% = 0). Takum 00pa3oM, OH BBITJIAAHT KaK pa3jloxke-
HUe MHOrouieHa B pad Telisiopa B OKPeCTHOCTH /, 06OpBaHHOE HA uje-
Hax nepBOro nopsiaka. Eciu Bbl 6yneTe TPeHUpOBATLCA MO HECKOJIBKY
pa3s B JIeHb, TO HAYYHTECh MPEACTABIATHL CeBe ITOT VEMEHT KAK DyHK-
LMI0 HAa ABOMHOM npsmoit 2/.

HuenoTeHTs! NO3BONAIOT PaboTaTh B TEOPHH CXEM C psagamu Teii-
JI0pa, YCeYeHHBIMHM OO 10O0r0o NMOpsAaKa, T. €. CKaXeM, M3y4aThb TOYKH
MHOroobpa3us MeTonamMu TeOPHMH psanoB. OHH SABJISIOTCH BAKHBIMU B
KOHTEKCTE 3ala4 TEOPUH MONYJIeH, ynomuHaBuieiica B kouue (8.13 (d)).
Hanpumep, oHu 06ecneuMBarOT TOYHBINA S3BIK ONMCAHUSN negopmarnuit
OE€PBOTO MOPSAAKA [E€OMETPHUYECKHX OOBEKTOB (KaK OOBEKTOB HAm IIPO-
CTPaHCTBOM napameTpoB Spec(k[€]/(e* = 0)) u MO3BONAOT paccMaTpu-
BaTh MX KaK KacaTelbHbIE BEKTOPHI K YHUBEPCATLHOMY MHOTOOODA3HIO
napameTpoB. OHH TaKXe NPUBOIAT K OOJBLIIOMY YMCITY SIBJIEHUH, He
HUMEIOIINX KJIACCHYECKHMX aHAIOrOB, HAPUMED K CBS3AM MEXIY Hecena-
pabebHBIMH pacUIMpeHUsMHU TIONIel ¥ anrebpamu JIu BEKTOPHBIX TIOJIEH
Ha MHOTOOOpPa3MsiXx B XapaKTEPHUCTHKE p.

(iii) Josoit ocHoBHoe mnone., IlycTe P — TMpOCTOE YHCIO, a
Zpy C Q — TOOKOMIBLO, COCTOSAIIEE H3 PALMOHATBHBIX YHCEN, HE conep-
XalMX p B 3HaMmeHatesne. Z) ABJIAETCA €lle OJHHM NPHMEPOM KOJIbIA
AHCKPETHOTO HOPMHPOBaHHUA C NAPaMETPOM p. B HEM eCThb eIMHCTBEH-
HbIi MakCHManbHbli uaean O # pZ), NOJEM BBLIYETOB KOTOPOTO SBJISi-
ercs Zpy/PLpy = Fp = Z/(p). Ectt F€ Zpy[X, Y], To MOXHO paccMoT-
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peTs KOMILIeKcHy0 kpuByio Cp: (F = 0) C Aé WY NPUBECTH PYHKUHUIO
F 1o MoOymio p, HOJNYYMB B pe3ynbTaTe f, U pacCMOTPETh, KDHBYIO
Cor: (f=0)C AZ . B xakoro THuna reoMeTrpHuyecKuii OOBEKT MOXKHO
BKJIIOYATh U KOMHJ‘ICKCHy}O KDUBYIO H KDUBYIO HaJli KOHEUHBIM mosem?
MOKHO NTM CYMTaTh TaKoi OOBEKT BIOJIHE TEOMETPHUYECKUM — ITO YiKe
BONPOC TOUKH 3peHHs, HO cxeMa Spec Zp[X, Y]/(F) uMeEHHO 31O H
MO3BOJISAET COeaTh.

W onaTb, TeXHUYECKH ITa HOes He ABIAETCS HOBOH, Tak Kak IpUBe-
J€HMe KPDUBOH MO MOLYIIO p mpHuMensnoch, HaunHas ¢ XYIII B., a Beii-
JIEBCKME OCHOBAHMSA COOEDPKAT UENIYIH0 TEOPUIO «CIenuanu3alui», 3aHu-
MaroLUUXcs 3TUM. [IpeMMyIIeCTBOM SIBJIAETCA HOBBIM B3IJIA Ha KPHUBYIO
Spec Zpy[X, Y1/(F) Hag KONBIOM AMCKPETHOTO HOPMMDOBAHUA Z(p) KaK
Ha reoMeTpHYecKHii oOBeKT, paccioeHHbli Han Spec (Zp))( = (- —));
kpuBble C. u C, ABNAIOTCA OOIUMM H CHEUMATBHBIM CIOSIMH COOTBET-
CTBEHHO.

Anasnoruyso, ans F e Z[X, Y] cxema SpecZ[X, Y]/(F) saBnsercs reo-
METPHUYECKHM 06”I:CKTOM, cogepyKallluM Ul KaXA0ro mpocToro p KpH-
Byto Cp: (fp, = 0) C A nag F,, roe f, — penyxunﬂ F no moaymo p,
M OJHOBPEMEHHO KpI/IBy}O Co:(F=0)C AL, u Ha3bIBaeTcs apugme-
muyeckoli nogepxrocmvto. KpoMe TOro, oHa Colep:KUT €I1e MHOTO ADPY-
rux oOwexToB. B uacTHOCTHM, Ans kaxaod TOuKM ¢ € C, KOOPAMHATHI
KOTODOH SBIAIOTCS anrebpaHueCcKMMU YUCIIaMH, OHA COHEPKHT 3K3EM-
nasp Spec @ [c] 4, caea0BaTENbHO, MOUTH BCHO MHGDOPMALMIO O KOJIbLE
uenbix yucen uucnosoro nouas Q(c), onpeaenseMmoro Toukoi ¢. Kakum
OBl YPOMAIUBBIM HH BBITJISAE] 3TOT OOBEKT C MEpBOro B3rsda (K TOMY
JKe K HEMY MOXHO NPHUBBIKHYTh, €CJIH MOYNPAKHATBHCS), TEM He MeHee
OH SABJAETCA Ba)KHeHIeld KOMIOHEHTOH COBPEMEHHOH TEOpHH uHCen U
OCHOBHBIM OOBLEKTOM, Ha KOTOPOM 3HXOATCA paboThl ApakenoBa U
danbTHHICA,

(8.15) /loka3aTeanbCcTBO CYLUECTBOBAHUS TIPSAMBIX Ha KYOMYeCKoOil To-
BepxHocTH. KaXabIi B3IpOCnbIi anredOpanueckuil reoMeTp 3HaKOM C Tpa-
JHIIHOHHBIM J0Ka3aTelbCTBOM NpeasioxkeHus (7.2) ¢ NOMOLIBIO moacCYeE-
Ta pasmepHocreii (cM., HanpuMmep, [Beauville, Complex algebraic sur-
faces, p. 50] unu [Mamdopn, Anrebpaudeckast reoMeTpus]). Mel Koport-
KO HANIOMHHMM €ro nepejd TeM, Kak OCTAHOBHTLCH HA €ro TPYAHOCTSX.

MHOXecTBO TIpsAMBIX B [P? mapaMeTpH3yeTcs 4eThIPEXMEPRBIM Ipacc-
mauManoM Gr = Gr(2, 4), a KybuuecKie NOBEPXHOCTH — NPOEKTHBHLIM
npocrpadcTeoM S = PN ky6Hueckux dopMm ot (X, Y, Z, T) (Ha camoM
aene pasMepHocTh N paBHa 19). O6o03nauuMm yepe3 Z C Gr X S noa-
MHOroobpasue HHOHAECHTHOCTH:
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Z=1{( X), l€Gr, XeSlIC X}.

Tak kak kyOHueckde hopMel, oOpalaroliecss B Hy/lb Ha 3aJaHHO#N npsi-
Moit /, o6pasyioT PV ™4 To ¢ mOMOLIBIO POEKINH HA MEPBOE CaraeMoe
Z — Gr JIerKo BBIBECTH, 4TO Z — panuoHalbHoe N-MepHOoe MHOTrooOpa-
3ue. Bropas npoekuust p: Z — S siBnsieTcst MOpGhHU3IMOM OBYX /N-MEPHBIX
MHOroo0pasuii, H, cjlienoBaTeIbHO,

(i). aubo obpaz p(X) sensercs N-MepHBIM MHOroodOpasmem B S H,
TaKkuM 00pa3oM, COZEpPKHT OTKPBLITOE IIJIOTHOE MOAMHOXECTBO B S, /1u-
60 KaXablil CJIOM NMpPOEKUMH p HMEET Pa3MEPHOCTHL 1.

(ii) Z sBnseTcs NPOEKTHBHBIM MHOrooOpaszueM M noromy obpas
p(Z) 3aMkHyT B S.

Tak Kak CyIIeCTBYIOT KyOHYECKHE MOBEPXHOCTH, Ha KOTOPBIX UMeEeT-
¢ TOJIBKO KOHEYHOE€ MHOXXECTBO MPSAMBIX, TO BTOpas BO3MOXHOCTb B
n. (i) oTnagaeT, ¥ MO3TOMY o0as AOCTATOYHO oOIas KyOHYeckas Io-
BEPXHOCTEL CONEPXKHUT mpsiMble. 3HAUUT, U3 (ii) BbITEKaeT, yTo p(Z) = S,
H Kaxpgas KyOHuecKas TMOBEPXHOCTH COAEPXKHT IIpsSMBIE.

3TO pacCyXJeHHEe KAKETCS MHe HEeNOAXOAALIMM AJf HayalbHOro
Kypca mo OBYM NMPHYHHAM: B yTBepxaeHHH (i) HCMOJB3YIOTCA Pe3ynbTa-
ThI O pa3MEPHOCTAX CIO0EeB, KOTODPbIE, XOTS U SBISAIOTCSA IMPHEMIIEMBIMH
C HHTYHTHBHOM TOYKH 3PCHHS, OCOOEHHO AN CTYAEHTOB, 3aKaHUMBAIO-
X HM3YyYE€HHE Kypca), HO A0KazaTb HX CTPoro TpyaHo. Kpome Toro,
(ii) siBnsieTcss TeopeMoil O MOJIHOTE MPGEKTHBHOTO MHOroo0paszus, 4TO
TAaKXKE HYXJaeTcs B J0Ka3aTelbcTBe (C MOMOILLIBIO TEOPHH HCKIHOUEHHUS,
KOMIAKTHOCTH HIH C NPHUBICYEHHEM BCEl MOLIM BalIOATHBHOTO KPHTE-
pHs TMOJIHOTHI).

Hackonbpko MHe H3BECTHO, MPHBEAEHHOE A0KA3aTeILCTBO IpeIIoxKe-
Hus (7.2) sBnsieTcs HOBBIM. OCBEIOMIJIEHHBIH YHUTaTeNb 3aMETHT €ro
CBSI3b C APYTMMH TPAaAHLHOHHBIMH J0Ka3aTelbCTBAMH, HCTONb3YIOILIH-
MH BEKTOPHBIE pacC/IOeHHUs. A HMEHHO, Ha rpaccmanuane Gr(2, 4) ume-
eTCsl TaBTOJIOTHYECKOEe BEKTOPDHOE paccioeHHe paHra 2 (cocTosiuee M3
NUHEHHBIX HOPM Ha NPAMBIX B P3). OrpaHuueHHe ypasHeHHs f KyGHue-
CKOff TIOBEPXHOCTH Ha Xaxayio npsmyio [ C P? ompenensieT ceucHue
s(f) € S*E Tperbell cUMMeTpPHUecKO# cTemeHH paccmoenus E. U mHako-
Hell, TO, YTO KaXJI0e ceueHHe paccioeHus S°E NOMKHO obpalaThbesi B
HyJb, BbITeKaeT MO0 U3 oOMNbHOCTH E, MO0 M3 pacCyXAeHHH C Klac-
coM YkeHs (UTO TakKe MPHBOAUT K Maruyeckomy 4mciy 27).

BmecTo NpeaAUC/I0BHA.

(8.16) BaaropapHocTH M HMeHa, UMeHa. [lonbITKa MEePeYUCIIUTEL BCEX
MaTeMaTHKOB, KOTOpble BHEC/IM BKjaad B Moe oOpa3oBaHHe, Oblna Obl
TweTHOH. S ocoGeHHO 00s3aH MOMM O(DHUHAIBLHBIM PYKOBOAUTEIAM
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Ivepy Henunio u Ilutepy CBuHHepTOHY-Haitepy (3To OblLIO g0 TOrO,
KaK TMOCNIeqHUH CTal MPEeyCleBaroIUM IIOJIMTHKOM H H3BECTHOM JIMYHOC-
Tb10). I1o-BUOAMMOMY, OOblIIE BCETO CBENEHHH A MOYEPIHYJ H3 KHHUT [a-
Buaga Mamdopaa, a cBOUM MOHMMaHHEM (TakHM KaK OHO €CTh) [POTEH-
OHUKOBCKOTO Hacnegus obs3an Mamdopay u Jenunro. Ha Moe MHpOBOC-
MIPUATHE U KaK MaTeMaTHKa, U KaK 4elloBeKa B OOJILLIOH Mepe MOBIIHAI
Angpeit TropuH.

Moe npencraBieHHe 0 TOM, KaKHM IOJDKeH ObITL MepBOHAYasIbHbLIN
YHMBEPDCHTETCKHH Kypc Mo ajredbpauyeckoii reoMeTpHH, 4aCcTHYHO chop-
MHPOBAJIOCh MO BIHSIHUEM Kypca, COCTaBIEeHHOIo okojio 1970 r. CBuH-
HepTOHOM-/laliepoM IJIa TpeTheKYpPCHHKOB KeMOpHIKa ¥ 4uTaBIIErocs
B Iociieayrolue rogel iM U bappu TennucoHoMm. Mosi kHHra sIBasieTCst
B HEKOTOPBIX acleKTax ero NpsAMbIM NMPOOOJIKEHHEM, H DAl yIpaxKHe-
HUR OB [OCIOBHO 3aUMCTBOBAH M3 CIIMCKOB YIpaKHeHMH TeHHHCOHa.
C Opyroii cTOpoHbI, A1 H3BJIEK OOJIBIIYIO MOJIL3Y H3 TOil CBOOOABI B Bbi-
6ope marepuana, KOTOpas IPUHATA IJId KYpCOB JIEKIHA B YOpUKe, a
Takxke 43 ¢umocobun npenogasanus (SBHO chopmynupoBaHHoil Kpu-
ctobepoM 3HMaHOM), COTJIACHO KOTOPOM OMNBIT HCCIAEmOBATENS OOJKEH
OBbITb ONHHM H3 DelIaloUX OOCTOATENLCTB NPH BbIOOPE TOroO, Kak H
4eMY CJIEAYET YYHTb.

«ITopmurusarommii Top», noasisoluiica B (2.14), cranm mHe u3Be-
cred oT Jxuma Wemca, cOOOLIMBLIEr0o MHE, YTO OH Y3HAjl €ro OT
X. Xonda (41 YTO OH, NO-BUAMMOMY, BOCXOAHT K OoJiee cTapoii Hemel-
KO TpamMLIHM MCKYCCTBa IMOCTPOEHHSA MaTeMaTHUYECKUX MOIeSIeH U HII-
mocrpauuit). S momken mobnarogaputh Kapomuny Cepuec, ®panca
Oopra, dxona Hdxouca, Yada Ilepcéna, [3suna daynepa, aHOHHMHO-
ro peuen3derTa u J3suna Tpanaxa u3 LIVII 3a nosie3dnle 3aMedyaHus K
MIPENPHHTHOMY BapHaHTy 3TOH KHHTH H M3BHHHTBLCA 3a TO, YTO B HEKO-
TOPBIX MeCTax s JTUOO He CMOT B MOJHOM 00beMe pealM30BaTh UX IO-
XKenauus, nubo mpeanoyen clenoBaTh CBOMM COOCTBEHHBIM ILTaHaM.

51 6naronapen Maprute Erep 3a pax ucnpasneHuii K nepBoMy H3aa-
HHU10, a Mcao Bakabasich — 3a BHHMAaTe/IbHOE YTEHHE TEKCTA, MO3BOJIHB-
IIee HCNPaBUTh MHOIO HeTOouHOCTel. OcobeHHo A mpu3HaTeneH P. Ysm-
MeHy H b. Bprocy, ykasaBmuM Haubomee cephe3Hyro OMIMOKY NEPBOrO
U3aHuA (S HE MCIO/Ib30BaJI TeCCHaH B Hayajie [0Ka3aTenbcTBa IPEMIO-
Kenua (7.2), ccpllasick Ha HEBEPHOE YTBEPXKIECHHE, BBLIHECEHHOE B
YIPaKHEHHSA).
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§ 0.

HebhOPMATBHOE BBEIEHHE «.euvineninsirininietenenanineneeeenennnetrneneneonneneaneoes

[Toyemy ke anreGpanueckas reomerpus? ITpobnemMa BbiGopa MaTepu-
ana; pas/M4Hble FeOMETPHYECKUE KATErOPHH, HEOOXOOUMOCTH HpHBIEHE-
HHS KOMMYTATHBHON anreOpbl, YacTHYHO ONpeae/neHHas (QyHKUHSA; peny-
Tauus apTopa. HeoOGXomuMbie npeaBapHTelbHble CBEIeHUS, B3aHMOOTHO-
IIEHHE Kypca ¢ DPAa3H4YHbIMH MpPEIMETaMH, CIOHCOK DEKOMEHIYyeMbIX
KHHT

I'n. 1. THonrpaeM ¢ TJIOCKUMH KPMBBIMM ......oueineentniriieaneerantenionierraeerneannone

§1.

§ 2.

TTIOCKHE KOHHKH .euv.nrrnseninersentsnsnsanensreatenenansneneeneneneanersonenesnsonsessnes
OGuuee npeacrasieHde o P2 1 0LHOPOIHBIX KOODAMHATAX; COOTHOILIE-
HHe Mexay A? u P?; mapamerpusaums. Kaxnas rnankas konpka B P2
momoppHa P!, TIpocTble ciyyan Teopembl Besy: npsiMas mepecekaer
KpHBYIO CcTelleHH d B d TOYKaxX, KOHHKA INEPeceKaeT KPUBYHO CTENeHH d
B 2d Toukax. JIMHeiHAs CHCTeMa KOHHK, MPOXOAALIMX uepe3 TOUKH
Pi,..., P,.
KyOHKH M TPYIIOBOM 3AKOH ...euirninierseneeneninaneenenenenenenanenerneionenenenas
Kpusas (32 = x(x — 1)(x — \)) He MOXeT GbITb PANHOHAILHO Mapa-
MeTpH30BaHa. JIMHeNHbIEe CHCTeMBbI Sq(Pi, ..., Pp); MydyoK KyOHK, MpoXo-
JANIMX yepe3 8 ToueK «B OOiieM MoNoXeHHH». I'PynmoBoOi 3aKOH Ha Ky-
Ouke. «TamHCTBEeHHas» rekcarpamma [lackans.

Hobapnenne K ri1. 1. KPUBBIE M HX PO cevvviiininirintiniiiniiiiiiiiinineeneianen,

Tomonorus HeocOObIX MIOCKHX KOMIUIEKCHbIX KyOuk. HedbopmanbHoe
obcyKIeHue poaa KpMBOM: TOMOnorus, auddepeHIHanbHas IeoMeTpus,
MOAYJIK, TeopHs uucesi, Mopaenn—Belnb—®anbTHHTC.

I'n. 2. Karteropusi adduHHBIX MHOTOOOPAZHM .......ovvvieniiiiiiiii e,

§ 3. Adpdunnnie mMuorooopaszus U Nullstellensatz ..........oooeviiiiiiininn.,

§ 4.

Héreposbl konbla, Teopema Iunbbepra o Gasuce; COOTBETCTBHA V
u I, HenpuBomuMble agrebpaHuecKkde MHOXECTBA, TOMONOTUs 3apHCCKOro,
tdopmynnposka Nullstellensatz. HenpuBoaumas runepnosepxnocTb. Hop-
manu3anua Hérep u nokaszartenbctso Nullstellensatz; peayKuus K caydaro
THIIEPNOBEPXHOCTH.

DYHKIHMHE HA MHOTOOOPATHAX t.ovurirnianreieninarinaneneneneeniaaneneneneneacanns

KoopauHaTHoe KOnMbLO H MOJHHOMUAJIbHbIE o-roGpa»ceHm Mopdus-
MbI H H30MOPGhH3MbI, apduHHbIe MHOroOOpasus. [lone panHoHAIbHBIX
OYHKIMA M palnMoOHanpHble 0TOOpaKeHHs, JOMHHAHTHbIE PAllMOHANIbHbIE
OTOGpaKeHUss H KOMIIO3HIHA PalHOHAIbHbIX OTOOpaxeHuit. CTaHaapT-
Hble OTKPBLITble MHOXECTBA. 3aKOH CJIOXEHHS HA 3JUTHNITHYECKOH KpUBOH
ABAAETCA MODPGHU3MOM.
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§5.

§ 6.

§7.

§ 8.

[TpOEKTHBHAS M OHPANHOHAMBHAA TEOMETDHH ..voveeenrnarnnrnrrneenserennnennss
MOTHBUPOBKa: CYILECTBYHOT MHOT00Opa3us, He comepkailuecs HH B
KakoM adduHrOM MHOroodbpazuu. QoHOpOAHbLIE COOTBETCTBHA V u [,
ITpoexkTuBHOE U adduHHOe. [TpUMepbI: KBagpaTHYHbIE MOBEPXHOCTH, I10-
BepXHOCTb BepoHese, BupanMoHaabHas 3KBHBANEHTHOCTh, PalMOHAIbHbIE
MHoroobpasus., Kaxgoe MHoroodOpaizune OMpariOHAALHO 3IKBHBATIEHTHO
rUnepnoBepxHocTH. Ilpou3BeneHus.
KacaTenbHOe ApOCTPAHCTBO H HEOCOOOCTh, PA3MEPHOCTD ....c.vvvenenn..
MOTHBHpOBKA: TeOpeMa O HesBHON (YHKIHH, MHOTOOOpa3us H Tjaa-
ke MHoroobpaszusa. OnpenencHue apdUHHOrO KacaTelIbHOrO NpPOCTPAaH-
cTBa. MHOXecTBO HEOCOOLIX TOYeK HABJIAETCH IJIOTHLIM. KacarenbHoe
IPOCTPAHCTBO U m/m?>, UHBAPMAHTHOE ONpeIeNeHHe KacaTe/lbHOTO Mpo-
cTpaHcTBa. PasMmepHocTb X paBHa tr degy k(X). Pa3pentenue ocoOeHHO-
CcTelf ¢ MOMOWBIO Pa3ayTHH.
27 OpAMBIX HA KYOHYECKOH TTOBEPXHOCTH ..vvvvrenererseninenunnerneeneaeneennen
IMpsamMelie Ha HeocoOOH KyOuueckoit moBepxHOCTH S. Jl0Ka3aTenbCTBO
CYUIECTBOBAHHA NPAMOM METONOM MCKIIo4eHHd. [19Th map MpAMBIX, [ie-
pecexalonMX JaHHyko NpAMYlo. S pandoHanbHa. Kinaccuueckas KOHOHrY-
pauns u3 27 npameix. leccuan. Cnywal, xorma Bce npsmble pPaulMo-
HasnbHBI.
3aKITIOUUTENBHBIE KOMMEHTADHH ...euttitiiiiiiereenenrennenrrisasnasanenanns
HcTopus M COUMONOTHYECKHA acneKT. BbriOOp TeM, BBLICOKOHAYYHbBIE
KOMMEHTApHH U TeXHHYecKHe 3aMmedaHus. Bmecto npeaucinosus. brnaro-
[1apHOCTH.
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